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Abstract: Post-quantum cryptography (PQC) aims to develop cryptographic protocols resistant to attacks by quantum computers,
which threaten classical schemes based on integer factorization and discrete logarithm problems. Among various approaches,
lattice-based cryptography has emerged as one of the most promising candidates for PQC. Within this domain, ring theory plays
a foundational role by providing the algebraic structures—specifically polynomial rings modulo cyclotomic polynomials—used
to define hard problems like Ring Learning With Errors (Ring-LWE). These problems underpin efficient and secure
cryptographic primitives such as key exchange, encryption, digital signatures, and homomaorphic encryption. This paper explores
the theoretical background of ring theory relevant to PQC and discusses how it enables the construction of cryptosystems with
strong security assumptions and practical efficiency. We also analyze specific schemes that utilize ring-based lattices, including
New Hope, NTRUEnNcrypt, and Dilithium, highlighting the advantages of ring structures in reducing key sizes and improving
computational speed. Furthermore, we review the implementation challenges and potential future directions for integrating ring
theory into next-generation cryptographic protocols suitable for a post-quantum world.
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L. INTRODUCTION TO POST-QUANTUM CRYPTOGRAPHY

The rapid advancements in quantum computing have posed unprecedented challenges to the security of classical cryptographic
systems. Traditional public-key cryptography methods such as RSA, Diffie-Hellman, and Elliptic Curve Cryptography (ECC) derive
their security from mathematical problems like integer factorization and discrete logarithms. However, quantum algorithms, notably
Shor’s algorithm, can efficiently solve these problems, rendering classical cryptosystems vulnerable once large-scale quantum
computers become operational. This impending threat has led to the emergence of post-quantum cryptography (PQC) — a branch of
cryptography focused on developing secure algorithms resistant to both classical and quantum computational attacks. PQC aims to
ensure confidentiality, authentication, and integrity of digital communications in the era of quantum computing. The National
Institute of Standards and Technology (NIST) has been actively evaluating various PQC algorithms to establish future cryptographic
standards. Among several promising approaches, lattice-based cryptography stands out due to its strong security proofs, relatively
efficient implementations, and versatility. Lattice problems are believed to be hard even for quantum computers, making them
excellent candidates for PQC. Within lattice cryptography, ring theory plays a critical role by providing the algebraic structures
required to define secure and efficient cryptographic schemes.

Rings are algebraic objects equipped with two operations—addition and multiplication—that generalize familiar number systems
such as integers and polynomials. In PQC, polynomial rings modulo certain cyclotomic polynomials form the basis for defining
lattice structures used in cryptographic constructions. This ring-based approach, particularly the Ring Learning With Errors (Ring-
LWE) problem, introduces structured noise over polynomial rings to create hard computational problems resistant to quantum
attacks.
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Ring theory enhances the performance and practicality of lattice-based schemes by enabling compact representations and fast
polynomial arithmetic through techniques such as the Number Theoretic Transform (NTT). These features help reduce key sizes and
computational overhead while maintaining strong security.

This paper aims to explore the applications of ring theory in post-quantum cryptography, highlighting its role in key exchange,
encryption, digital signatures, and homomorphic encryption. We examine foundational concepts, describe notable cryptographic
schemes utilizing ring-based lattices, and discuss the challenges and future directions for integrating ring theory into the next
generation of quantum-resistant cryptographic protocols.

