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Abstract: Partial Differential Equations (PDEs) are quite central in the applied mathematical modeling, and bring out the
essence of yielding solution insights of physics, civil and mechanical engineering, biology and even financial related systems.
This study focuses on putting into practice first fundamentals of PDEs such as separation of variables, Fourier, transforms,
Green’s functions as well as series expansions. The analytical techniques for solving problems of heat conduction, wave
propagation and fluid dynamics are derived and applied and various problems are solved. Comparisons to other methods with
numbers bring into light primary and secondary advantages and disadvantages of analytical solutions and their computational
complexity. The work focuses on the stability/ convergence/ applications/ potential of these techniques and the author suggests
mixed analytical-numerical approaches in further research. This work links abstract theories to real-life problems and ensures
better prediction as well as innovations for a variety of fields.
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L. INTRODUCTION

A. Importance of PDEs in Mathematical Modeling

Partial Differential Equations (PDEs) play a crucial role in mathematical modeling constituting effective tools in the description and
prediction of processes of various fields. They play a unique role in modeling processes and events where change concerning one or
more variables is significant, for instance, heat transfer processes, fluid dynamics, wave, and quantum phenomena. They are usually
at the base of models used in engineering, physics, biology, and finance in analyzing a system under different conditions and
constraints. Analytical solutions to PDEs offer exact information on the stability of the stated system, as well as the inherent
dependency of variables. These solutions are essential for building a theoretical framework and for posterior experimental
confirmation purposes. Solving many PDEs analytically is the foundation of the construction of effective systems and processes,
optimization, and innovation advancements in both theoretical and applied disciplines.

B. Overview of Analytical Methods

There are several methods to analytically solve Partial Differential Equations (PDES) which give exact solutions, which are efficient
in understanding the behavior of various systems. The of variables is one of the most common methods that help to transform
multivariate problems into a system of Ordinary Differential Equations (ODEs) which could be easily solved under certain boundary
conditions. Fourier transforms are used in the converting of PDEs into algebraic equations in the frequency domain making studies
of wave forms and heat distribution easy. Green’s functions have a great application value in solving inhomogeneous PDEs, as they
represent the solutions by integrals depending on the source and boundary conditions. These methods are most appreciated for their
mathematical formalism, accuracy, and efficiency in case of revealing the structural features of solutions. Altogether, they are the
basis for many applications and provide a concise and accurate representation of existent phenomena within the models.

C. Aim and Objectives

1) Aim

To understand and develop the theory and techniques of Partial Differential Equations (PDES) in mathematical modeling that will
improve the analysis and prediction of complex problems in related disciplines.
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2) Objectives

e To examine the basic methodologies that include separation of variables, Fourier analysis, and Green’s functions for solving
partial differential equations.

o Toemploy these methods to solve practical problems that are met in engineering, physics, and other sciences.

e To determine when and how to use each type and to compare analytical solutions with other numerical methods to see which is
better in certain conditions.

o Todiscover the shortcomings and suggest improvements for analytical methods.

D. Relevance to Fields

Partial Differential Equations also known as PDEs are crucial in analyzing many large systems in different fields. In physics, they
clarify wave dynamics, magnetism and electricity, and heat and temperature. Engineering uses PDEs for structure, fluid dynamics,
and heat transfer. In biology texts, they assist in causing population growth, diffusion processes, and ailment dissemination. In
finance, all models like Black Scholes equation are based on partial differential equations. Through analysis, a higher degree of
comprehension and prognosis is achievable while spurring development and sensible application advancements within such
combined subjects.

