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Abstract: Primordial gravitational waves provide a direct test of the dynamics and energy scale of the early Universe, but their
observable imprint is filtered through the thermal history, radiative transfer, Galactic emission, and weak gravitational lensing.
This study develops the connection from a quantized transverse—traceless metric perturbation to cosmic microwave background
temperature and polarization spectra. The inflationary tensor spectrum is normalized by the tensor-to-scalar ratio r; its
propagation is governed by a damped wave equation with a calculable neutrino anisotropic-stress correction; and Thomson
scattering projects its local quadrupole into parity-odd B-mode polarization. The resulting signal is concentrated in a
reionization feature at multipoles below about 10 and a recombination feature near multipole 80. A multifrequency likelihood
must distinguish this signal from polarized dust, synchrotron radiation, instrumental leakage, and lensing-induced B modes.
Published analyses give rs.ss<0.036 from BK18 alone and rs.ss<0.032 when Planck PR4, BK18, baryon-acoustic-oscillation, and
CMB-lensing information are combined. Numerical evaluations of the slow-roll tensor spectrum, the inflationary energy scale,
and the exact matter-era transfer function clarify how these bounds propagate backward to inflation. The analysis shows that
further progress depends jointly on low-frequency and high-frequency foreground leverage, stable polarization calibration,
large-scale sky coverage, and delensing rather than on map depth alone.

Keywords: primordial gravitational waves; cosmic microwave background; B-mode polarization; inflation; tensor-to-scalar
ratio; foreground separation; delensing.

I. INTRODUCTION

A stochastic background of tensor perturbations is a generic consequence of amplifying quantum vacuum fluctuations in a time-
dependent geometry. Grishchuk first identified the parametric amplification of gravitational waves in an expanding isotropic
universe [1], and Starobinsky calculated an early nearly scale-invariant relic spectrum [2]. The gauge-invariant perturbation
framework later placed scalar and tensor production within a common mathematical description [3]. These results make primordial
gravitational waves unusual among inflationary observables: their amplitude is set directly by the expansion rate during horizon
exit, without an inflaton sound-speed or matter-transfer normalization.
The cosmic microwave background (CMB) is sensitive to tensor wavelengths whose present frequencies are roughly 10-28-10-2¢ Hz.
Tensor perturbations alter the temperature quadrupole and generate a polarization pattern with nonzero curl. The parity
decomposition of linear polarization showed that this curl, conventionally called the B mode, is produced by tensor perturbations
but not by linear scalar perturbations [4], [5], [6]- This selection rule is the central observational advantage. It does not, however,
make the measurement background-free: gravitational lensing converts scalar E modes into B modes, and the Milky Way produces
polarized dust and synchrotron emission across every usable sky region. The inference problem is consequently a chain rather than a
single proportionality. A primordial power spectrum must first be evolved across radiation and matter domination, projected through
the visibility function at recombination and reionization, convolved with the instrument beam and sky mask, and fitted
simultaneously with foreground and calibration parameters. An upper limit on r is meaningful only after these operations have been
included in the covariance and likelihood. The same chain also explains why a deeper map at one frequency cannot by itself
establish a primordial origin.

Il. PRIMORDIAL TENSOR PERTURBATIONS
A. Geometry and canonical dynamics
In conformal time ), introduce a transverse—traceless perturbation h;; of a spatially flat Friedmann—Lemaitre metric. Spatial indices
are raised with 9j;, a prime denotes d/dn, and the reduced Planck mass is MPI=(8nG) 1 2.
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ds* = a2(71) { —di’]2 + [5,:,‘ + /’l,:,'(i’], X)]dxidx-f}, (),'h,:,‘ =0, h;=0. (D)

Decomposition into the two helicities A=+ and X gives the quadratic Einstein action. With vA=aMPlhA/2, each Fourier mode is a
canonical parametric oscillator [3].