1. FUNDAMENTALS OF RING THEORY IN CRYPTOGRAPHY
Ring theory, a cornerstone of abstract algebra, provides the algebraic framework necessary for many modern cryptographic
protocols, especially those designed for post-quantum security. A ring is a set equipped with two binary operations—addition and
multiplication—that satisfy certain axioms such as associativity, distributivity, and the existence of additive identities and inverses.
Cryptographic schemes often rely on commutative rings with identity, where the order of multiplication does not affect the result,
and there exists a multiplicative identity element.
A particularly important class of rings in cryptography is the polynomial ring , where is the ring of integers modulo a prime , and is
a fixed polynomial—commonly a cyclotomic polynomial such as when is a power of 2. The notation represents the set of all
polynomials with coefficients in, modulo the ideal generated by . In practice, this means two polynomials are considered equivalent
if their difference is divisible by.
The choice of cyclotomic polynomials is crucial for security and efficiency. Cyclotomic polynomials are irreducible and exhibit
special algebraic properties that are exploited in the design of lattice-based schemes. For instance, using with a power of 2 allows
efficient implementation of Number Theoretic Transforms (NTT), an analogue of the Fast Fourier Transform (FFT) over finite
fields. This significantly accelerates polynomial multiplication, a frequent operation in lattice-based cryptography.
Rings also facilitate modular arithmetic at the polynomial level. Consider two polynomials . Their sum and product are computed
modulo both and , ensuring that the results stay within the ring . These operations are not only algebraically elegant but also
computationally efficient, especially when implemented using optimized algorithms.
In cryptographic constructions like Ring-LWE, ring elements serve as secrets, errors, and public keys. The structured yet complex
nature of ring-based arithmetic introduces both efficiency and security benefits, enabling scalable cryptographic designs with
quantum resistance. Hence, a solid understanding of ring theory is essential for grasping the algebraic underpinnings of modern
post-quantum cryptographic protocols.
The Ring Learning With Errors (Ring-LWE) problem forms the mathematical backbone of many modern post-quantum
cryptographic systems. It is a ring-based adaptation of the original Learning With Errors (LWE) problem, which involves solving a
system of noisy linear equations—a task believed to be hard even for quantum computers. Ring-LWE builds on this by
incorporating the structure of polynomial rings, enabling more efficient cryptographic constructions with reduced key sizes and
faster computation.

A. Mathematical Formulation

Let R = Z[x]/(f(x)) be a quotient ring of polynomials with integer coefficients modulo a monic, irreducible polynomial f(x),
typically a cyclotomic polynomial. In practice, this ring is often further reduced modulo a prime g, resulting in R_q = Z_q[x]/(f(x)),
where Z_q is the ring of integers modulo g.

The Ring-LWE problem is defined as follows: Let s(x) € R_q be a secret polynomial. An adversary is given access to a sequence of
samples (ai(x), bi(x)), where each a;i(x) € R_q is chosen uniformly at random, and bi(x) = ai(x) - s(x) + ei(x) mod g with e;(x) being a
small "error" polynomial sampled from a discrete Gaussian distribution over R. The problem is to recover s(x), given the collection
of (ai(x), bi(x)) pairs.

B. Hardness Assumptions

The security of Ring-LWE is rooted in its reduction to worst-case lattice problems, such as the Shortest VVector Problem (SVP) or
the Shortest Independent Vectors Problem (SIVVP), in ideal lattices. This means that breaking Ring-LWE in the average case would
imply an ability to solve notoriously difficult problems in lattice theory, even in the worst-case scenario.
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C. Benefits in Cryptographic Systems

Compared to standard LWE, Ring-LWE dramatically reduces the size of public keys and ciphertexts due to its algebraic structure.
Polynomial arithmetic in R_q allows for the use of the Number Theoretic Transform (NTT), which significantly speeds up
multiplication and other operations. These efficiency gains make Ring-LWE an attractive foundation for constructing encryption
schemes, digital signatures, and key exchange protocols. The Ring-LWE problem provides both strong security guarantees and
practical efficiency, making it a cornerstone of post-quantum cryptographic research. Its reliance on ring theory underscores the
deep interplay between algebra and computational hardness, which is crucial for designing resilient cryptographic protocols in a
quantum-enabled world.

