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Abstract: This article presents a data analytics framework that utilizes auxiliary information to improve estimation accuracy and
decision-making in stratified sampling. Various analytical models based on different distance measures are developed and
evaluated to optimize data-driven insights. The study discusses the theoretical foundations of the proposed estimation techniques
and derives optimized weighting schemes under different distance measures. The performance of the developed methods is
assessed through simulation studies and comparative analysis. Furthermore, a real-world dataset is analyzed to demonstrate the
effectiveness, robustness, and practical applicability of the proposed data analytics approach. The results indicate that the
suggested methodology provides superior accuracy and efficiency compared to conventional techniques, making it a valuable
tool for modern data-driven applications.
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L. INTRODUCTION
In survey sampling, the precision of the estimate of study variable can be increased by using the most popular stratified sampling
technique.
The calibration-based estimation method helps in improving the survey estimates by means of auxiliary information through
adjusting the initial design weights. A calibration estimator uses modified weights which are known as calibrated weights. These
calibrated weights are determined by minimizing a given distance function to the initial design weights respecting a set of
constraints associated with auxiliary information. In survey sampling many authors, such as Deville and Sarndal (1992), Estevao
and Sarndal (2000), Arnab and Singh (2005), Farrell and Singh (2005), Kim and Park (2010) etc., defined some calibration
estimators using different constraints. In stratified random sampling, calibration approach is used to get optimum strata weights.
Tracy et al. (2003), Kim et al. (2007) and Koyuncu (2012) define some calibration estimators in stratified random sampling.
Mouhamed et al. (2015), Koyuncu and Kadilar (2016), Clement and Enang (2017), Nidhi et al. (2017), Garg and Pachori (2020 etc.,
have contributed in the direction of developing some calibrated estimators for different population parameters using different
calibration constraints under various sampling schemes. Koyuncu and Kadilar (2013) define calibration estimator using different
distance measures in stratified sampling. Rai et al. (2020) worked on calibration based estimator using different distance measures
in stratified sampling. Kris et al. (2026).
Next, we examine links to traditional statistical and design concepts such as the gulfs of interaction and parsimony.Important explai
nability methods, such as integrated gradients and learnt embeddings.
Lastly, we list unresolved issues and talk about how data science might help.
The main aim of this paper is to introduce calibration estimator under different distance measures using auxiliary information in
stratified sampling scheme. We first discuss notations and calibration based estimators under different distance functions. Then we
describe the simulation study using the real data of census (Uttar Pradesh, Series 10, Part 12B and District census hand book,
AGRA). Finally, the conclusions of this study are presented.
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1. NOTATIONS AND CALIBRATION ESTIMATORS:
Consider a finite population U = {U;,U, ... ... ... Uy}having N distinct and identifiable unit partioned into L Strata. Let Y and X be
the study and auxiliary variables taking values y,; and x;,;, respectively for i**unit (i = 1,2, ....,N) in h*" stratum consisting of N,
units(h = 1,2... L) such that X% _, N, N. Let n,, be the size of the sample for ht" stratum such that X% _, n, = n.
Let,

_ _ _ 1
Vst = Lhey Wy¥p, Where 3, = n—hZ?zhl Yhi
_ _ = 1

Y = ¥5_ W, Y, where Yth_h Z:;hl Yni and

w, = NT" is the stratum weight. We can define similar expressions for X,

Syn = - ! lZ?zhl(yhi —y,)? and s3, =ﬁ2?=hl(xhi — X,)? be the sample variance of Y and X respectively in h" stratum
h~— h~—
corresponding to the population variances S, = Nhl_l Z?’z’ll(yhi —Y,)%and S3, = Nhl—l Z?’:’ll(xhi - X,)?
Syxn = ﬁZ?’:’ll(xhi —X,,) (yn; — Y,,) Covariance between Y and X.
S S . . -
Pre = """/ xSk s Prx = yxh/syh « Sy, is the correlation coefficient of ht" stratum.
Yy

The calibration estimator under the stratified random sampling for population mean defined by Tracy et al. (2003) is given as
Vse(a) = Zlfl=1 QpYn (2.1)