5= ), =2, g

v+ (k2= )ve=0, v—> \/;_k
The term a"/a amplifies a mode when its wavelength exceeds the comoving Hubble radius. In quasi-de Sitter expansion the growing
solution makes hy nearly constant outside the horizon. The factor of two in the dimensionless tensor spectrum counts the two
helicities.
B. Spectrum, consistency relation, and energy scale

At a pivot k*=0.05 Mpc™, let As denote the scalar curvature amplitude and define r as the tensor-to-scalar ratio. To first
order in the slow-roll parameter e=—H/H?2, canonical single-field inflation gives

(k>aH). (3)

_ZH% k \n, _ Pulks) _ . e MV — _F
P,(k)_m(ﬁ) o or=o=16es,  m=—2ec=—L. 4)

The last equality is a model-specific consistency relation, not part of the definition of r. If the tensor tilt is fitted
independently, a CMB limit applies over the measured wavenumber interval and cannot be extrapolated across many decades
without specifying the spectrum. Under the slow-roll relation and potential domination, the Hubble and potential scales follow
algebraically:

He=aMpy A0, VI = Mgy (AT ) 4, 5)

Because the potential scale varies only as r” 4, a large improvement in polarization sensitivity produces a more modest
change in the inferred energy scale. The scientific gain is nevertheless substantial: r separates broad classes of inflationary potentials
and, with n,, constrains the trajectory in slow-roll parameter space.

1. FROM TENSOR MODES TO CMB POLARIZATION
Propagation through the thermal history
After inflation, each helicity obeys a damped wave equation. The conformal Hubble rate is s#*=a'/a and IIAT is the
transverse—traceless anisotropic stress.

h! +2Hh, +k>h; = 162Ga>TIL. ©6)

A mode is nearly frozen for k< #and begins to oscillate and redshift after horizon entry. Free-streaming neutrinos supply
a nonlocal anisotropic stress; for modes entering during radiation domination, Weinberg found a 35.6% reduction of the squared
tensor amplitude [7]. Equality, recombination, reionization, and late acceleration then determine the transfer function sampled by
the CMB. In a purely matter-dominated era with negligible anisotropic stress, the normalized exact solution is

. htko) 310
Ti(ho): =t < 950 51 (k= 0). ¥

The oscillatory subhorizon decay in (7) is important because polarization responds mainly to the time variation h' at a
scattering surface. It also limits the simple identification {~ky*, where x* is the comoving distance to last scattering: the observed
multipole receives a finite line-of-sight kernel rather than a single Fourier mode.

Spin-2 projection and the two tensor features

Thomson scattering produces linear polarization only when the incident radiation has a local quadrupole. The Stokes fields

Q=iU transform with spin £2 and may be expanded, in one common phase convention, as
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(Q+iU)M) = Y(af, tiaf,) 2 rn(B). (8)
‘m
E has parity (—1)' and B has parity (—1)". Linear scalar perturbations possess no handed pattern around their wavevector
and therefore generate E but not B; tensor helicities generate both [4]-[6]. Statistical isotropy makes the angular covariance
diagonal in £ and m and defines the spectra C£XY. The tensor B-mode spectrum is a positive projection of the primordial spectrum:

C/ =4x [dink Py(k)[AL(K))%. 9)

The transfer function ACB contains the tensor evolution, the visibility function, and spin-weighted radial functions.
Recombination produces a broad maximum near £~80: modes must have evolved enough to create a quadrupole but not so long that
their amplitude has decayed away. Reionization creates a second feature at €110 because renewed scattering at low redshift sees a
large-scale tensor quadrupole. Its height depends on the optical depth t, making large-scale E modes valuable for controlling the
same reionization history.

Table 1. Physical stages connecting the primordial spectrum to CMB B modes

Stage Scale or epoch Tensor information Principal limitation
Horizon exit k=aH during inflation Sets Py(k), r, and n Inflationary dynamics
Superhorizon era kLo Nearly conserved h Nonstandard stress/history
N Main tensor B-mode .