1. RING-BASED KEY EXCHANGE PROTOCOLS
Key exchange protocols are essential for establishing a shared secret between two parties over an insecure channel. Classical
schemes like Diffie-Hellman and Elliptic Curve Diffie-Hellman (ECDH) are vulnerable to quantum attacks due to Shor’s algorithm.
To address this, post-quantum cryptographic schemes based on hard lattice problems have been developed, with ring-based
constructions offering both strong security and high performance. One of the most prominent examples is the New Hope protocol,
which is based on the Ring-Learning With Errors (Ring-LWE) problem.
In Ring-LWE-based key exchange, the protocol typically uses a polynomial ring of the form , where is a power of two and is a
prime modulus. Parties generate secret and public polynomials in this ring. The hardness of the Ring-LWE problem ensures that
even if an attacker intercepts the public key, recovering the secret key is computationally infeasible—both for classical and quantum
computers.
The New Hope protocol, proposed by Alkim, Ducas, Péppelmann, and Schwabe, demonstrates how ring structures can be used to
implement a secure and efficient key exchange. It utilizes polynomial arithmetic over , leveraging the Number Theoretic Transform
(NTT) for fast multiplication. The design includes reconciliation techniques to handle the slight differences that naturally arise in
lattice-based key generation, ensuring that both parties derive the same shared secret with overwhelming probability.
One of the primary advantages of using ring-based lattices is performance. Operations on polynomials in are computationally faster
than those on large matrices used in standard LWE, enabling low-latency communication. Additionally, ring-based structures result
in significantly smaller key sizes, which reduces bandwidth consumption and storage requirements.
From a security standpoint, Ring-LWE has strong worst-case to average-case reductions, making it a solid foundation for
cryptographic protocols. New Hope and its derivatives have been carefully analyzed for resistance to known attacks and side-
channel vulnerabilities, making them suitable for practical deployment.

Ring-Based Key Exchange Protocol

Party A Party B
Generate secret Generate secret
polynomial s polynomial s’
Generate error Exchange o Generate error
polynomial e polynomial e’

v p v
Generate public Generate public

polynomial p=a+e polynomial p'=a’+e'
Compute shared key: Compute shared key:
k=ps k'=ps

In ring-based key exchange protocols provide an efficient and quantum-resistant means of establishing shared secrets. Their
algebraic structure, rooted in ring theory, enables compact representations and fast computations, positioning them as leading
candidates for secure communications in the post-quantum era.

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 |




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 13 Issue VI June 2025- Available at www.ijraset.com

V. PUBLIC-KEY ENCRYPTION SCHEMES USING RINGS
Public-key encryption schemes are fundamental to secure digital communication. In the post-quantum era, ring-based lattice
cryptography has emerged as a viable and efficient alternative to classical systems like RSA and ECC. One of the earliest and most
influential ring-based encryption systems is NTRUEnNcrypt, which leverages polynomial rings to achieve both efficiency and strong
security assumptions.
At the core of NTRUEnNcrypt lies the ring , where is a small power-of-two integer and polynomial coefficients are reduced modulo a
small integer . A message is represented as a polynomial in this ring and encrypted using the public key. The decryption uses the
private key, which consists of small, invertible polynomials. The security of NTRUEncrypt stems from the presumed hardness of
certain problems in ideal lattices, such as finding short vectors, which are considered resistant to quantum attacks.
The use of polynomial rings provides several significant advantages. First, operations such as addition and multiplication of
polynomials can be performed efficiently, particularly with fast algorithms like the Number Theoretic Transform (NTT). This
allows encryption and decryption to be executed with low latency, making NTRUEncrypt suitable for resource-constrained
environments like 10T devices.
Another major benefit of using ring structures is the compact representation of keys. In NTRUEncrypt, the public and private keys
are polynomials with bounded coefficients, allowing much smaller key sizes compared to generic lattice schemes based on matrices.
This feature is especially valuable in real-world systems where bandwidth and storage are limited.
In addition to NTRUEnNcrypt, several other schemes have adopted ring-based encryption frameworks. For instance, Kyber, a finalist
in the NIST Post-Quantum Cryptography Standardization process, is based on Module-LWE but retains similar ring structures to
achieve better security and efficiency trade-offs.
However, ring-based schemes must be carefully parameterized to resist lattice reduction and side-channel attacks. Research
continues to ensure that parameter sets remain secure against both classical and quantum adversaries. Additionally, implementations
must guard against timing attacks and other real-world vulnerabilities.
In polynomial rings play a pivotal role in enabling fast, compact, and quantum-resistant public-key encryption schemes. Their
algebraic structure and arithmetic efficiency form the foundation of post-quantum encryption protocols poised for standardization
and widespread deployment.