1. LITERATURE REVIEW
A. Historical Development of PDE Solution
The history of finding solutions to some PDEs goes back to some nice mathematicians like Fourier and Laplace whose work laid
down most of the foundation for a lot of the modern theory of PDEs [1]. In the early 19th century Fourier came up with Fourier
series and Fourier transforms that were used to solve the heat conduction equation. The technique of expressing or expanding a
function in terms of an infinite series of sine and cosine terms formulated by him is now well recognized as one of the standard
procedures used for solving many boundary value problems that crop up in Physics as well as Engineering [2].
Laplace achieved important advances in solving potential theory issues with his genesis of the Laplace equation, which is essential
for tackling the nature of electricity, gravity, and fluids. This Laplace transform gave a rigorous logical method of solving linear
PDEs by transforming them into more manageable algebraic problems to solve in solving complex problems of engineering and
physics.
Other important mathematicians, such as Leonhard Euler, also made an input in the analysis of the wave equation and the method
used in the analysis of fluid dynamics, which would later help in analyzing vibrating systems as well as shock waves [3]. More
successful was Daniel Bernoulli who contributed widely to the theory of Sturm-Liouville, specifically, to eigenvalues and
eigenfunctions of vibrating strings.
Consequent advances of the Fourier Partition, Fourier, and Laplace series contributed to the development of modern methods, like
the separation of variables and Green’s functions, which are fundamental and in practice in the modeling of complex systems at the
present stage.

B. Contemporary Advancements

Practical techniques for solving such problems form the core of developments in analytical methods of Partial Differential Equations
(PDEs) in the last few years. Standard techniques expand the traditional techniques, for example, the separation of variables and
Fourier analysis to more generalized cases, the nonlinear PDEs [4]. derivative-transform methods like Laplace and Fourier
transforms appear to be more general to accommodate a variety of boundary and initial conditions compared to their original
implementations, making them versatile across many bend Midstream sciences.

Green’s function techniques have been subsequently generalized and optimized to solve in-homogeneous boundary value problems
where many geometrical shapes are not rectangular. Symmetry approaches have also gotten attention in recent years these are Lie
groups and similarity solutions which transform PDEs into simpler forms by tying on some symmetries [5]. Also, there is a general
tendency in the usage of variational methods to develop approximate analytical solutions for the models of complex systems,
especially in the theory of hydrodynamic and quantum systems.

Recent research also focused on the synthesis of analytical with numerical solution methods to create a new generation of methods
that is superior in terms of accuracy and flexibility to both traditional analytical as well as numerical methods used in modeling
complex real-life multi-parameter systems [6].
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C. Comparative Analysis

Comparing analytical and numerical techniques in solving Partial Differential Equations (PDEs), the two are fundamentally
different in the manner in which these are applied. Analytical methods deliver precise solutions, which help the analyst know how
the system being studied will behave [7]. Methods like the separation of variables Fourier transforms and Green’s function give
closed-form solutions that can be easily comprehended unlike numerical solutions that just give answers to problems and those can
be used to explain theoretical models in subjects like physics and engineering. However, these methods are quite elementary and
may work for only a few specific cases of boundary conditions or for methods that are not completely effective for complex, non-
linear, or higher dimensions PDEs [8].

However, numerical methods provide approximate solutions for a much wider set of problems. This should be noted that the
mentioned methods like the finite difference the finite element and the spectral methods enable solutions to PDEs that cannot be
solved analytically [9]. These methods include better handling of irregular geometries and non-linear problems but within the trade-
off of accuracy, computational cost and require discretization. However, despite the practical importance, analytical methods should
not be neglected for they provide the basic grounds for numerical methods and allow checking the results obtained.

D. Review of Applications in Various Domains

Partial Differential Equations abbreviated as PDEs have predictive use within physical science and engineering in numerous
specialties. Conduction is one of the most common heat transfer applications of PDEs, where the heat conduction equation is a
classical example [10]. The application of separation of variables is important for determining both steady state and transient heat
conduction in engineering structures.

For instance, in wave propagation PDEs describe the width to which waves propagate in different media such as sound, light, or
even seismic [11]. The wave equation describes the propagation of a medium on the disturbance and analysis assists in determining
wave patterns in acoustic, electromagnetic, and geological sites.

Partial differential equations also include Continuum mechanics which focuses on the description of the motion of fluids in given
conditions illustrated by the Navier s/stocks formula [12]. They are also difficult to obtain but are applied to investigate laminar
flow, turbulence, and other phenomena of flow, in engineering exercises including fluid dynamics and fluid mechanics.

These examples show the applicability of PDEs to address various phenomena in the physical world and supply fundamental
methods for various scientific specialties.

E. Research Gaps

There exist several research gaps in the analytics solution of Partial Differential Equations (PDES) as discussed below. First, most of
the classical methods are valid only for linear or relatively simple PDEs; the solution of nonlinear PDEs remains a problem [13].
While there are present results such as perturbation theory as well as the method of symmetry solutions, works that may serve to
improve the methods and address issues with increased nonlinearity are still under development [14].

