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Abstract: This paper aims to establish a common fixed point theorem for fuzzy mappings in the setting of a complete normed
linear space, that is, a Banach space. The result obtained here extends and generalizes several existing theorems available in the
literature on this subject. To illustrate the usefulness and validity of the main theorem, a suitable example is also presented.
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l. INTRODUCTION

Fixed point theory is one of the most active and fascinating branches of modern mathematical research. It plays a central role in the
study of existence and uniqueness of solutions to a wide variety of problems arising in mathematics, physics, engineering, medicine
and the social sciences. In particular, many mathematical models can be formulated in terms of nonlinear integral equations,
functional equations and differential equations. The Banach contraction principle has been extended in several directions by altering
the ambient space and the contractive conditions.

The notion of a fuzzy set was introduced by Zadeh [14]. Later, Weiss [13] established several fixed point results for fuzzy mappings
in metric spaces. Heilpern [6] introduced fuzzy contraction mappings and proved a fixed point theorem for such mappings, which
may be regarded as a fuzzy version of Nadler’s fixed point theorem for multivalued mappings [10]. Related developments on fuzzy
mappings can be found in [8] and [9].

In this paper, we proved a common fixed point theorem for fuzzy mappings in normed linear spaces. We also present an example to
illustrate the applicability of the obtained results.

The results obtained here for fuzzy mappings in normed linear spaces under suitable contractive conditions are useful for the
computation of Hausdorff dimensions, which in turn have applications in high-energy physics. They are also relevant in the study of
geometric problems arising from the use of fuzzy sets.

1. PRELIMINARIES
Definition 2.1. Let X be a nonempty vector space over the field R. A mapping |l - || : X — R is said to be a norm if it satisfies the
following properties:
1. |Ixll = 0 for every x € X,
2. lIxll =0 if and only if x = 0,
3. lx+yl < Iixll + llyll for all x,y € X,
4. llox|l = |e|lix|l for all x € X and every a € R.

In this case, || - |l is called a norm on X and the pair (X,Il - II) is called a normed linear space.
Example 1. Consider X = R, the vector space of all real numbers over R and define || - || : X — R by
_— \
IIxlh="x-x VX € X.
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Then || - || is a norm on X.

Definition 2.2. Let (X,Il - Il) be a normed linear space and let A < X.
(i) Apointa € Ais called an interior point of A if there exists some r > 0 such that
Blarn={xeX:lx—al<r}cA
The set A is called open if every point of A is an interior point of A. The set B(a,r) is called an open ball and its closure
Bar) ={xeX:lx—al<r}
is called a closed ball.
(i) A pointa € X is called a limit point of A if, for every r > 0,
B(a,7)N (A\{a}) # 2
The set A is said to be closed if it contains all of its limit points.
(iii) The family
B={B(ar):aeX, r>0}
forms a subbasis for a Hausdorff topology t on X.

Definition 2.3. Let (X,Il - II) be a normed linear space.
(i) Asequence {X,} in X is said to converge to x € X if for every r > 0 there exists no € N such that
IXg =Xl <Tr for all n > n,.
In this case, we write lim x,=Xx or X, — X.
nN—o0
(i) A sequence {x,} in X is called a Cauchy sequence if for every r > 0 there exists ny € N such that
[IXn —xn+m|l <r
for all m,n € N with n > n,.
(iii) If every Cauchy sequence in X converges in X, then (X, - II) is called a complete normed linear space, or simply a Banach
space.

Definition 2.4. [10] Let (X,Il - II) be a normed linear space. The Hausdorff metric on CB(X), the family of all nonempty closed and
bounded subsets of X, is defined by

H{A, B) = max {sup d{z, B), supd(y, 4)}
€A yEeER s

@)
for all A,B € CB(X), where

d(x,B) = inf{llx — gl : p € B} 2
for every x € X.

A fuzzy set in X is a function from X into the interval [0,1]. The collection of all fuzzy sets in X is denoted by F(X). If A'is a
fuzzy set and x € X, then A(x) is called the grade of membership of x in
A. The a-level set of a fuzzy set A, denoted by [A],, is defined as
[Al.={xe X AX) = a}, a € (0,1],

and

[Alo={x € X : A(x) > 0}.
Let X be a nonempty set and let Y be a normed linear space. A mapping T from X into F(Y ) is called a fuzzy mapping. Thus, for each
X € X, the set T(x) is a fuzzy subset of Y and T(x)(y) denotes the membership value of y in T(x). For simplicity, the a-level set of T(x)
is written as [Tx], instead of [T(X)]..

Definition 2.5. [12] A point x € X is called a fuzzy fixed point of a fuzzy mapping T : X — F(X) if there exists a € (0,1] such that x €
[Tx]..
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Two fuzzy mappings S and T are said to have a common fuzzy fixed point if there exists o. € (0,1] such that x € [Sx], N [TX],.
Lemma 2.1. [12] Let A and B be nonempty closed and bounded subsets of a metric space (X,D). If a € A, then

D(a,B) <H(A,B).