V. DIGITAL SIGNATURES AND RING STRUCTURES
Digital signatures ensure the authenticity and integrity of digital communications by allowing users to verify the origin and content
of a message. In the post-quantum landscape, where classical signature schemes like RSA and ECDSA are vulnerable to quantum
attacks, lattice-based signature schemes offer a promising alternative. Specifically, schemes based on ring structures—such as
Dilithium—combine strong security assumptions with efficient implementation, making them leading candidates for post-quantum
digital signatures.
The foundation of ring-based digital signatures lies in structured lattices, particularly those derived from polynomial rings like ,
where is often a cyclotomic polynomial such as for some power-of-two . These rings facilitate compact key representations and fast
polynomial arithmetic.
Dilithium, part of the CRYSTALS suite and a finalist in the NIST Post-Quantum Cryptography Standardization Project, is based on
the Module-LWE and Module-SIS problems—structured extensions of Ring-LWE and Ring-SIS. Its construction avoids the use of
Gaussian sampling, which is complex and difficult to implement securely, opting instead for uniformly random sampling with
rejection techniques to ensure statistical properties needed for security.
A Dilithium signature consists of a tuple of polynomials that satisfy certain boundedness and congruence conditions derived from a
lattice-based commitment scheme. Verification involves checking whether the signature lies within a defined norm bound and
satisfies a linear relation modulo , ensuring both correctness and resistance to forgery.
The benefits of ring-based signatures like Dilithium are manifold. The use of polynomial rings allows efficient arithmetic through
the Number Theoretic Transform (NTT), enabling fast key generation, signing, and verification. Moreover, the structure of the rings
enables smaller public key and signature sizes compared to generic lattice-based systems, making these schemes more practical for
constrained environments like embedded systems and smart cards.
Security analysis shows that Dilithium resists quantum attacks due to its reliance on hard lattice problems. Additionally, its
deterministic signing process (when used with a hash of the message and randomness) avoids issues like nonce reuse that plagued
classical schemes such as ECDSA.

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 |




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 13 Issue VI June 2025- Available at www.ijraset.com

In ring theory provides the algebraic framework necessary for constructing secure, efficient, and quantum-resistant digital signature
schemes. As standards evolve, ring-based systems like Dilithium are likely to play a central role in securing future digital
communications.

VI. FULLY HOMOMORPHIC ENCRYPTION (FHE) AND RING THEORY
Fully Homomorphic Encryption (FHE) is a powerful cryptographic primitive that enables computations to be performed directly on
encrypted data without requiring decryption. This capability has profound implications for secure cloud computing, privacy-
preserving data analytics, and delegated computation. However, practical implementations of FHE require careful mathematical
construction to manage complexity and noise growth. Ring theory provides the algebraic foundation necessary for constructing
efficient and secure FHE schemes.
FHE schemes typically rely on the hardness of lattice-based problems, especially those expressed in the setting of polynomial rings.
A common structure used is , where is often a cyclotomic polynomial such as, and is a large modulus. The ring structure facilitates
efficient representation and manipulation of encrypted data. The compactness and algebraic regularity of polynomial rings also
enable the use of fast algorithms like the Number Theoretic Transform (NTT) for polynomial multiplication, which is essential for
performance in FHE schemes.
Prominent ring-based FHE schemes include BFV (Brakerski/Fan-Vercauteren) and CKKS (Cheon-Kim-Kim-Song). The BFV
scheme supports exact arithmetic on integers, making it suitable for many secure computing applications. The CKKS scheme, on the
other hand, allows approximate arithmetic on real or complex numbers and is especially useful in machine learning on encrypted
data.
In these schemes, encryption is performed by encoding a plaintext polynomial into a ciphertext using Ring-LWE-based techniques.
Homomorphic operations such as addition and multiplication are then performed on these ciphertexts. Each operation increases the
underlying noise, which must be carefully controlled to maintain decryption correctness. Ring structures help in managing this noise
growth efficiently and in enabling the use of bootstrapping—a method for refreshing ciphertexts to allow unlimited computations.
Security in ring-based FHE schemes is underpinned by the hardness of the Ring-LWE problem, which is believed to be quantum-
resistant. The use of cyclotomic rings and careful parameter selection ensure a balance between computational efficiency and strong
security guarantees.
Ring theory plays an indispensable role in enabling Fully Homomorphic Encryption. By leveraging structured polynomial rings and
their algebraic properties, FHE schemes achieve a level of performance and security suitable for real-world deployment. Continued
advancements in ring-based cryptography are expected to further enhance the practicality of privacy-preserving computing in the
post-quantum era.