1. REVIEW OF LITERATURE
Nursel Koyuncu and Cem Kadilar (2013) worked on following distance function

—vyi  (Qp-wp)? (2.2)
Ll — 4&h=1 WhQR
n-/Wn)” (2.3)
L2 = Z%l:lz(\/_hTh
_yi (% _ 4\ (2.4)
L3 - hleh (Wh 1)
T (T 1)2 (2.5)
4T Ah=1g, \ /Wy
The simulation study shows that the calibration estimator using distance measure L, are highly efficient than using distance measure
Ly
Rai et al. (2021) worked on calibration — based estimators using different distance measure under two auxiliary variables
—yL  (@p-wp)? (2.6)
Dy Wn) = Zfioy
— oy (O 2.7)
D (R, W) = 2Ty S
_yr (% 4\ (2.8)
D3 Wy) = Thes o- (72— 1)
2
1 (/0 (2.9)
Dy, Wh) = Thoy - (- 1)
(2.10)

Ds(Q Wy) = They = (~Wylog 2 + —W)2
sGin Wh) = Zin=17, h gWh h h
We worked on following distance measures with help of Nursel Koyuncu and Cem Kadilar (2013), Rai et al. (2020):

— (Qp-Wp)? 2.11

Ly = lfl:l WhQp ( :

oL A (% 1) (2.12)
LZp — 4&h=1 Qn (Wh 1)

1 0 2 2.13

Lp = Zha = (~Wilog 22 + 0, - W, ) @13)

L=y () (2.14)

4p h=1 Qn
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and satisfy the following calibration constraints

Zh=1 Qn Xy = Xy Wi Xy, (2.15)
Yh=1 Py = Xhoa WiPnx (2.16)
Thus the calibration estimation problem reduce an optimization problem where

1) Case: 1 The Lagrange function for weights Q;, which satisfy the calibration equation (2.1) and minimize the loss function given

in (2.11)
(Qp-Wp)? = >
¢ = lfz=1w — 22, (X1 Qn Xy, — Xy Wi X)) — 22, (Xho1 Qnpnx — Zhea WaPha)
where 4, and A, are the Lagrange’s multipliers differentiate above equation w.r.to Q,, and equating to zero for obtaining the value of
Qp
Qp = Wy, + Wy, Qr(A1 X, + A30nx) (2.17)

From equation (2.15)
TherlWy + Wi Qp (A% + 2200} Xn = Loy Wi Xy, _
Yhe1 MWy Qp %% + Xhoy Ay Wy QnppxEn = Doy WXy — Zhioy Wiy, (2.18)
From equation (2.16)
Th=rlWy + Wi QA% + 2201300 = =1 WiPrx
Lh=1 1 WhQnpnaEn + Xio1 2. WiQnpix = Lot WnPhx — X1 WP (2.19)
On solving equations (2.18) and (2.19) we get
L 2 YL T o_=\_YL L _
— = X = = =
— o1t WhQn i o1 W (X — X3) — Zio1 Wi QnPx =1 Wh(Prx — Prxc)}
Yhat WhQp piy Xhioy Wi Qp %3 ° — B2y Wi %, QpPps)?
h=1 "WhUh Phx Lin=1 Whln Xn h=1 VhXnCnPhx
1 = Yhe1 WaQnphxXn Xhoa Wa Xy — %3) + Xy Wi, Qy, Xp° het Wa(Phx — Phx)
2 S W,Qn pE, Sk W0, %y — L W, T )2
n=1 WhQnh Prx 2ip=1 WnQn X n=1 WhXnQnPnx
On substuting 4,, 4, in equation (2.17) we get