Secondly, analytical solutions are not obtainable in high dimensional problems or discontinuous domains while numerical
techniques are more favorable.

The sequential application of analytical and numerical methods to improve the accuracy of calculated solutions and the speed of
calculations has not been studied enough. Additionally, the literature provides few integrated approaches to addressing PDEs in
multiphysics and multiscale systems, in which diverse physical processes occur in unison [15]. Filling these gaps may result in the
better development of analytical techniques that may find application in more real-world problems.

1. METHODOLOGY
A. Separations of Variables
The method of separation of variables is widely used in PDEs especially for linear PDEs with variable separation the methods of
separation of variables [16]. The method also assumes that the solution of the PDE can be factorized as a product of functions each
of which can be expressed as the function of only one variable. For a PDE involving two variables x and ¢, the solution is assumed
to take the form:
u(x,t)=X(x)T(t),

In this case, (x) is the function of the spatial variable x and (t) is a function of the temporal variable t.
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1) Derivation of PDE into ODEs
Substituting u(x,t)=X(x)T(t) into the PDE allows for the separation of variables. Consider the heat question:
ou/ot = a( 02u/0x2),
Where a>0 is the thermal diffusivity constant. Substituting u(x,t)=X(x)T(t) yields :
() * (o) 1dD)=al(t) * (R X(x) dx2).

Dividing through by (x)(t), we get:
U(O*dT(H)l dt = a* 1 X(x)* 2 X(x)] dx2.

Since the left-hand side depends only on t and the right-hand side depends only on x, both sides must equal a constant, —A:
UT(E) * dT(t)/dt = =4, al/X(x) * RX(x)dx2 = -4
This results in two Ordinary Differential Equations (ODES):
Temporal Equations:  dT(t) /dt + AT(t) = 0
Spatial Equations:  d2X(x)/dx2+ (1 /a) * X(x) =0
Example Solution: Heat Equation
Using Boundary Condition, say u(0,t)=u(L,t)=0 and an initial condition u(x,0)=f(x), solve the Spatial Equation:
d2X(x)/dx2 + (/o) *X(x) =0

Assumimg A = n2z2 / L2, the solution is:
Xn(x) = sin (nmx | L)

The Temporal Equation becomes :
(dT(t) / dt) + AT(2)=0

with solutions:
Tn(t) =e —a * m2r2/L2) *t

The complete solution is given by:
u(x,t) = (o3 n=1) bnsin (nxx /L) e —a * n2z2 / L2) *t
Where bn are coefficients determined by the initial condition u(x,0)=f(x).
This shows how the separation of variables reduces a PDE into ODEs. In the next step, all these equations are solved in turn [17].

B. Fourier Transform Methods
The Fourier Transform is one of the methods of solving Partial Differential Equations (PDEs) when working with conditions in
infinite or semi-infinite regions [18]. This changes functions from the spatial domain to the frequency domain, which makes this
much easier to proceed with differentiation & integration operations that form the core of solving PDEs.
1) Theory and Formula for Fourier Transforms
The Fourier Transform of a function u(xt) is defined as:
1Nk, 0) =loo—cou(x, De—ikxBEx

where:

e u(x,t) is an original function defined in spatial coordinates.

e (4,9 is the change of the stochastic function in the frequency domain.

e /s the wave number which is the frequency in the spatial domain.

e /isthe imaginary unit.
The Inverse Fourier transform is given by:

(x,0) = 1/2mfoo—c01 Nk, £)eikxdx

The Fourier Transform replaces partial derivatives with multiplication by the powers of
ik, which transforms the PDE into an algebraical function in frequency space.
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2) Application to the Diffusion Equation
Consider the diffusion equation:
Ou/ot=a (02u/0x2)
where @ > 0 is the diffusion coefficient. Applying the Fourier Transform to both sides of the equation concerning x, we have:
ur(k,t) = Joo—oo Bu / Ot e—ikxdx = aJoo—oo B2u | Ox2 e—ikxdx.
Using the properties of the Fourier transform:
Ou /0t —0ou™1 ot, 02u ox2— —(k2)u”,
The transformed equation becomes:
ou™ot = —ak2u™.
This is an Ordinary Differential Equation (ODE) in t for u®(kt):
ou™ot + ak2u™ = 0
The solution is:
urk,t)=urKk,0) e—ak2t
where, u™(k,0) is the Fourier Transform of the Initial Condition u(x,0).