VII. EFFICIENCY GAINS THROUGH POLYNOMIAL RINGS AND NTT
Efficiency is a critical factor in the real-world deployment of post-quantum cryptographic schemes. Polynomial rings, a central
component of ring theory, offer substantial performance advantages in cryptographic constructions. In particular, they enable the use
of the Number Theoretic Transform (NTT)—a fast algorithm for polynomial multiplication analogous to the Fast Fourier Transform
(FFT). This section explores how polynomial rings and NTT significantly enhance the efficiency of cryptographic protocols,
especially in lattice-based and fully homomorphic encryption schemes.
In ring-based cryptographic systems, operations are carried out in a ring , where is often a cyclotomic polynomial such as . The
primary operations involved—addition and multiplication of polynomials—are computationally expensive when performed naively.
Polynomial multiplication has a time complexity of using the schoolbook method. However, when the ring and modulus are
appropriately chosen, the NTT reduces this to , making large-scale cryptographic operations tractable.
The NTT operates over finite fields, requiring a modulus such that there exists a principal th root of unity in . Once such parameters
are in place, the NTT allows polynomials to be transformed into a point-value representation. Multiplication in this form becomes a
simple component-wise product, after which the Inverse NTT (INTT) is used to convert the result back to the coefficient
representation.
This technique is used extensively in schemes such as New Hope, Kyber, Dilithium, and homomorphic encryption schemes like
BFV and CKKS. The use of NTT not only accelerates computation but also reduces power consumption and memory usage—
factors that are crucial in embedded and mobile environments.
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Additionally, polynomial rings help reduce the size of public and private keys. Structured representations allow for more compact
data formats without compromising the cryptographic strength, as the hardness of Ring-LWE remains robust under these
optimizations.

In, the marriage of polynomial rings and the NTT enables highly efficient arithmetic operations that are foundational to practical
post-quantum cryptography. This synergy allows cryptographic schemes to be both secure and scalable, supporting a wide range of
applications from encrypted communication to secure cloud computing in a post-quantum era.

VIIL. SECURITY ANALYSIS AND QUANTUM RESISTANCE
The security of post-quantum cryptographic schemes that leverage ring theory rests primarily on hard lattice problems, especially
Ring Learning With Errors (Ring-LWE). These problems are considered resistant to attacks by both classical and quantum
computers, making them ideal for long-term security in a post-quantum world. This section provides a detailed examination of the
security properties of ring-based cryptographic systems, focusing on their quantum resistance, threat models, and parameter
considerations.

A. Hardness of Ring-LWE

The Ring-LWE problem generalizes the classic LWE problem to polynomial rings and involves recovering a secret polynomial
from noisy linear equations. Its security stems from worst-case reductions: solving Ring-LWE is at least as hard as solving certain
lattice problems—such as Shortest Vector Problem (SVP) and Shortest Independent Vectors Problem (SIVP)—in the worst case
over ideal lattices. This ensures that an adversary must solve a notoriously difficult class of problems, even in the average case, to
break the system.

B. Resistance to Quantum Algorithms

Quantum algorithms, particularly Shor’s algorithm, efficiently solve problems like integer factorization and discrete logarithms,
breaking RSA and ECC. However, no efficient quantum algorithm is known for solving lattice problems or Ring-LWE. Grover’s
algorithm can speed up brute-force attacks, but it only offers a quadratic advantage, which can be mitigated by doubling key sizes.
As a result, ring-based schemes maintain their security posture even under quantum adversaries.

C. Parameter Selection and Security Levels

Security depends heavily on parameter choices such as the ring dimension , modulus , and error distribution. Too small parameters
may expose the scheme to attacks like decryption failure, algebraic attacks, or hybrid attacks that combine lattice reduction and
statistical methods. Standards bodies like NIST have proposed guidelines to ensure cryptographic hardness, often recommending
128-bit or higher quantum security levels.

D. Side-Channel and Structural Attacks
While mathematically secure, ring-based schemes may be vulnerable to side-channel attacks (timing, power analysis) and structural
attacks targeting the ring’s algebraic properties. Careful implementation and side-channel resistance (e.g., constant-time operations)
are crucial for maintaining security in practice. In Ring-based cryptographic systems grounded in Ring-LWE offer strong theoretical
and practical resistance to both classical and quantum threats. Their security is reinforced by worst-case hardness assumptions and
robust parameter tuning. However, continuous scrutiny and improvements are essential to uphold their resilience in an evolving
cryptographic landscape.