Z

Q—W+A+
h= Wt g

where A =Xk WyQp Py Doy Wi (X — %) — 2oy Wi Qnpix _lfz=1 Wi (Phx = Prx)s B = Zhioy Wi Qn phy Zhy Wi Qp %% —
(Zlfz=1 Wy X, Qnpny)?, C = Zlﬁ:l Wy, Qhszleh Zlfl=1 Wh (X, — Xp) + Zlfl=1 Wy, Qn JZhz Zlfl=1 Wh(Phx — Prx)
On substuting the Q,, in (2.1) we get
Vse(n) = Xhoy Wh(J_/h + By (X, — %) + Bo(Prx — phx)) (2.20)

where
Br = W,Qnxpyy [Zlfz=1 W, Qn Przlx lfl=1 Wh()?h —Xp) — Zlfl=1 Wthfhszlx Zlfl=1 Wh(Prx — Phx)/Zlfl=1 Wy, Qn szzx lfl=1 W,Qp x
(Zlfpl Wy xp thlex)z]

B = WnQnpi Vn|Xhos WnQn %2 Xhoy Wa(pEe — pEc) —
Zlfl=1 Wy, Qhszleh lfl=1 W (X, — fh)/Zlfml W Qp Ppx* Zlfl=1 W, Qn JZhz - (Zlfl=1 Wy xp thlex)z ]

2) Case: 2 The Lagrange function for weights Q, which satisfy the calibration equation (2.1) and minimize the loss function given
in (2.12)

170 2 _ =
¢, = lfz:lQ_h (_h - ) - 2/11(Zlfl=1 Qpxy — Zlfl=1 Wy Xy) — 24, (Zlfl=1 QpPnx — Zlfl=1 WyPny)

Wh
where 4, and A, are the Lagrange’s multipliers Differentiate above equation w.r.to Q,, and equating to zero for obtaining the value
of Q,
Qp = Wy + W2 QA4 %y, + A2p) (2.21)
From equation (2.15)
Shoa{Wh + W32 QA% + A2ppa)} X = Shoy Wi X,
Zlfl:llIWhZQh JZh2 + Zlfz:l/lz ththfzzxfh = Zlfz:l Wh)?h - Zlfz:l thh (222)
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From equation (2.16)
Shoa{Wh + W2 QA + A2012)}0nx = Xy WP
Yho1 MWy Qupnkn + Xhoy AZWhZthlex = Yhe1 WhPhx — Zhe1 WiPhx (2.23)
On solving equations (2.21) and (2.22) we get
A= o WiQn P Zhca W (K, — X3) — Zhoca Wi QuPi Zhos Wi (P — P )} Zhics Wi Qn P oy Wi Qn % ” —
=1 Wi Qn¥pppx)?
A = fiz1 Wi QupixXn Zhay Wi (Xn — %) + Zhay Wik Qp X3 iy Wh (P — D)/ L Wik Qn Py iy Wi Qn % ” —
k=1 Wi Qn¥pppx)?
On substuting 4,, 4, in equation (2.21) we get

0, = W, +5+
h — h B B

Where A = W,2Q, %, [Xh—1 W2 Qnpie Ty Wa (Xn — X3) — Zhiy Wi Qnpnx Zhe1 W (Prx — Prx)]

L L L
B = Z ththlexz Wi Qn Xy* — Z(th QnXnPny)?
h=1 h=1 h=1

L L L L
C= th thizlxz th Qn JZhz Z Wh(Prx — Prx) — Z WhZQhPhxfhz Wh()?h - Jzh)/
h=1 h=1 h=1 h=1

On substuting the Q,, in (2.1) we get
Vse(nk) = Xh_y Wy (¥ + By (X, — %) + Bo(Prx — Prx))
where
Br=  WiQnXpyn [Zlfz=1 W2 Qnpix Liea Wa (K, — Xp) — Zhica Wi QuXnPhsx Lie1 Wa(Prx — Phx)/ o1 Wi Qupiny Lis Wik Qn -
Ch=s Wh thhphx)z]

B, = th Qhszsz_/h [Zlfz=1 th Qn JZhz Zlfl=1 Wh(Prx — Prx) —
Zlfl=1 th QnPrxXn Zlfl=1 W (X, — fh)/Zlfml th Qn szzx lfl=1 th Qn JZh2 - (Zlfl=1 Wy, thlexphx)z ]