3) Inverse Transform and Interpretation of Results
The solution in the spatial domain is obtained by taking the inverse Fourier Transform:

u(x,t )= 1/2mjoo—o0 uk,0)e—ak2teikxdk.
For an initial condition such as a Gussian Profile, u(x,0) = e-x2, the Fourier Transform is:

u"(k,O)=foo—ooe—x2e—ikxdx.

The obtained solution (x,) shows how the Gaussian distribution evolves over time and thus illustrates diffusion. The expression
e—ak2t shows that higher frequency components attenuate more as time goes on, hence the name given to this process of smearing
the profile at t=0 as amplitude smoothing.

4) Significance in PDEs

Fourier Transform methods are most applicable to linear PDEs on infinite and semi-infinite intervals. They are a convenient means
of solving PDEs analytically and minimizing the spatial derivative operations while expressing the solutions in terms of frequency
[19]. This method is useful to consider features of the behavior of solutions, for example, the dispersing and dissipation of waves or
diffusion of substances.

C. Green’s Functions

Green’s Functions are robust analytical tools for solving inhomogeneous Partial Differential Equation (PDEs) of the form:
L[u]=f(x),

where L is a linear differential operator, u(x) is the unknown function, and f(x) is the inhomogeneous term (source function). The

Green,s Function, G(x,&), provides a solution to the equation by expressing u(x) as an integral:

U(X)=Joo—0G(x, O EdE.

1) Derivation of Green’s Function
The Derivation involves finding G(x,&) such that:

L|G(x,9)]=0(x—¢),
where d(x—¢) is the Dirac delta function, meaning a delta of value one located at x=¢ The Green’s function contains all the
information about the system governed by Z’s response to such an impulse [20]. If the functional () has been found, then solution
for any given () can be calculated with the indicated integral expression.

2) Example Problem for a Bounded Domain
Consider the one-dimentional Poisson equation on a Bounded Domain [0,L]:
d2u / dx2 = f(x), u(0)=u(L)=0.
In this Boundary Value Problem (BVP) the Green’s function is such that:
d2G(x,&) / dx2 =d(x—&), G(0,$)=G(L,)=0.
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Solving this, the Green’s function for x<¢ and x>¢ below and above the energy level of ¢ is obtained as:
G(x,9)={x(L—¢) / L,§(L-x) / L X¢, x>

The solution of the Poisson’s equation is then:
u(x) = [LOGx,Oft)dé

3) Significance of Green’s Functions
The use of Green’s functions for solving linear inhomogeneous PDEs is generalized in one setting. These are particularly important
in physics and engineering for problems with boundaries since they can directly build solutions for different sources [21].

D. Characteristics Methods
The method of characteristics is a strong technique for utilizing analytical technique for first order Partial Differential Equations
(PDEs) [22]. This converts a PDE into a system of Ordinary Differential Equations (ODE’s) with respect to a parameter along the
trajectory called characteristic curves where the solution assumes a simpler or constant form.
1) Derivation of Characteristic Equations
For a first order PDE of the form:

a(x,y,u) ou / ox + b(x,y,u) ou / oy = c(X,y,u),
The Characteristic equations are derived as:

dx/a=dy/b=du/ c.

These equations describe the curves that lie on which the PDE collapses to ODE.
Application to Transport Equations
Consider the transport equation:
(Culot)y+c(@ulox)=0
where c is a constant. The characteristic equations are:
dx | dt = c, dul dt=0.
Solving dx / dt = c yields x—ct=constant,; thus we have u is constant on x=ct+xo, known as characteristic lines. The general
solution is:
u(x,t)=f (x—ct),
where f is defined by initial or boundary-value data.

2) Interpretation and Significance
The method of characteristics splits up PDEs by relying on geometrical optics [23]. This is extensively applied to solve wave
equations, shock wave and fluid dynamics problems where there is a distinct approach to solutions along characteristics.

