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Abstract: This article presents a data analytics framework that utilizes auxiliary information to improve estimation accuracy and 
decision-making in stratified sampling. Various analytical models based on different distance measures are developed and 
evaluated to optimize data-driven insights. The study discusses the theoretical foundations of the proposed estimation techniques 
and derives optimized weighting schemes under different distance measures. The performance of the developed methods is 
assessed through simulation studies and comparative analysis. Furthermore, a real-world dataset is analyzed to demonstrate the 
effectiveness, robustness, and practical applicability of the proposed data analytics approach. The results indicate that the 
suggested methodology provides superior accuracy and efficiency compared to conventional techniques, making it a valuable 
tool for modern data-driven applications. 
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I. INTRODUCTION 
In survey sampling, the precision of the estimate of study variable can be increased by using the most popular stratified sampling 
technique.  
The calibration-based estimation method helps in improving the survey estimates by means of auxiliary information through 
adjusting the initial design weights. A calibration estimator uses modified weights which are known as calibrated weights. These 
calibrated weights are determined by minimizing a given distance function to the initial design weights respecting a set of 
constraints associated with auxiliary information. In survey sampling many authors, such as Deville and Sarndal (1992), Estevao 
and Sarndal (2000), Arnab and Singh (2005), Farrell and Singh (2005), Kim and Park (2010) etc., defined some calibration 
estimators using different constraints. In stratified random sampling, calibration approach is used to get optimum strata weights. 
Tracy et al. (2003), Kim et al. (2007) and Koyuncu (2012) define some calibration estimators in stratified random sampling. 
Mouhamed et al. (2015), Koyuncu and Kadilar (2016), Clement and Enang (2017), Nidhi et al. (2017),  Garg and Pachori (2020 etc., 
have contributed in the direction of developing some calibrated estimators for different population parameters using different 
calibration constraints under various sampling schemes. Koyuncu and Kadilar (2013) define calibration estimator using different 
distance measures in stratified sampling. Rai et al. (2020) worked on calibration based estimator using different distance measures 
in stratified sampling. Kris et al. (2026). 
Next, we examine links to traditional statistical and design concepts such as the gulfs of interaction and parsimony.Important explai
nability methods, such as integrated gradients and learnt embeddings. 
Lastly, we list unresolved issues and talk about how data science might help.   
The main aim of this paper is to introduce calibration estimator under different distance measures using auxiliary information in 
stratified sampling scheme. We first discuss notations and calibration based estimators under different distance functions. Then we 
describe the simulation study using the real data of census (Uttar Pradesh, Series 10, Part 12B and District census hand book, 
AGRA). Finally, the conclusions of this study are presented. 
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II. NOTATIONS AND CALIBRATION ESTIMATORS:  
Consider a finite population ܷ = { ଵܷ, ଶܷ … … …ܷே}having ܰ distinct and identifiable unit partioned into ܮ Strata. Let ܻ and X be 
the study and auxiliary variables taking values ݕ௛௜ and ݔ௛௜, respectively for ݅௧௛unit (݅ = 1,2, … . ,ܰ) in ℎ௧௛ stratum consisting of ܰ௛ 
units(ℎ = 1,2 ∑ such that (ܮ… ܰ௛ୀ௅

௛ୀଵ  ܰ. Let ݊௛ be the size of the sample for ℎ௧௛ stratum such that ∑ ݊௛௅
௛ୀଵ = ݊. 

Let, 
ത௦௧ݕ = ∑ ௛ܹݕത௛,

௅
௛ୀଵ  where  ݕഥ௛ = ଵ

௡೓
∑ ௛௜ݕ
௡೓
௜ୀଵ  

തܻ = ∑ ௛ܹ തܻ௛௅
௛ୀଵ , where തܻ௛= ଵ

ே೓
∑ ௛௜ݕ
௡೓
௜ୀଵ  and  

௛ܹ = ே೓ 
ே

 is the stratum weight. We can define similar expressions for ̅ݔ௦௧ 

௬௛ଶݏ = ଵ
௡೓ିଵ

∑ ௛௜ݕ) − ത௛)ଶ௡೓ݕ
௜ୀଵ  and ݏ௫௛ଶ = ଵ

௡೓ିଵ
∑ ௛௜ݔ) − ௛)ଶ௡೓ݔ̅
௜ୀଵ  be the sample variance of ܻ  and ܺ respectively in ℎ௧௛  stratum 

corresponding to the population variances ܵ௬௛ଶ = ଵ
ே೓ିଵ

∑ ௛௜ݕ) − തܻ௛)ଶே೓
௜ୀଵ and ܵ௫௛ଶ = ଵ

ே೓ିଵ
∑ ௛௜ݔ) − തܺ௛)ଶே೓
௜ୀଵ  

ܵ௬௫௛ = ଵ
ே೓ିଵ

∑ ௛௜ݔ) − തܺ௛)ே೓
௜ୀଵ ௛௜ݕ) − തܻ௛) Covariance between ܻ and ܺ. 