IX. FUTURE DIRECTIONS AND CHALLENGES
While ring theory has significantly advanced the development of post-quantum cryptography (PQC), several critical challenges and
open research problems remain. These challenges must be addressed to ensure the secure, efficient, and widespread adoption of
ring-based cryptographic systems in a quantum-resistant future.
A. Balancing Efficiency and Security
A persistent challenge lies in selecting parameters that strike a balance between security and computational efficiency. Smaller
parameter sizes may lead to faster computations and reduced bandwidth but can weaken resistance to sophisticated attacks.
Conversely, larger parameters offer stronger security but introduce higher computational overhead and larger key sizes. Finding
optimal configurations, especially for constrained environments like embedded systems or IoT devices, is an ongoing area of
research.
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B. Side-Channel Resistance and Implementation Security

Even cryptographic schemes based on hard mathematical problems are vulnerable if their implementations are flawed. Side-channel
attacks—such as timing attacks, power analysis, or electromagnetic leakage—can extract sensitive information from poorly
protected systems. Ensuring constant-time algorithms, masking techniques, and robust hardware integration is essential for the
secure deployment of ring-based cryptosystems in real-world applications.

C. Alternative Ring Structures

Most current PQC systems rely on cyclotomic rings of the form , but recent research explores alternative ring constructions such as
module lattices, multivariate polynomial rings, and non-commutative rings. These alternatives may offer better security, resistance
to specific algebraic attacks, or improved performance. Investigating and standardizing these structures remains an exciting frontier
in ring-theoretic cryptography.

D. Standardization and Interoperability

Efforts by institutions like NIST, ETSI, and ISO aim to standardize post-quantum schemes, including those based on Ring-LWE.
However, ensuring interoperability across different platforms, libraries, and countries requires well-documented specifications and
reference implementations. Developers and researchers must collaborate to align cryptographic protocols with evolving standards
while maintaining compatibility with existing infrastructure.

E. Quantum Cryptanalysis and Forward Security

As quantum computers continue to evolve, cryptanalysts are actively studying their potential to undermine even lattice-based
schemes. While no efficient quantum attacks on Ring-LWE exist today, maintaining forward security requires proactive
cryptanalysis, rigorous formal proofs, and contingency planning for potential breakthroughs in quantum computing.

In ring theory remains a powerful tool in constructing robust PQC schemes. However, realizing its full potential demands continued
research into efficiency, security, and implementation strategies. Addressing these challenges will ensure that ring-based
cryptography plays a foundational role in securing the digital world against future quantum threats.

X.  CONCLUSION
The advent of quantum computing presents a profound threat to classical cryptographic systems, necessitating the development of
secure alternatives that remain resilient in a post-quantum world. Among the leading approaches to post-quantum cryptography,
lattice-based schemes—particularly those grounded in ring theory—offer a compelling balance of theoretical soundness, practical
efficiency, and resistance to both classical and quantum attacks.
This paper has explored the vital role of ring theory in constructing post-quantum cryptographic protocols. By leveraging
polynomial rings, especially those modulo cyclotomic polynomials, cryptographers have been able to define hard problems such as
Ring Learning With Errors (Ring-LWE) and build efficient schemes for key exchange, encryption, digital signatures, and
homomorphic encryption. Examples like New Hope, NTRUEncrypt, and Dilithium showcase the practical viability and
performance advantages of ring-based systems, while the use of techniques such as the Number Theoretic Transform (NTT) further
enhances computational efficiency.
Despite their promise, ring-based cryptographic schemes are not without challenges. Issues related to parameter selection, side-
channel resistance, and implementation security remain areas of active research. Moreover, the exploration of alternative algebraic
structures and formal security proofs will be essential to maintain long-term robustness in the face of evolving quantum capabilities.
In ring theory not only provides a strong mathematical foundation for cryptographic constructions but also enables scalable, secure,
and efficient protocols that are essential for the post-quantum era. With continued research and collaboration among
mathematicians, cryptographers, and engineers, ring-based cryptographic systems are well-positioned to become a cornerstone of
next-generation secure communication frameworks.
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