E. Series Expansion
The series solution method is a basic computation tool applied to the computation of PDEs especially for systems which possess
clear boundary/initial value conditions [24]. In this method concentration is on representation of the solution as the sum of functions
in terms of power series or Fourier series.
1) Power Series Solutions
The power series method assumes the solution (x,) can be expressed as:

u(x,t) = Zn=0toco an(x)tn
where an(x) are functions which is to find by substituting of the series into the PDE and comparing the coefficients. This approach
is more effective for equations that exhibit polynomial or nearly polynomial performance characteristics.

2) Fourier Series Solutions
In general use, the Fourier series method is helpful for PDEs operating in a finite area. The solution (x,) is expanded as:
(x,t) =0y n=1 Ansin(nnx / L) e—an2n2t | L2.
where:
e [ isthe domain length,
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An are coefficients obtained from the first data.
e isa constant of the problem : Recall that the Boundary Value Problem was developed for a specific problem.

3) Example Increased with Boundary Conditions

Consider the heat equation:

U_X = a u_xx on 0< x < L, initial conditions u(x,0) = f(x) and boundary conditions u(0,t)=u(L,t)=0. Fourier series solution also
involves separation of variables hence the eigenfunctions sin(nmx/L). The coefficients An are obtained from the starting equation
(¢,0)=(x) using:

An = (2/L) [(f(x)sIn(nmx/L)dx|Oelry>

4) Significance
Departmental expansion methods attract accurate solutions for equations with periodic or finite domain characteristics [25].
Especially, the Fourier series solutions are used to solve heat transfer, wave propagation, and vibration problems.

V. RESULT AND ANALYSIS
A. Presentation of Derived Solutions for Specific PDEs
In solving PDEs derived solutions are crucial in interpreting the physical and mathematical meanings of the diverse scenarios. In
this section, the mathematical solutions to some selected PDEs are proffered; the approaches involve include; separation of
variables, fourier transforms, Green’s functions, and series solutions.
1) Heat Equation
The one-dimensional heat equation:
Here the initial-boundary value problem involves the heat equation ou/ot=(02u/0x2’) on 0<r < Z.
boundary conditions are 2(0,#)=z(Z,£)=0 and initial condition
Specifically, (x,0)=/(x) employed Fourier series results in a solution. The solution is:
()= Y. =1Ansin(nzH L)
e—an2n2tl 12,
where
An=211]L0(x)sin(nzr L)dx

2) Wave Equation

For the Wave Equation:

02u/0t2=c2(02u/0x2),

on the same domain, the separation of variables method yields:
u(x,t)=n=1y wo[Bncos(nact/L)+Cnsin(nxct/L)] sin(nmx/L).

3) Interpretation
This work also establishes the heat and wave solutions derived as periodic and exponential functions thereby illustrating the
usefulness of analytical techniques in modeling heat and wave systems.

B. Graphical Representation of Solutions

Interactive solution plots offer a natural way of gaining information about the development of solutions to Partial Differential
Equations (PDEs). They enable one to obtain spatial and temporal vision of how physical quantities develop. In this section,
examples of solving certain PDEs with stress on important characteristics, namely diffusion, wave propagation, and steady-state are
shown.

1) Heat Conduction Profiles

For the one-dimensional heat equation:

Ou/0t=a(02u/0x2’)

solutions are graphed as functions of time to demonstrate the attenuation of temperature gradients. The series solution:
u(x,t)=n=1%coAnsin(nzx/L)e—an2z2t/L2,
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For different ¢, this is illustrated how heat diffusion smoothens temperature distribution is visualized for different t. First maxima
decrease, coming to the steady state as t approaches infinity.

2) Wave Equation Dynamics

For the wave equation:

02ul0t2=c2(02ulox2’)

the indicated by graphs oscillatory behaviour. Plots of (x,) at equal time steps demonstrate the mechanisms of wave motion,
reflection, and the non-dispersion of energy.

3) Insights
These graphical illustrations build upon the translation of the analytical solutions into the physical environment, the dissipation in
heat conduction and the constant motion in waves, which are thoroughly useful in additional readings.

C. Comparison with Numerical Methods

The case of Analytical solutions of Partial Differential Equations (PDEs) which yield exact solutions that are useful for designing
algorithms and model validation purposes. But in the practical computations, finite difference, finite element, finite volume and
alike methods are employed. This comparison brings out the best practices on analytical tools as well as their drawbacks.