࢞ࢎ࣋ = ܵ௬௫௛
ܵ௬௛ ∗൘ ܵ௫௛ , ߩ௛௫ = ௬௫௛ݏ ௬௛ݏ ∗ൗ  .௫௛ is the correlation coefficient of ℎ௧௛ stratumݏ

The calibration estimator under the stratified random sampling for population mean defined by Tracy et al. (2003) is given as 
(ߙ)ത௦௧ݕ = ∑ Ω௛ݕത௛௅

௛ୀଵ       (2.1) 
 

III. REVIEW OF LITERATURE 
Nursel Koyuncu and Cem Kadilar (2013) worked on following distance function 

ଵܮ = ∑ (Ω೓ିௐ೓)మ

ௐ೓ொ೓
௅
௛ୀଵ                             (2.2) 

ଶܮ =  ∑ 2 ൫ඥΩ೓ିඥௐ೓൯
మ

ொ೓
௅
௛ୀଵ    

(2.3) 

ଷܮ = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀΩ೓

ௐ೓
− 1ቁ

ଶ
  (2.4) 

ସܮ = ∑ ଵ
ொ೓

௅
௛ୀଵ ൬ඥΩ೓

ඥௐ೓
− 1൰

ଶ
  

(2.5) 

The simulation study shows that the calibration estimator using distance measure ܮଵ are highly efficient than using distance measure 
 ଷܮ
Rai et al. (2021) worked on calibration – based estimators using different distance measure under two auxiliary variables 

,ଵ(Ω௛ܦ ௛ܹ) = ∑ (Ω೓ିௐ೓)మ

ௐ೓ொ೓
௅
௛ୀଵ                             (2.6) 

,ଶ(Ω௛ܦ ௛ܹ) = 2∑ ൫ඥΩ೓ିඥௐ೓൯
మ

ௐ೓ொ೓
௅
௛ୀଵ                             

(2.7) 

,ଷ(Ω௛ܦ ௛ܹ) = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀΩ೓

ௐ೓
− 1ቁ

ଶ
  (2.8) 

,ସ(Ω௛ܦ ௛ܹ) = ∑ ଵ
ொ೓

௅
௛ୀଵ ൬ඥΩ೓

ඥௐ೓
− 1൰

ଶ
  

(2.9) 

,ହ(Ω௛ܦ ௛ܹ) = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀ− ௛ܹ݈݃݋

Ω೓
ௐ೓

+ Ω௛ − ௛ܹቁ
ଶ
  (2.10) 

We worked on following distance measures with help of Nursel Koyuncu and Cem Kadilar (2013), Rai et al. (2020): 

ଵ௣ܮ = ∑ (Ω೓ିௐ೓)మ

ௐ೓ொ೓
௅
௛ୀଵ                             (2.11) 

ଶ௣ܮ = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀΩ೓

ௐ೓
− 1ቁ

ଶ
  (2.12) 

ଷ௣ܮ = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀ− ௛ܹ݈݃݋

Ω೓
ௐ೓

+ Ω௛ − ௛ܹቁ
ଶ
  (2.13) 

ସ௣ܮ =  ∑ 2 ൫ඥΩ೓ିඥௐ೓൯
మ

ொ೓
௅
௛ୀଵ    

(2.14) 
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and satisfy the following calibration constraints 
∑ Ω௛̅ݔ௛௅
௛ୀଵ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ           (2.15) 
∑ Ω௛ߩ௛௫௅
௛ୀଵ = ∑ ௛ܹ࣋௛௫௅

௛ୀଵ    (2.16) 
Thus the calibration estimation problem reduce an optimization problem where 
 
1) Case: 1 The Lagrange function for weights Ω௛ which satisfy the calibration equation (2.1) and minimize the loss function given 

in (2.11) 