Recombination z=1090; £=30-150 ! Dust and lensing B

feature

Large-angle B-mode

Reionization z of order 6-10; ¢[]110
feature

1, 1/fnoise, sky cuts

Structure at z<last

. E-to-B lensing conversion Delensing residual
scattering

Late propagation

V. OBSERVATIONAL INFERENCE
Inference begins with polarized frequency maps and ends with a posterior for the tensor amplitude; foreground separation and
lensing removal are part of that estimator, not post-processing details.
A. Multifrequency sky model
A cleaned B-mode map is not directly observed. At each frequency v, the polarization data contain a frequency-
independent CMB field in thermodynamic units, low-frequency synchrotron, high-frequency thermal dust, and noise. A useful local
model is

d, (1) =scmp (M) + as(v, N)s; () + au(v, N)s, () +n,. (10)

Synchrotron is often approximated by a power law, whereas dust follows a modified blackbody. After conversion from
antenna to thermodynamic temperature, their leading spectral factors may be written

aW)x (L)Y aaw) o (G)Ig b

The indices and polarization angles vary across the sky, so a single rigid scaling can bias r when sensitivity becomes high.
Planck measured polarized dust power even in the faintest high-latitude regions and found no window in which foreground
subtraction could be omitted [11]. The 2015 joint BICEP2/Keck—Planck analysis detected the 150x353 GHz B-mode correlation,
found strong evidence for dust, no significant tensor signal, and ro.0s<0.12 [12]. That result established multifrequency coherence—
not apparent morphology at one band—as the decisive foreground test.
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B. Lensing, delensing, and likelihood construction
Weak lensing remaps the primary polarization by the gradient of the projected potential ¢. To first order, its flat-sky B
mode is a convolution of scalar E modes with o,

B(8)= [ WEL)EL)p(£~L). (12)

Lensing therefore supplies both a cosmological observable and a variance floor for primordial B modes [8]. Quadratic
combinations of temperature and polarization reconstruct ¢ [9], permitting a lensing template to be subtracted. SPTpol first detected
lensing B modes by cross-correlating an E-mode map with a potential tracer and comparing the template with its measured B map
[10]. Delensing efficiency must be propagated into the final covariance; subtracting a noisy template can otherwise exchange
lensing variance for reconstruction noise.

Modern analyses fit all auto- and cross-frequency bandpowers. If C is the data vector, C(6) the model containing r, lensing,
dust, and synchrotron parameters, and X its bandpower covariance, a Gaussian approximation has

2In£(@) = [C - C®)|"E![C - C@)] +nIZI + const. (13)

Cut-sky mode coupling, non-Gaussian lensing covariance, calibration, beam uncertainty, and foreground priors complicate
this expression in production likelihoods. A robust result is tested against alternate masks, data splits, frequency selections, dust
decorrelation models, and null spectra. Polarization-angle error is especially dangerous because it rotates the much larger E field
into B; differential gain and beam mismatch can similarly leak temperature anisotropy into polarization [16].

C. Published constraints

Planck 2018 temperature and polarization data constrained inflationary parameter space and, when combined with the then-current
BICEP/Keck likelihood, strongly disfavored several large-field monomial potentials [13]. The BK18 analysis combined
BICEP/Keck 95, 150, and 220 GHz maps with WMAP and Planck bands spanning 23-353 GHz. Fitting lensed
ACDM-+r+dust+synchrotron gave o(r)=0.009 and ro.0s<0.036 at 95% confidence [14]. A subsequent analysis combined BK18 with
Planck PR4 while varying the six ACDM parameters; it obtained ro.0s<0.034, tightening to ro.0s<0.032 after adding BAO and CMB-
lensing data [15]. The latter is a joint cosmological constraint and should not be labeled a B-mode-only bound.