1) Accuracy

The strength of analytical methods is seen in scenarios whereby the boundary conditions together with the PDE are well-specified,
as in the heat equation and wave equation. The numerical methods are general-purpose, but solutions based on discretization
routines contain truncations and round off errors. Analytical solutions are still indispensable for checking numerical modeled
approximations because they are the best reference information.

2) Computational Efficiency

Despite the fact that analytical techniques may be wreathed in layers of mathematical deductions, its solutions can be put into closed
form as opposed to approximations, the solutions of which by and large can be calculated without much computational tools. In
contrast, numerical methods call for iterative computation particularly for large scale problems or large step sizes in discretization,
hence are expensive. Analytical solutions as a rule give very efficient results but only for simple geometries and conditions.

3) Practical Applicability

Thus, the methods based on the use of PDEs are applicable only to equations with separable variables or solvable by transforms.
Whereas, numerical methods are flexible enough to include geometries, inhomogeneous terms and non linear PDEs which are
frequent in real-life situations. This comparison shows that analytical solutions form a basis and provide pivotal information while
the numerical solutions take care of other numerous factors.

D. Analysis of Stability and Convergence Analytical Solutions

In a recent research publication, it was shown that the behavior of analytical solutions to partial differential equations is crucial in
determining whether the resulting solutions would be stable and converge. Stability means that the solution plots a bounded
behavior rather slowly with respect to time while convergence means that the solution satisfies initial and boundary conditions and
conforms to the actual physical behavior of the problem.

1) Stability

In analytical solutions, stability is inside the nature’s assurance for well posed issues. For instance, solutions to the heat equation,
given by:

u(x,t) = oy n=1 Ansin(nnx / L)e—an2z2t/L2
stay uniformly above zero throughout the time dimension owing to the exponential decay factor. Stability of bounded solutions

depends only on the properties of the PDE and its boundary conditions as well as possibly on the type of representation used, such
as separation of variable or Fourier transform.
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2) Convergence

Analytical techniques close in congruity with the analytical solution in terms of approximation whenever all aspects of series
expansions or integral representations are included. For instance, Fourier series solution converge to the exact function in the mean
square and this can be possible if the function is suitably smooth. The main difference that might be encountered in truncated series
is that differences of higher terms with numbers is comparatively small.

This analysis reaffirms the reliability of analytical techniques, as presenting graphical and performance data that show the inherent
stability of DCG’s convergent algorithm across ideal mathematical conditions.

V. DISCUSSION

A. Critical Evaluation of Analytical Methods

Numerical techniques to obtain solutions for PDEs yield accurate solutions; unlike computational methods which give

approximations, analytical methods provide insights about the models which are described by PDEs [26]. However, this is

associated with certain assumption and problem formulation.

1) Strengths: Calculation procedures, including separation of variables, Fourier, and Green’s functions provide exact and accurate
solution data. It plays a great significant in knowledge of some basic phenomena, confirmation of numerical methods and
determination of characteristic features such as stability and convergence. Analytical solutions are more numerically effective
for basic issues as they provide no need for pointless iterations as in numerical method.

2) Limitations: However, the methods of analysis have limitations in solving the linear PDEs with separable variables or certain
boundary conditions only. These methods often prove to be inapplicable when non-linear equations appear, the domain is
irregular, or an inhomogeneous term is assumed. Moreover, deriving solutions may require mathematical models and the
process can as well be demanding with large systems. Consequently, series expansions that open up highly accurate
approximations, may involve many terms so the efficiency of the computations is lost.

3) Applicability: However, in real-world problems analytical solutions are rarely achievable because physical systems are too
complicated [27]. For this reason, the application is essentially limited to the academic setting or as a means of benchmarking.
Analytical models have some limitations some of which are the inability to compare and analyze simultaneously the qualitative
and quantitative data .In order to overcome such limitations effectively hybrid approaches have been developed which
combines the analytical modeling with some numerical techniques.

As with all methods based on analysis, this evaluation focuses on the importance and effectiveness of analytical methods but this

also accepts their limitations and recognition of their interactions with numerical methods.