߶ଵ = ∑ (Ω೓ିௐ೓)మ

ௐ೓ொ೓
௅
௛ୀଵ − ∑)ଵߣ2 Ω௛̅ݔ௛௅

௛ୀଵ −∑ ௛ܹ തܺ௛௅
௛ୀଵ )− ∑)ଶߣ2 Ω௛ߩ௛௫௅

௛ୀଵ − ∑ ௛ܹ࣋࢞ࢎ௅
௛ୀଵ )  

where ߣଵ and ߣଶ are the Lagrange’s multipliers differentiate above equation w.r.to Ω௛ and equating to zero for obtaining the value of 
Ω௛ 
Ω௛ = ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ +  ௛௫)       (2.17)ߩଶߣ
From equation (2.15) 
∑ { ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ + ௛௫)}௅ߩଶߣ
௛ୀଵ ௛ݔ̅ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ   
∑ ଵߣ ௛ܹܳ௛௅
௛ୀଵ ௛ଶݔ̅ +∑ ଶ௅ߣ

௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ = ∑ ௛ܹ തܺ௛௅
௛ୀଵ −∑ ௛ܹ̅ݔ௛௅

௛ୀଵ      (2.18) 
From equation (2.16) 
∑ { ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ + ௛௫ߩ{(௛௫ߩଶߣ =௅
௛ୀଵ ∑ ௛ܹ࣋௛௫௅

௛ୀଵ    
∑ ଵ௅ߣ
௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ + ∑ ଶߣ ௛ܹܳ௛ߩ௛௫ଶ௅

௛ୀଵ = ∑ ௛ܹ࣋௛௫௅
௛ୀଵ −∑ ௛ܹߩ௛௫௅

௛ୀଵ         (2.19) 
On solving equations (2.18) and (2.19) we get   

ଵߣ =
{∑ ௛ܹܳ௛௅

௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − ∑−(௛ݔ̅ ௛ܹܳ௛ߩ௛௫௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ − {(௛௫ߩ

∑ ௛ܹܳ௛௅
௛ୀଵ ௛௫ଶߩ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫௅
௛ୀଵ )ଶ  

ଶߣ =
∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ +∑ ௛ܹܳ௛௅
௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋࢞ࢎ௅

௛ୀଵ − (௛௫ߩ
∑ ௛ܹܳ௛௅
௛ୀଵ ௛௫ଶߩ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫௅
௛ୀଵ )ଶ 

 

On substuting ߣଵ,ߣଶ in equation (2.17) we get 

Ω௛ =  ௛ܹ +
ܣ
ܤ +

ܥ
 ܤ

where A = ∑ ௛ܹܳ௛௅
௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − −(௛ݔ̅ ∑ ௛ܹܳ௛ߩ௛௫ଶ௅
௛ୀଵ ∑ ௛ܹ(࣋௛௫௅

௛ୀଵ − ܤ,(௛௫ߩ = ∑ ௛ܹܳ௛௅
௛ୀଵ ௛௫ଶߩ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ −
(∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫௅

௛ୀଵ )ଶ,ܥ = ∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ +∑ ௛ܹܳ௛௅
௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋࢞ࢎ௅

௛ୀଵ −  (௛௫ߩ
On substuting the Ω௛ in (2.1) we get 
(݊)ത௦௧ݕ = ∑ ௛ܹ൫ݕത௛ + )ଵߚ തܺ௛ − (௛ݔ̅ + ଶ(࣋௛௫ߚ − ௛௫)൯௅ߩ

௛ୀଵ   (2.20) 
 
where  
ଵߚ = ௛ܹܳ௛̅ݔ௛ݕത௛ൣ∑ ௛ܹܳ௛௅

௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − ∑−(௛ݔ̅ ௛ܹܳ௛̅ݔ௛ߩ௛௫ଶ௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ − (௛௫ߩ ∑ ௛ܹܳ௛௅

௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹܳ௛௅
௛ୀଵ ௛ݔ̅

(∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫ଶ௅
௛ୀଵ )ଶ൧  

 
ଶߚ = ௛ܹܳ௛ߩ௛௫ଶ ∑ത௛ൣݕ ௛ܹܳ௛௅

௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫ଶ௅
௛ୀଵ − ௛௫ଶߩ )−

∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ ∑ ௛ܹܳ௛௅
௛ୀଵ ⁄௛௫ସߩ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫ଶ௅
௛ୀଵ )ଶ ൧  

 
2) Case: 2 The Lagrange function for weights Ω௛ which satisfy the calibration equation (2.1) and minimize the loss function given 

in (2.12) 