3) Case: 3 The Lagrange function for weights Q,, which satisfy the calibration equation (2.1) and minimize the loss function
given in (2.13)
2
¢s = ﬁ=10ih (_Whl‘)g Vi_’; +Q0p — Wh) — 24 k=1 Ty, — Zhoy Wi Xp) — 22, ko1 QP — Lhim1s WhPis)
where 4, and A, are the Lagrange’s multipliers Differentiate above equation w.r.to Q, and equating to zero for obtaining the value
of Q,
Qp = Wy + W, Qr (A1 + A30py) (2.24)
From equation (2.15)
ThrlWy + Wy Q (A%, + 2200} By = Zioq Wi Xy,
L1 MW Qy T% + Xhoy A Wi Quppan = Xioq Wi Xy, — Zhoy Wy, (2.25)
From equation (2.16)
TherlWy + Wi QUi %n + 2200300 = k=1 WiPrx
Lh=1 M WhQnpnxEn + Xii=1 AW Qn Pity = Lot WiPrx — Lii=1 WaPnax (2.26)

On solving equations (2.25) and (2.26) we get

1 = {Zlfl=1 Wy, Qp szzx lfl=1 Wh()?h —Xp) — Zlfl=1 Wy, QnPrx Zlfl=1 Wi (Prx — Prac)}
1= YW 2 YL 72— (XL W, 2
h=1 WhQnPhx 2in=1 WrhQn X k=1 WhQnpns)
— Zlﬁ:l Wthszleh Zlfl=1 Wh (X, — Xp) + Zlfl=1 Wy, Qp JZhz Zlfl=1 Wr(Phx — Prx)
Zlfl=1 Wh thlex lfl=1 Wy, Qp %% — (Zlfz=1 Wy Qnpnx)?

A2
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On substuting 4,, 4, in equation (2.24) we get

Q w, +A+C
h_ h B B
where

A = Wy Qpxy [Z WyQn phxz Wy (X, — %) — Z Wthphxz Wh(Phyx — phx)l

B = Z Wthphxz W, Qp Xp° Z(Wthphx

L
C= [Wthszlxz W, Qp Xy, Z Wh(Prx — Prx) — Z Wy, QnpnxXn Z Wh()?h - JZh)l
h=1 h=1 h=1 h=1

The value of Q,, is equal to 2 distance function (case 1)

4) Case: 4 The Lagrange function for weights Q,, which satisfy the calibration equation (2.1) and minimize the loss function
given in (2.14)

2
bo = Thoy 2L 23, (Bh, 0%, — hoy W) = 225 (Thes D — Zhos Wabio)
where 4, and A, are the Lagrange’s multipliers Differentiate above equation w.r.to Q,, and equating to zero for obtaining the value
of Q,
Qp = Wy, + Wy, Qr (21X, + 22;5014) (2.27)
Substuting the value of Q,, in equation (2.15) & (2.16)
hetiWh + W, QA1 X, + 22,04,)} X = Thoy Wi X,
The1 MWy Qp %% + 2oy A Wy QnpnaXn = Li= 1WhXh22h L (2.28)
From equation (2.16)
hetlWh + W, QA1 %y, + 22,04:)}0nx = Lot WhPhx
Bl Ay Wi Qu P + Sy Ao W5 0y} = Tho e Vot 229
On solving equations (2.28) and (2.29) we get
A, = {Xh=1 Wi Qnpiy Ziooa Wa (X, — %,)/4 — Fﬁ:l Wi QnPnx zzlfl=1 Wi, (Prx — Prx)/4}
Yot WiQnpity By Wi Qp X3 % — By Wi, Qnpnx)?
Tt Wh QnpiEn Liioa Wi (X — %)/ 4 + Zfioa Wi Qn Tn” Loy Wi (Prx — Pii)/4
Yot WaQnPiy Xy Wi Qp % — By Wi, Qnpnx)?
Putting the value of 1,, 4, in equation (2.27)

A, =

Q W+A+C
= Wh B B

Z Wthphxz Wy (X, — %) — Z Wthphxz Wh(Phyx — phx)l

2

B = Z Wthphxz W, Qp %p* — (Z ththPhx)