Lemma 2.2. Let A and B be nonempty closed and bounded subsets of a normed linear space (X,II-1I). If a € A, then
d(a,B) <H(A,B).

Proof. This result follows immediately from Lemma 2.1 and Definition 2.4. O

Lemma 2.3. [12] Let A and B be nonempty closed and bounded subsets of a metric space (X,D) and let 0 < a € R. Then, for each a
€ A, there exists b € B such that

D(a,b) <H(A,B) + a.
Lemma 2.4. Let A and B be nonempty closed and bounded subsets of a normed linear space (X,Il - II) and let 0 < « € R. Then, for
each a € A, there exists b € B such that

lla—bll <H(AB) + a.
Proof. This result follows immediately from Lemma 2.3. |

1. MAIN RESULTS
Theorem 3.1. Let (X,]|.|[) be a complete normed linear space i.e. Banach space. Let S,T : X — F(X) be fuzzy mappings and for x € X,
there exist as(X),ar(X) € (0,1] satisfying the following condition:
H([TXJar(, [Sylas(y) < @1d(x,[TX]ar() + @20 (Y, [Sylas(yy*

asd(X, [Sylas(y) + aad(y,[TX]ur(x) + asllx = yll 3)
a1 + a2 + a3z + as + 2as

for all x,y € X. Also, 0< a, € R, where i = 1,2,....5witha, + ag< 1, a; + ay< 1 and t = 2 — (a1 + a2 + a3 + a4) l. ThenSand T
have a common fixed point.
Proof. Let X, be any arbitrary point in X, such that x; € [TXo]sx0). Then by Lemma 2.4 there exists X, € [SX1].¢a), such that
(X1 = Xo|l < H([TXo]apo), [SX1]apa)) + (a1 + a3+ as)
< ald(x0,[Tx0]a(x0)) + a2d(x1,[Sx1]a(x1)) + a3d(x0,[Sx1]a(x1))
+ ad(X1,[TX0]uo)) + @slXo = Xul| + (A1 + @z +
oot e b sl o 1+ 0 o) a) @) <afx—xlafx—xlafx—x]llx—x
+aslize — 21| + (a1 + as +as [
o ];$1_x21|§m L f)as +as (5)
Similarly, 1~ (az +as) 1 —(az +as) by symmetry we have
llze — 1|l < H([SZ1]a(ar), [T#0]atza)) + (a1 + as + as)
< ard{x1, [S1]a(er)) + a2d{wo, [TT0]atze)) + asd(@1, [T20]a(zy))
+ asd{zo, [S1]oqeyy) + asller — xol] + (21 + a4 + a5
w2 — 21| < a2 +aqg +as a2+a4+as.
1 — (a1 + a4) 1 (a1 + aa) ) (6)
Adding (5) and (6), we get that
e — 2] < a1 + az + az + a4 + 2a5 |
2~ (a1 + a2 + a3 + a4)

l|zo — @]} +

llwo — 21| +

o1 + a2 + a3z + as + 205
2 — (a1 + a2 + a3 + a4) )

]:L’o — x| +

Now,
ar +ao + as + aq + 2as

T =
2 — (a1 + a2 + a3 + a4)

Then by (7), we have
X2 = Xsl| < 7lXo = Xal| + =
Again by Lemma 2.4, X3 € [TX2].x2) such that
lloe — zsl] < H{[Sz1]aer): [T22]a(es))
(a1 + ag + ag + aq -+ 2a5)?
2 —{a1+ a2 + a3 + a4)

< 7'2[[."1:0 -z} + 272,

._]_.
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Continuing in the preceding way, we can obtain a sequence {X,} such that Xsn+1 € [TXan]axen) @and X2n+2 € [Sx2n+1]oxans1), With
Hr2nt1 — ontoll < H{{T020]ateo,) 15%2n41]atean 1))

(a1 + a3 + a5)2"+1

(1— (02 +as3))®"

< a1d(zon, (T@2m]a(eon)) + 22d(@2nt1, [STontila(ran, 1))

+

+ an(Q?Qn; [833271‘-\\-1}0(302”4.1)) + a4d(‘7;2'ﬂ+17 [T'xQT&}(%(%‘zn))

(a1 + az + a5)?" T
{1 = (a2 + a3)}?"