߶ଶ = ∑ ଵ
ொ೓

௅
௛ୀଵ ቀΩ೓

ௐ೓
− 1ቁ

ଶ
− ∑)ଵߣ2 Ω௛̅ݔ௛௅

௛ୀଵ −∑ ௛ܹ തܺ௛௅
௛ୀଵ )− ∑)ଶߣ2 Ω௛ߩ௛௫௅

௛ୀଵ − ∑ ௛ܹ࣋௛௫௅
௛ୀଵ )  

where ߣଵ and ߣଶ are the Lagrange’s multipliers Differentiate above equation w.r.to Ω௛ and equating to zero for obtaining the value 
of Ω௛ 
Ω௛ = ௛ܹ + ௛ܹ

ଶܳ௛(ߣଵ̅ݔ௛ +  ௛௫)       (2.21)ߩଶߣ
From equation (2.15) 
∑ ൛ ௛ܹ + ௛ܹ

ଶܳ௛(ߣଵ̅ݔ௛ + ௛௫)ൟ௅ߩଶߣ
௛ୀଵ ௛ݔ̅ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ   
∑ ଵߣ ௛ܹ

ଶܳ௛௅
௛ୀଵ ௛ଶݔ̅ +∑ ଶ௅ߣ

௛ୀଵ ௛ܹ
ଶܳ௛ߩ௛௫ଶ ௛ݔ̅ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ −∑ ௛ܹ̅ݔ௛௅
௛ୀଵ      (2.22) 
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From equation (2.16) 
∑ ൛ ௛ܹ + ௛ܹ

ଶܳ௛(ߣଵ̅ݔ௛ + ௛௫ߩ௛௫)ൟߩଶߣ =௅
௛ୀଵ ∑ ௛ܹ࣋௛௫௅

௛ୀଵ    
∑ ଵߣ ௛ܹ

ଶ௅
௛ୀଵ ܳ௛ߩ௛௫̅ݔ௛ +∑ ଶߣ ௛ܹ

ଶܳ௛ߩ௛௫ଶ௅
௛ୀଵ = ∑ ௛ܹ࣋௛௫௅

௛ୀଵ − ∑ ௛ܹߩ௛௫௅
௛ୀଵ         (2.23) 

On solving equations (2.21) and (2.22) we get   
ଵߣ = {∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − −(௛ݔ̅ ∑ ௛ܹ
ଶܳ௛ߩ௛௫ଶ௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫ଶ௅
௛ୀଵ − ௛௫ଶߩ )} ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ ௛ଶݔ̅ −

(∑ ௛ܹ
ଶܳ௛̅ݔ௛ߩ௛௫௅

௛ୀଵ )ଶ  
ଶߣ = ∑ ௛ܹ

ଶܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ +∑ ௛ܹ
ଶܳ௛௅

௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫௅
௛ୀଵ − (௛௫ߩ ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ ௛ଶݔ̅ −

(∑ ௛ܹ
ଶܳ௛̅ݔ௛ߩ௛௫௅

௛ୀଵ )ଶ  
On substuting ߣଵ,ߣଶ in equation (2.21) we get 

Ω௛ =  ௛ܹ +
ܣ
ܤ +

ܥ
 ܤ

Where ܣ = ௛ܹ
ଶܳ௛̅ݔ௛[∑ ௛ܹ

ଶܳ௛ߩ௛௫ଶ௅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − ∑−(௛ݔ̅ ௛ܹ
ଶܳ௛ߩ௛௫௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ −  [(௛௫ߩ

ܤ = ෍ ௛ܹ
ଶܳ௛ߩ௛௫ଶ

௅

௛ୀଵ

෍ ௛ܹ
ଶܳ௛

௅

௛ୀଵ

௛ଶݔ̅ −෍( ௛ܹ
ଶܳ௛̅ݔ௛ߩ௛௫)ଶ

௅

௛ୀଵ

 

ܥ = ௛ܹ
ଶܳ௛ߩ௛௫ଶ ෍ ௛ܹ

ଶܳ௛

௅

௛ୀଵ

௛ଶ෍ݔ̅ ௛ܹ(࣋௛௫

௅

௛ୀଵ

− ௛௫)−෍ߩ ௛ܹ
ଶܳ௛ߩ௛௫̅ݔ௛

௅

௛ୀଵ

෍ ௛ܹ( തܺ௛

௅

௛ୀଵ

− ௛)൘ݔ̅  

On substuting the Ω௛ in (2.1) we get 
(݇݊)ത௦௧ݕ = ∑ ௛ܹ൫ݕത௛ + )ଵߚ തܺ௛ − (௛ݔ̅ + ଶ(࣋௛௫ߚ − ௛௫)൯௅ߩ