Wthphxz W, Qp Xy, Z Wh(Prx — Prx) — Z Wthphxxh Z Wh(Xh Xp)
On substuting the Q,, in (2.1) we get
Vst () = Xhiey Wy (J_/h + %[”1(&1 — X)) + %ﬁz(ﬂhx - phx))

Wh QnXp

(2.30)
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Br = W,QnXpyy [Zlfl=1 Wy, Qn Przlx lfl=1 Wh()?h —Xp) — Zlfl=1 W QnPrx Zlfl=1 Wh(Prx — Phx)/Zlfl=1 Wy, Qn szlx Zlfl=1 W, Qn JZhz
(Zlfl=1 Wy, thhpfzzx)z]
B:= WyQupiiin [Zlfl=1 Wi Qn %r% 2hiey Wi (Phx — Prx) —

Zlfz=1 Wy, QnpnxXn Zlfz=1 Wy, ()?h - fh)/Zlflzl Wy, Qn szlx lfl=1 W, Qn JZh2 - (Zlflzl Wy Q1% Py )? ]

V. SIMULATION STUDY
To study the performance of the proposed estimator we use the following data set
Source of Data: Population, is taken from the census of India 2011(Uttar Pradesh , Series 10, Part 12B and District census hand
book, AGRA).
Email: dco-utp.rgi@censusindia.gov.in and Website: http:/www.censusindia.gov.in

1) Population: 1 The considered data relates to total area of 45 villages of Khandauli block at Agra districts (U.P). We consider the
numbers of agricultural laborers in villages as study variable Y and the total area of villages as auxiliary variable X
We divided the whole population of 45 villages is divided in to 5 strata according to the area. Accordingly we have:

Strata Area in Hectare
1 (1-4400) (21 Villages)
2 (4400-8400) (10 Villages)
3 (8400-12400) (6 Villages)
4 (12400-16500) (5Villages)
5 (16500-20900) (3Villages)
Table (1) parametric values of the population (1)
Population | Stratum 1 Stratum 2 | Stratum 3 | Stratum 4 Stratum 5
N=45 | N, =21 N, =10 N, =6 N, =5 N; =3
n =23 n, =10 n, =5 n, =3 n, =3 n,=2
Y Y,=112.09 Y,=175.9 ¥;=149.83 Y,=232.2 Y;=545
=173.508
X =46337 | X,=196.4 X,=413.411 X3=672.33 X,=844.26 X=1445.97

2) Population:2 For this we considered the 2011census data which is relates to the total number of agricultural laborers, total area
total population, and total numbers of cultivators of 55 villages of Etmadpur block of Agra districts (U.P). We take the numbers
of Agricultural laborers in villages as Y, the total area of villages as auxiliary variable X. The whole population of 55 villages
stratified in to 5 strata according to the Area. So the strata become as under

Strata Area in Hectare
1 (1-3647) (31 Villages)
2 (3647-7222) (11 Villages)
3 (7222-9973) (5 Villages)
4 (9973-12307) (3Villages)
5 (12307-18173) (5Villages)
Table 2. Parametric values of the population (2)

Population | Stratum 1 Stratum 2 | Stratum 3 | Stratum 4 Stratum 5
N =55 N, =31 N, =11 N; =5 N, =3 N; =5
n=31 n, =15 n, =5 n, =3 n, =2 n,=3

Y=1474 |Y,=72.38 Y,=158.81 Y;=194.4 Y,=250.6 Y;=478.2

X =33043 | X,=117.67 X,=324.96 X3=550.23 X,=777.97 X=1173.2
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We calculated empirical mean square error and relative efficiency using following formulas:
_ 1 _ S _ S

MSEy(a) = 52?21[22:1 Wh(yh + 1 (X — %) + B2 (Prx — phx)) - Y] 2

where ¢ = n, nk,t

Table: 3 Mean square error of estimators

Estimators Population 1 Population 2
Ve (1) 32068843 24677991
Ve (nk) 336977041 99861561
Yse(t) 9395651 20555521

It should be mentioned that distance function Ls, is equal to L;,.The simulation study shows that calibration estimator using
distance measure L,,, are more efficient than using distance measure Ly, L.