BKP (2015) - 0.120
PR4+BK15 (2020) 1 0.044
BK18 (2021) - 0.036

PR4+BK18+BAO+lensing 0.032
toss) [ ©

0.00 0.02 0.04 0.06 0.08 0.10 0.12
95% upper bound on rqs

Figure 3. Comparison of selected published 95% limits on ro.os. The bars use different data combinations and likelihoods, as
identified in the studies [12], [14], [15].
Table 2. Observational landmarks and their inference content

Analysis Data lever Published result Interpretive role

First detection of Lensing is measurable and

SPTpol, 2013 [10 E templat d B .
po [10] emplate x measure lensing B modes removable
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Analysis Data lever Published result Interpretive role
BKP, 2015 [12] 150 GHz x Planck 353 Dust detected,; Smglg-band_ exce_ss was not
GHz lo.0s<0.12 primordial evidence
Full-sky T, E, B and Tensor limits test

Planck 2018 [13] Restricted r—n, space

external BK inflationary potentials

23-353 GHz; deep clean Foreground-marginalized B-

BK18, 2021 [14] l0.0s<0.036; o(r)=0.009

field mode limit
CMB; then l0.0s<0.034; combined 1 and ACDM uncertainties
PR4+BK18, 2022 [15 T ’
[15] +BAO+lensing <0.032 propagated

No statistically established primordial tensor contribution appears in these likelihoods. The improving limits reflect more than lower
detector noise: frequency leverage broke the dust degeneracy, lensing was measured rather than treated as an unknown excess, and
joint parameter sampling propagated uncertainty in t and the scalar sector. The detailed experimental and astrophysical hierarchy is
reviewed in [17].

V. ANALYTICAL AND NUMERICAL INSIGHTS
Figure 1 evaluates (4) and (5) with As=2.10x10°, k*=0.05 Mpc*, and the single-field consistency tilt. The three tensor
spectra are separated mainly by normalization because |n|<0.004 for the plotted values. Across four decades in k, the slow-roll tilt
changes the amplitude far less than changing r from 0.032 to 0.001. A CMB measurement of r alone therefore determines an
amplitude; testing n=—1/8 requires a much longer spectral lever arm or additional gravitational-wave observables.

(a) Tensor spectra (b) Inflationary scale
: ~ 16
—_ ! ©
2 ! ©)
K 107114 : -
' ! 2 6x101°
— r=0.001
- r=0.032
; - 3x10 0 ——
1073 1071 10 1073 1072 1071
Wavenumber k (Mpc™') Tensor-to-scalar ratio r

Figure 1. Numerical evaluation of the slow-roll tensor spectrum and its energy-scale conversion. The vertical line in panel (a) marks
k*=0.05 Mpc; panel (b) marks the combined r<0.032 bound and the 6r=0.001 mission target.

Figure 2 isolates the propagation physics using the exact matter-era solution (7). The superhorizon plateau preserves the primordial
normalization. After x=kn crosses unity, the tensor amplitude oscillates with an envelope that decays approximately as x 2, SO its
power decays approximately as x™*. A visibility surface samples h' during this transition; modes far outside the horizon have too
little time variation, while modes deep inside have already been damped. This competition is the analytical origin of the
recombination-scale localization before the full spin-projection kernel is applied.
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(a) Transfer power (b) Subhorizon oscillation
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Figure 2. Exact matter-dominated tensor transfer function T,=3j:(x)/x. The dashed vertical line marks x=1; the left panel shows the
power loss across horizon entry and the right panel resolves the oscillatory phase.
Table 3. Inflationary scales implied by selected tensor amplitudes

r n=—1/8 HO (GeV) VIV 4 (GeV)
0.032 -4.000e-03 4.434e+13 1.368e+16
0.010 -1.250e-03 2.479e+13 1.022e+16
0.001 -1.250e-04 7.839+12 5.750e+15

At the combined upper limit r=0.032, the slow-roll conversion gives H*=4.4x10% GeV and V*!* 4~1.37x10% GeV. At
r=0.001 the corresponding values are about 7.8x10'2 GeV and 5.8x10** GeV. These are upper scales under the assumptions entering
(4) and (5); an independently tilted spectrum, noncanonical tensor normalization, or non-vacuum tensor source changes the
translation even when the observed CMB bandpower is unchanged.