B. Strength and Limitations of Analytical Solutions

Analytical solution of PDEs has advantages in mathematical modeling instrument compared with the other methods especially in the
aspect of providing exact and accurate account of the modeled system. Their strengths include the aptness of identifying canonical
properties and behavior of PDEs, including stability behavior and asymptotic behavior. Analytical soln can be obtained in terms of
clear variables and Fourier transforms are used that does not loop round and round as in numerical techniques even where boundary
conditions are clear. Moreover, these solutions can be used as the standard to which the numerical methods are checked and
verified. However, they have certain drawbacks To date, economic factors have become the most prominent restrictions to
telecommuting. Analytical solutions are limited to straight and simple boundary condition which are linear PDE and simple
geometries not usable for practical problems of engineering [28]. The derivation of solutions using analyses may involve
computations and series-based methods may require numbers of terms for acceptable accuracy hence complicating the
computations. Furthermore, in numerous application problems, one cannot find the exact solution and, therefore, has to rely on
numerical or a combination of numerical and analytical methods. The problem with analytical solutions is that this gives exactness
and also a point of view but lacks versatility. Together with all the strengths and limitations that are mentioned, this becomes
obvious that in order to tackle a wider range of problems, the approach has to be enriched with numerical methods.

C. Insight Gains and Implications

Partial Differential Equations (PDEs) can be solved using analytical methods and solved examples existing out there offer great
insights into systems. For example, the solutions of heat equation give more information as to the distribution of heat through time,
which can be used in designing the most efficient thermal systems to use. Solutions of the wave equation explain the nature of the
propagation of sound and electromagnetic signals essential in transmitting information in communication networks or signal
transmission systems. Solutions to fluorodynamics provide insight on flow patterns as recruitment to designs in engineering.
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These examples underpin how analytical solutions provide clear understanding and predictability which are essential for
benchmarking the simulation tools [29]. They generalise to issues as profound as formulating the principles for optimising the
design procedures and increasing the accuracy of models, as well as revealing conceptual frameworks for broadening the
applications of engineering and physics in the future.

D. Discussion of Numerical Methods

In cases where, this is not possible to obtain the ‘Closed Form Solutions’ of a particular question, then a “Numerical Method’ is used
this is for non- linear PDEs, irregular geometries or boundary conditions. These methods are versatile, for given problems with no
exact solutions, they give approximations [30]. These benefits make them highly preferable when working with high-dimensional
systems and when working with data with different parameters. Furthermore, numerical analysis enables the use of computational
models for dynamic systems to yield effective solutions with reasonable time. As they themselves might give approximations, they
cannot be replaced as tools to solve the PDEs that cannot be dealt with the analytical methods.

VI. CONCLUSION AND RECOMMENDATION

A.  Summary of Findings

In cases where, this is not possible to obtain the ‘Closed Form Solutions’ of a particular question, then a “Numerical Method’ is used
this is for non- linear PDEs, irregular geometries or boundary conditions. These methods are versatile, for given problems with no
exact solutions, they give approximations. These benefits make them highly preferable when working with high-dimensional
systems and when working with data with different parameters. Furthermore, numerical analysis enables the use of computational
models for dynamic systems to yield effective solutions with reasonable time. As they themselves might give approximations, they
cannot be replaced as tools to solve the PDEs that cannot be dealt with the analytical methods.

B. Linking with Objectives

1) The research focused on the classical analysis methods that corresponds to the research goal to study such methods as
separation of variables, Fourier transforms, and Green’s functions.

2) Examples based on applying the methods in engineering and science were presented to ensure achievement of the goal of
applying the methods to real life problems.

3) A comparison between analytical and numerical methods was made to achieve the goal of examining accuracy and efficiency.

4) Identified limitations and proposed enhancements are therefore inline with the overall goal of enhancing analytical
methodologies.

C. Recommendations for Future Research

Further research should be focused on development of the combined analytical-numerical algorithms as accurate as analytical
methods, but more flexible than numerical ones. This integration can solve of complex, non-linear spatial patterns and non-
rectangular geometries, broadening the possible utilization of PDE solutions in realistic settings and increasing computational
effectiveness and precision.

D. Potential Applications of Findings

The results developed in this paper can be used in heat conduction, fluid dynamics, and wave simulation, for representing the actual
system more effectively. They also provide recommendations for engineering design, materials science, or environment applications
to improve the predictive foresight and optimization.
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