+ as||T2n — xan1]] +

(a1 + as + a5)2"+1
{1 = (a2 + ag)}2r+t’ (8)

(a1 + as + as)
{1 = (az + @)}

Hzont1 — 2ont2l] < Hron — zont1]] +

Similarly,
Heonta = zonta]] € H([ST2n11]a(@eny)s [T 2n]atesn))
(ao + aq + a5)2"+1
{1 = (a1 + aq) >
< ard(@2nt1, [S2041]ateny 1)) + @2d(@2n, [To2n]aes,))

+ a'3d(x‘2n+l: [Tm?"}a(wznﬂ + a4d(x2n.., [Sm2n+1]a(12n+1))

{az + aa + as)zm"l

1= a1 + an)j2

(az + as + as)*" !

L (ar +aa}>" ©)

+ as||T2n+1 — @2} +

(az + a4+ as)
T {1l = (a1 + bas)}

f[$2n+2 - $2n.+1l] szn - $2n+1]] +

By (8) and (9)
[Ix2n+1 — x2n+2|| < 7][x2n — x2n+1|| + 72n+1. Therefore,
(a1 + a2 + as + a4 + 2a5)
{2~ (a1 +a2+as+a4)}
((al + ag + az + ag + 2as )"
{2~ (a1 +ax+as+as)}
e — ntal] S Tllmpor — 2]+ 77

< rlrl|ena — Tnoa|| + T 77

Hfﬁn - -Tn+1[[ < Hxn—l - -TnH

+

= 72[]wn_g — Bt ||+ 277

lln = nga ]| < 7" ||wo — a1 || + 07", (10)
Now, for any positive integers m,n (n > m), we have
[Xm = Xall < [Xm = Xmaal| + [Xme12 = Xal|
< fxm = xm+1|| + {|xm+1 — xm+2|| + |[xm+2 — xn||}
< Xm = Xmaa| + {IXmez = Xms2|| + -0+ |[Xn-2 = Xal[}
< "xo = Xall + mT"+ X0 — Xal| + (M + L)+ -+ Yo — xa| + (0 — 1) by (10)
n-1
<@+ T+ o+ T X x| + X0
i=m
Since 7 < 1, it follows from the Cauchy root test that "iz' is convergent and hence x, is a Cauchy sequence. Since (X,||[) is complete,
there exists z € X such that x,— zasn — .
Now,
d(z,[Sz]a(2)) < ||z — x2n+1|| + d(x2n+1,[Sz]a(2))
<||lz — x2n=1|| + H([Tx2n]a(x2n),[Sz]a(2))]
Using (3) with n — o we get
{1 - (ax+ a3)}d(z,[S7]u)) <0
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So, we get

z € [Sz]a(2).
This implies that z € X is a fixed point for S. Similarly, we can show that z € [Tz],. Hence, z € X is a common fixed point for the
fuzzy mappingsSand T. O

Example 2. Let X = [0,1] and ||x — y|| = |x — y|, whenever x,y € X, then (X,||.||) is @ complete normed linear space. We define a fuzzy
mapping T,S : X — F(X) respectively by

1, UStS%

1 oo X

s g =t=3

0, %Stﬁl
.
i 9<<tt<<2&
” — 30 20 = 10
S@o=q T BT 2T
0 gt

for all X € X, there exists a(X) = 1 such that [T%la) = [0, §] and [S]a(z) = [0, 551, Then

H([Tw) ooy, [S¥lan) < 2o — 21+ =y = 2|

5 4 10" 20
1 Y 1 T
+ﬁ1$—2—0|+ﬁ|y—zl
1
+ 2—5190—‘1}[

Since, all the conditions of Theorem 3.1 are satisfied, T and S have a common fixed point. One can easily check that 0 is a common
fixed point of T and S.

(AVA CONCLUSIONS AND FUTURE DIRECTIONS: RELEVANCE TO Al TECHNOLOGY

The common fixed point theorem proved in this paper can be viewed as a useful theoretical tool in Al systems that involve
uncertainty, vagueness, or imprecise information. In many intelligent algorithms, such as fuzzy control, fuzzy decision-making and
soft computing models, the state of the system is updated iteratively until a stable configuration is reached. The existence of a
common fixed point guarantees, under suitable contractive conditions, that such iterative fuzzy processes admit a consistent and
stable equilibrium.

In particular, the result may be applied to the convergence analysis of fuzzy neural networks, adaptive learning rules and reasoning
mechanisms in Al technology. Since fuzzy mappings naturally model uncertainty in data and inference, the theorem provides a
mathematical foundation for showing that two interacting fuzzy processes can converge to a common stable output. Thus, the
theorem supports the stability and reliability of Al-based systems operating under ambiguity.

The future course of our research will be directed toward a more detailed study of the conditions ensuring that two fuzzy mappings
possess a unique common fuzzy fixed point. The results obtained in this paper suggest several natural directions for extending
common fuzzy fixed point theorems to other mathematical settings and for weakening the underlying contractive assumptions. Such
developments would further strengthen the theoretical framework of fuzzy fixed point theory and may also lead to useful
applications in other areas of mathematics and the applied sciences. In this regard, the subject remains a rich and promising field for
further investigation.
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