௛ୀଵ        
where  
ଵߚ = ௛ܹ

ଶܳ௛̅ݔ௛ݕത௛ൣ∑ ௛ܹ
ଶܳ௛ߩ௛௫ଶ௅

௛ୀଵ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − −(௛ݔ̅ ∑ ௛ܹ

ଶܳ௛̅ݔ௛ߩ௛௫௅
௛ୀଵ ∑ ௛ܹ(࣋௛௫௅

௛ୀଵ − (௛௫ߩ ∑ ௛ܹ
ଶܳ௛ߩ௛௫ଶ௅

௛ୀଵ⁄ ∑ ௛ܹ
ଶܳ௛௅

௛ୀଵ ݔ
(∑ ௛ܹܳ௛̅ݔ௛ߩ௛௫௅

௛ୀଵ )ଶ൧  
 
ଶߚ = ௛ܹ

ଶܳ௛ߩ௛௫ଶ ∑ത௛ൣݕ ௛ܹ
ଶܳ௛௅

௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫௅
௛ୀଵ − −(௛௫ߩ

∑ ௛ܹ
ଶܳ௛ߩ௛௫̅ݔ௛௅

௛ୀଵ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − (௛ݔ̅ ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹ

ଶܳ௛௅
௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௫௅ߩ

௛ୀଵ )ଶ ൧  

 
3) Case: 3 The Lagrange function for weights  Ω௛ , which satisfy the calibration equation (2.1) and minimize the loss function 

given in (2.13) 

߶ଷ = ∑ ૚
ࢎࡽ

ࡸ
ୀ૚ࢎ ቀ− ௛ܹ݈݃݋

Ω೓
ௐ೓

+ Ω௛ − ௛ܹቁ
૛

 − ∑)ଵߣ2 Ω௛̅ݔ௛௅
௛ୀଵ − ∑ ௛ܹ തܺ௛௅

௛ୀଵ )− ∑)ଶߣ2 Ω௛ߩ௛௫௅
௛ୀଵ −∑ ௛ܹ࣋௛௫௅

௛ୀଵ )  

where ߣଵ and ߣଶ are the Lagrange’s multipliers Differentiate above equation w.r.to Ω௛ and equating to zero for obtaining the value 
of Ω௛ 
Ω௛ = ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ +  ௛௫)       (2.24)ߩଶߣ
From equation (2.15) 
∑ { ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ + ௛௫)}௅ߩଶߣ
௛ୀଵ ௛ݔ̅ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ   
∑ ଵߣ ௛ܹܳ௛௅
௛ୀଵ ௛ଶݔ̅ +∑ ଶ௅ߣ

௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ = ∑ ௛ܹ തܺ௛௅
௛ୀଵ −∑ ௛ܹ̅ݔ௛௅

௛ୀଵ      (2.25) 
From equation (2.16) 
∑ { ௛ܹ + ௛ܹܳ௛(ߣଵ̅ݔ௛ + ௛௫ߩ{(௛௫ߩଶߣ =௅
௛ୀଵ ∑ ௛ܹ࣋௛௫௅

௛ୀଵ    
∑ ଵ௅ߣ
௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ + ∑ ଶߣ ௛ܹܳ௛௅

௛ୀଵ ௛௫ଶߩ = ∑ ௛ܹ࣋௛௫௅
௛ୀଵ −∑ ௛ܹߩ௛௫௅

௛ୀଵ         (2.26) 
 
On solving equations (2.25) and (2.26) we get   
 

ଵߣ =
{∑ ௛ܹܳ௛௅

௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − ∑−(௛ݔ̅ ௛ܹܳ௛ߩ௛௫௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ − {(௛௫ߩ

∑ ௛ܹܳ௛ߩ௛௫ଶ ∑ ௛ܹܳ௛௅
௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹܳ௛ߩ௛௫௅

௛ୀଵ )ଶ௅
௛ୀଵ

 

ଶߣ =
∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ +∑ ௛ܹܳ௛௅
௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫௅

௛ୀଵ − (௛௫ߩ
∑ ௛ܹܳ௛ߩ௛௫ଶ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹܳ௛ߩ௛௫௅
௛ୀଵ )ଶ௅

௛ୀଵ
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On substuting ߣଵ,ߣଶ in equation (2.24) we get 
= 