V. CONCLUSION

In this study we worked on new weights using different distance measures in stratified sampling. The performance of distance
measures are compared with a simulation study.
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SPECIAL ISSUE
Appendix
R Calculations
install. packages("xIsx")
library(xIxs)
library(readxl)
N1<-21;N2<-10;N3<-6;N4<-5;N5<-3
N<-45
n1<-10;n2<-5;n3<-3;n4<-3;n5<-2
n<-23
Q<-1;W1<-N1/N;W2<-N2/N;W3<-N3/N;W4<-N4/N;W5<-N5/N
data<-read_excel("C:/Users/dell pc/Desktop/new data.xIsx'™)
head(data)
datal<-as.data.frame(data)
newdata<-data.frame(datal,g=c(rep(1,21),rep(2,10),rep(3,6),rep(4,5),rep(5,3)))
dim(datal)
head(newdata)
X<-split(newdata,newdata$g)
y<-lapply(seq_along(X), function(x)as.data.frame(X[[x]][,1:2])
Al<-y[[1]]
A2<-y[[2]]
A3<-y[[3]]
Ad<-y[[4]]
A5<-y[[5]]
X1<-mean(Al1$X); X2<-mean(A2$X); X3<-mean(A3$X); X4<-mean(A4$X); X5<-mean(A5%$X)
S1X<-sd(A1$X);S2X<-sd(A2$X); S3X<-sd(A3$X);S4X<-sd(A4$X);S5X<-sd(A5$X)
yl<-mean(Al1$Y);y2<-mean(A2$Y);y3<-mean(A33$Y);yd<-mean(A4$Y);y5<-mean(A5$Y)
S1y<-sd(A1$Y);S2y<-sd(A23$Y);S3y<-sd(A33Y);S4y<-sd(A43Y);S5y<-sd(A53Y)
Mys<-W1*yl+W2*y2+W3*y3+W4*y4+W5*y5
S1IXY<-cov(A1$X,A1$Y);S2XY <-cov(A2$X,A2$Y);S3XY<-cov(A3$X,A33Y);S4XY<-cov(A4$X,A43Y);SEXY<-
coV(AS5$X,A53Y)
ri<-cor(A1$X,Al1$Y);r2<-cor(A2$X,A28Y);r3<-cor(A3$X,A3%Y);rd<-cor(A4$X,A4$Y);r5<-cor(A5$X,A58Y)
ybart<-NA; MSEt<-NA,; ybartn<-NA; MSEn<-NA, ybartnk<-NA; MSEnk<-NA

for(i in 1:50){

sam<-sample(1:21,10,replace=F)

saml<-sample(1:10,5,replace=F)

sam2<-sample(1:6,3,replace=F)

sam3<-sample(1:5,3,replace=F)

sam4<-sample(1:3,2,replace=F)
sam1l<-sample(A1$X,10);sam12<-sample(A2$X,5);sam13<-sample(A3$X,3);sam14<-sample(A4$X,3);sam15<-sample(A5$X,2)
x11<-mean(sam11);x12<-mean(sam12);x13<-mean(sam13);x14<-mean(sam14);x15<-mean(sam15)
x11s<-sd(sam11);x12s<-sd(sam12);x13s<-sd(sam13);x14s<-sd(sam14);x15<-sd(sam15)
sam21<-sample(A1$Y,10);sam22<-sample(A2$Y,5);sam23<-sample(A3$Y,3);sam24<-sample(A4$Y,3);sam25<-sample(A5$Y,2)
yll<-mean(sam21);y12<-mean(sam22);y13<-mean(sam23);yl4<-mean(sam24);y15<-mean(sam25)
rll<-cor(saml1,sam21);r12<-cor(saml12,sam22);r13<-cor(sam13,sam23);r14<-cor(sam14,sam24);r15<-cor(sam15,sam25)
Q1<-Q*W1*r11M+Q*W2*r12/4+Q*W3*r13M4+Q*W4*r1474+Q*W5*r15M
Q2<-Q*W1*y11*x12+Q*W2*y21*x22+Q*W3*y31*x32+Q*W4*y41*x42+Q*W5*y51*x52
Q3<-Q*W1*r11n2*x12+Q*W2*r12/2*x22+Q*W3*r13/2*x32+Q*W4*r14/2*x42+Q*W5*r152*x52
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Q4<-Q*W1*r11n2*y11+Q*W2*r12/2*y21+Q*W3*r13/2*y31+Q*W4*r14/2*yA1+Q*W5*r1572*y51
Q5<-Q*W1*x12/2+Q*W2*x22"2+Q*W3*Xx322+Q*W4*x42/2+Q*W5*x52/2
Q6<-Q*W1*r11"2+Q*W2*r12/2+Q*W3*r13"2+Q*W4*r14/2+Q*W5*r15"2