VI. DESIGN LOGIC FOR THE NEXT MEASUREMENTS
The Fisher information illustrates why survey design must balance sky area, angular resolution, and foreground control. For
bandpower covariance approximated as Gaussian, a schematic tensor-amplitude information sum is

26+ f sy
672(r) Z( +2 Yoy
’

Here Cres includes residual lensing and foreground uncertainty after cleaning. Increasing fsky gains large-scale modes and controls
sample variance, but it also admits brighter and more spatially complex Galactic emission. Finer resolution improves lensing
reconstruction, whereas stable large-scale scanning and low 1/f noise preserve the reionization and recombination features. Multiple
bands below and above the CMB intensity maximum constrain synchrotron and dust rather than merely increasing nominal CMB
depth.

The published Simons Observatory design forecast targets o(r)=0.003 with small-aperture observations in six bands from 27 to 280
GHz, aided by a large-aperture lensing map [18]. LiteBIRD is designed for full-sky polarization in 15 bands from 34 to 448 GHz
with a total sensitivity near 2.2 pK-arcmin; its stated success criterion is 6r<0.001 for fiducial r=0, including systematic-error
allocation [19]. These capabilities are complementary: space-based coverage controls the lowest multipoles and broad spectral
separation, while high-resolution ground data sharpen lensing reconstruction and delensing.

cPir=1) s
r(,';?n"()': 1) + C?R res +N}m

(14)
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Multitracer delensing combines internal CMB reconstruction with external tracers of the mass distribution. Forecasts for the Simons
Observatory show how tracer correlation and overlap determine the residual lensing power and hence the attainable uncertainty on r.
The practical target is not a visually empty B map. It is a likelihood whose residual lensing, foreground complexity, calibration
transfer, and selection functions are all constrained tightly enough that a tensor-shaped component is stable under analysis changes.

VII. DISCUSSION
A primordial claim requires several mutually reinforcing signatures. The recovered component must follow the blackbody CMB
spectrum in thermodynamic units, exhibit the tensor angular dependence in both the reionization and recombination ranges when
accessible, remain stable across masks and foreground models, and pass instrumental null tests. A common r should be consistent
with tensor contributions to TT and TE, although those spectra are limited by scalar cosmic variance. If sensitivity permits, TB and
EB provide tests of parity violation or polarization-angle error rather than a standard parity-symmetric tensor amplitude.
The pivot scale and model space must accompany every numerical bound. Limits quoted at k=0.002 and 0.05 Mpc coincide only
after assuming a tensor tilt. Likewise, combining B modes with BAO or lensing tightens r by constraining correlated ACDM
parameters, but the resulting number is conditional on that cosmological model. These distinctions explain the two BK18-related
values used here: 0.036 is the collaboration’s multifrequency B-mode result, whereas 0.032 is the broader
PR4+BK18+BAO+lensing result.
A continuing null result at r of order 103 would remove much of the parameter space of simple high-scale, large-field inflation, but
it would not test every early-Universe tensor mechanism. Conversely, a detection would determine an amplitude before it
determines an origin. Frequency coherence, angular shape, delensing consistency, and cross-experiment calibration would have to
establish that origin. Once secured, the value of r would fix H* through (5) for vacuum tensors and would convert the CMB from a
record of density perturbations into evidence for quantized propagating geometry.

VIIl.  CONCLUSION

The link between primordial gravitational waves and the CMB is mathematically clean at its endpoints and observationally
demanding in between. Inflation sets a tensor spectrum proportional to H*2; expansion and anisotropic stress determine its transfer;
Thomson scattering projects its quadrupole into parity-odd B modes; and a multifrequency, delensed likelihood estimates r. Current
published analyses find no significant primordial component and constrain ro.os below 0.032 in the stated combined data model. The
next decisive advance will come from joining full-sky large-scale control, broad frequency leverage, precise polarization calibration,
and high-resolution delensing. That combination tests both features of the tensor signal and makes the inferred inflationary scale
auditable from maps to cosmological parameters.
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