Ω௛ = ௛ܹ +
ܣ
ܤ +

ܥ
 ܤ

where 

ܣ = ௛ܹܳ௛̅ݔ௛ ൥෍ ௛ܹܳ௛

௅

௛ୀଵ

௛௫ଶߩ ෍ ௛ܹ( തܺ௛

௅

௛ୀଵ

− ௛)−෍ݔ̅ ௛ܹܳ௛ߩ௛௫

௅

௛ୀଵ

෍ ௛ܹ(࣋௛௫

௅

௛ୀଵ

−  ௛௫)൩ߩ

ܤ = ෍ ௛ܹܳ௛ߩ௛௫ଶ
௅

௛ୀଵ

෍ ௛ܹܳ௛

௅

௛ୀଵ

௛ଶݔ̅ −෍( ௛ܹܳ௛ߩ௛௫)ଶ
௅

௛ୀଵ

 

ܥ = ൥ ௛ܹܳ௛ߩ௛௫ଶ ෍ ௛ܹܳ௛

௅

௛ୀଵ

௛ଶ෍ݔ̅ ௛ܹ(࣋௛௫

௅

௛ୀଵ

− ௛௫)−෍ߩ ௛ܹܳ௛ߩ௛௫̅ݔ௛

௅

௛ୀଵ

෍ ௛ܹ( തܺ௛

௅

௛ୀଵ

−  ௛)൩ݔ̅

The value of Ω௛ is equal to ߯ଶ  distance function (case 1) 
 

4) Case: 4 The Lagrange function for weights  Ω௛ , which satisfy the calibration equation (2.1) and minimize the loss function 
given in (2.14) 

 ߶ସ =  ∑ 2 ൫ඥΩ೓ିඥௐ೓൯
మ

ொ೓
௅
௛ୀଵ  − ∑)ଵߣ2 Ω௛̅ݔ௛௅

௛ୀଵ − ∑ ௛ܹ തܺ௛௅
௛ୀଵ )− ∑)ଶߣ2 Ω௛ߩ௛௫௅

௛ୀଵ −∑ ௛ܹ࣋௛௫௅
௛ୀଵ )  

where ߣଵ and ߣଶ are the Lagrange’s multipliers Differentiate above equation w.r.to Ω௛ and equating to zero for obtaining the value 
of Ω௛ 
Ω௛ = ௛ܹ + ௛ܹܳ௛(2ߣଵ̅ݔ௛ +  ௛௫)       (2.27)ߩଶߣ2
Substuting the value of Ω௛ in equation (2.15) & (2.16) 
∑ { ௛ܹ + ௛ܹܳ௛(2ߣଵ̅ݔ௛ + ௛௫)}௅ߩଶߣ2
௛ୀଵ ௛ݔ̅ = ∑ ௛ܹ തܺ௛௅

௛ୀଵ   

∑ ଵߣ ௛ܹܳ௛௅
௛ୀଵ ௛ଶݔ̅ +∑ ଶ௅ߣ

௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ = 
∑ ௐ೓௑ത೓
ಽ
೓సభ ି∑ ௐ೓௫̅೓

ಽ
೓సభ

ଶ
     (2.28) 

From equation (2.16) 
∑ { ௛ܹ + ௛ܹܳ௛(2ߣଵ̅ݔ௛ + ௛௫ߩ{(௛௫ߩଶߣ2 =௅
௛ୀଵ ∑ ௛ܹ࣋௛௫௅

௛ୀଵ    

∑ ଵ௅ߣ
௛ୀଵ ௛ܹܳ௛ߩ௛௫̅ݔ௛ + ∑ ଶߣ ௛ܹܳ௛ߩ௛௫ଶ௅

௛ୀଵ = ∑ ௐ೓࣋೓ೣ
ಽ
೓సభ ି∑ ௐ೓ఘ೓ೣ

ಽ
೓సభ        
ଶ

  (2.29) 

On solving equations (2.28) and (2.29) we get   

ଵߣ =
{∑ ௛ܹܳ௛ߩ௛௫ଶ௅

௛ୀଵ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − (௛ݔ̅ 4⁄ − ∑ ௛ܹܳ௛ߩ௛௫௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ − (௛௫ߩ 4⁄ }

∑ ௛ܹܳ௛ߩ௛௫ଶ௅
௛ୀଵ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫௅
௛ୀଵ )ଶ  

ଶߣ =
∑ ௛ܹܳ௛ߩ௛௫ଶ ௛௅ݔ̅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ 4⁄ +∑ ௛ܹܳ௛௅
௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫௅

௛ୀଵ − (௛௫ߩ 4⁄
∑ ௛ܹܳ௛ߩ௛௫ଶ௅
௛ୀଵ ∑ ௛ܹܳ௛௅

௛ୀଵ ௛ଶݔ̅ − (∑ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫௅
௛ୀଵ )ଶ  

Putting the value of ߣଵ,ߣଶ in equation (2.27) 

Ω௛ =  ௛ܹ +
ܣ
ܤ +

ܥ
 ܤ

ܣ =
1
2 ௛ܹܳ௛̅ݔ௛ ൥෍ ௛ܹܳ௛ߩ௛௫ଶ

௅

௛ୀଵ

෍ ௛ܹ( തܺ௛

௅

௛ୀଵ

− ௛)−෍ݔ̅ ௛ܹܳ௛ߩ௛௫

௅

௛ୀଵ

෍ ௛ܹ(࣋௛௫

௅

௛ୀଵ

−  ௛௫)൩ߩ

ܤ = ෍ ௛ܹܳ௛ߩ௛௫ଶ
௅

௛ୀଵ

෍ ௛ܹܳ௛

௅

௛ୀଵ

−௛ଶݔ̅ ൭෍ ௛ܹ̅ݔ௛ܳ௛ߩ௛௫

௅

௛ୀଵ

൱

ଶ

 

ܥ =
1
2 ௛ܹܳ௛ߩ௛௫ଶ ෍ ௛ܹܳ௛

௅

௛ୀଵ

௛ଶ෍ݔ̅ ௛ܹ(࣋௛௫

௅

௛ୀଵ

− ௛௫)−෍ߩ ௛ܹܳ௛ߩ௛௫ଶ ௛ݔ̅

௅

௛ୀଵ

෍ ௛ܹ( തܺ௛

௅

௛ୀଵ

−  (௛ݔ̅

On substuting the Ω௛ in (2.1) we get 

(ݐ)ത௦௧ݕ = ∑ ௛ܹ ൬ݕത௛ + ଵ
ଶ
)ଵߚ തܺ௛ − (௛ݔ̅ + ଵ

ଶ
ଶ(࣋௛௫ߚ − ௛௫)൰௅ߩ

௛ୀଵ   (2.30) 
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where  
ଵߚ = ௛ܹܳ௛̅ݔ௛ݕത௛ൣ∑ ௛ܹܳ௛௅

௛ୀଵ ௛௫ଶߩ ∑ ௛ܹ( തܺ௛௅
௛ୀଵ − ∑−(௛ݔ̅ ௛ܹܳ௛ߩ௛௫௅

௛ୀଵ ∑ ௛ܹ(࣋௛௫௅
௛ୀଵ − (௛௫ߩ ∑ ௛ܹܳ௛௅

௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹܳ௛௅
௛ୀଵ ௛ଶݔ̅

(∑ ௛ܹܳ௛̅ݔ௛ߩ௛௫ଶ௅
௛ୀଵ )ଶ൧  

 
ଶߚ = ௛ܹܳ௛ߩ௛௫ଶ ∑ത௛ൣݕ ௛ܹܳ௛௅

௛ୀଵ ∑௛ଶݔ̅ ௛ܹ(࣋௛௫௅
௛ୀଵ − −(௛௫ߩ

∑ ௛ܹܳ௛ߩ௛௫̅ݔ௛௅
௛ୀଵ ∑ ௛ܹ( തܺ௛௅

௛ୀଵ − (௛ݔ̅ ∑ ௛ܹܳ௛௅
௛ୀଵ⁄ ௛௫ଶߩ ∑ ௛ܹܳ௛௅

௛ୀଵ −௛ଶݔ̅ (∑ ௛ܹܳ௛̅ݔ௛ߩ௛௫௅
௛ୀଵ )ଶ ൧  

 
IV. SIMULATION STUDY 

To study the performance of the proposed estimator we use the following data set 
Source of Data: Population, is taken from the census of India 2011(Uttar Pradesh , Series 10, Part 12B and District census hand 
book, AGRA). 
Email: dco-utp.rgi@censusindia.gov.in and Website: http:/www.censusindia.gov.in  
 
1) Population: 1 The considered data relates to total area of 45 villages of Khandauli block at Agra districts (U.P). We consider the 

numbers of agricultural laborers in villages as study variable ܻ and the total area of villages as auxiliary variable ܺ 
We divided the whole population of 45 villages is divided in to 5 strata according to the area. Accordingly we have: 

Strata  Area in Hectare 
1 (1-4400)  (21 Villages) 
2 (4400-8400)   (10 Villages) 
3 (8400-12400)  (6 Villages) 
4 (12400-16500)  (5Villages) 
5 (16500-20900)   (3Villages) 