bin[i]<-(Q2*Q1-Q3*Q2)/(Q5*Q1-Q6"2)

b2n[i]<-(Q5*Q4-Q4*Q3)/(Q5*Q1-Q6"2)
ybartn[i]<-W1*yl1+W2*y21+W3*y31+W4*yA1+W5*y51+b1n[i]*(W1*(X1-x12)+(W2*(X2-x22))+(W3*(X3-x32))+(W4*(X4-
x42))+(W5*(X5-x52)))+b2n[i]*(W1*(r1/2-r1172)+W2*(r2/2-r12/2)+W3*(r3"2-r13"2)+W4*(r4"2-r14"2)+W5* (r5"2-r15"2))
MSEn[i]<-(ybart[i]-Mys)"2
ybart[i]<-W1*yl1+W2*y12+W3*y13+W4*y14+W5*y15+1/2*(b1n[i]*(W1*(X1-x11)+(W2*(X2-x12))+(W3*(X3-
x13))+(W4*(X4-x14))+(W5*(X5-x15)))+b2n[i]*(W1*(r1"2-r1172)+W2* (r2/2-r12/2)+W3*(r3"2-r13"2) +W4*(r4"2-
r1472)+W5*(r5°2-r15°2)))

MSEt[i]<-(ybart[i]-Mys)"2

Q7<-Q*WI1N2*r11"2+Q*W2/2*r12/2+Q*W3N2*r 13/ 2+Q*WAN2*r 14" 2+Q*W5"2*r1572
Q8<-Q*W1N2*y11*x12+Q*W2N2*y21*Xx22+Q*W3/2*y31*x32+Q*W4N2*y41*x42+Q*W5"2*y51*x52
QI9<-Q*WIN2*r1112*x12+Q*W2N2*r12/2*x22+Q*W3N2*r 13/ 2*x32+Q*WAN2*r 14" 2*x42+Q* W5 2*r15"2*x52
Q10<-Q*W1IN2*r1172*y11+Q* W2 2*r12/2*y21+Q*W3"2*r13/2*y31+Q*W4N2*r 147 2*yA1+Q*W5"2*r15/2*y51
Q11<-Q*W1IN2*x12/2+Q*W2/2*x 22/ 2+Q*W3"2*x 32\ 2+Q*WAN2*x 422+ Q* W57 2*X 522
Q12<-Q*W1IN2*r117"2+Q*W2A2*r 1272+ Q* W3 2*r13/2+Q*WAN2*r 14" 2+Q*W5"2*r 1572
b1nk[i]<-(Q8*Q7-Q9*Q8)/(Q11*Q7-Q12"2)

b2nk[i]<-(Q11*Q10-Q10*Q9)/(Q11*Q7-Q12/2)
ybartnk[i]<-W1*y11+W2*y21+W3*y31+W4*y41+W5*y51+b1nk[i]*(W1*(X1-x12)+(W2*(X2-x22))+(W3*(X3-x32))+(W4*(X4-
x42))+(W5*(X5-x52)))+b2nk[i]*(W1*(r1r2-r1172)+W2* (r2/2-r12/2) +W3*(r312-r13"2) +W4*(r4"2-r 14"2)+W5*(r5°2-r15"2))
MSEnK][i]<-(ybartnk[i]-Mys)"2}
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