 
Table (1) parametric values of the population (1) 

Population Stratum 1 Stratum 2 Stratum 3 Stratum 4 Stratum 5 
ܰ = 45 ଵܰ =21 ଶܰ =10 ଷܰ =6 ସܰ =5 ହܰ =3 
݊ = 23 ݊ଵ =10 ݊ଶ =5 ݊ଶ =3 ݊ଶ =3 ݊ଶ=2 

തܻ
= 173.508 

തܻଵ=112.09 തܻଶ=175.9 തܻଷ=149.83 തܻସ=232.2 തܻହ=545 

തܺ = 463.37 തܺଵ=196.4 തܺଶ=413.411 തܺଷ=672.33 തܺସ=844.26 തܺହ=1445.97 
 
2) Population:2 For this we considered the 2011census data which is relates to the total number of agricultural laborers, total area 

total population, and total numbers of cultivators of 55 villages of Etmadpur block of Agra districts (U.P). We take the numbers 
of Agricultural laborers in villages as ܻ, the total area of villages as auxiliary variable ܺ. The whole population of 55 villages 
stratified in to 5 strata according to the Area. So the strata become as under  

Strata  Area in Hectare 
1 (1-3647)  (31 Villages) 
2 (3647-7222)   (11 Villages) 
3 (7222-9973)  (5 Villages) 
4 (9973-12307)  (3Villages) 
5 (12307-18173)   (5Villages) 

Table 2.  Parametric values of the population (2) 
Population Stratum 1 Stratum 2 Stratum 3 Stratum 4 Stratum 5 
ܰ = 55 ଵܰ =31 ଶܰ =11 ଷܰ =5 ସܰ =3 ହܰ =5 
݊ = 31 ݊ଵ =15 ݊ଶ =5 ݊ଶ =3 ݊ଶ =2 ݊ଶ=3 
തܻ = 147.4 തܻଵ=72.38 തܻଶ=158.81 തܻଷ=194.4 തܻସ=250.6 തܻହ=478.2 
തܺ = 330.43 തܺଵ=117.67 തܺଶ=324.96 തܺଷ=550.23 തܺସ=777.97 തܺହ=1173.2 
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We calculated empirical mean square error and relative efficiency using following formulas: 
(ߙ)ത௦௧ݕܧܵܯ = ଵ

ହ଴
∑ ൣ∑ ௛ܹ൫ݕത௛ + )ଵߚ തܺ௛ − (௛ݔ̅ + ଶ(࣋௛௫ߚ − ௛௫)൯ߩ − തܻହ

௛ୀଵ ൧  ଶ    ହ଴
௜ୀଵ   

where ߙ = ݊, ݊݇,  ݐ
 

Table: 3 Mean square error of estimators 
Estimators Population 1 Population 2 

 ത௦௧(݊) 32068843 24677991ݕ

 ത௦௧(݊݇) 336977041 99861561ݕ

 20555521 9395651 (ݐ)ത௦௧ݕ

 
It should be mentioned that distance function ܮଷ௣  is equal to ܮଵ௣ .The simulation study shows that calibration estimator using 
distance measure ܮସ௣ are more efficient than using distance measure ܮଶ௣, ܮଵ௣. 
 

V. CONCLUSION 
In this study we worked on new weights using different distance measures in stratified sampling. The performance of distance 
measures are compared with a simulation study. 
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SPECIAL ISSUE 
Appendix 
R Calculations 
install. packages("xlsx") 
library(xlxs) 
library(readxl) 
N1<-21;N2<-10;N3<-6;N4<-5;N5<-3 
N<-45 
n1<-10;n2<-5;n3<-3;n4<-3;n5<-2 
n<-23 
Q<-1;W1<-N1/N;W2<-N2/N;W3<-N3/N;W4<-N4/N;W5<-N5/N 
data<-read_excel("C:/Users/dell pc/Desktop/new data.xlsx") 
head(data) 
data1<-as.data.frame(data) 
newdata<-data.frame(data1,g=c(rep(1,21),rep(2,10),rep(3,6),rep(4,5),rep(5,3))) 
dim(data1) 
head(newdata) 
X<-split(newdata,newdata$g) 
y<-lapply(seq_along(X), function(x)as.data.frame(X[[x]])[,1:2]) 
A1<-y[[1]] 
A2<-y[[2]] 
A3<-y[[3]] 
A4<-y[[4]] 
A5<-y[[5]] 
X1<-mean(A1$X);X2<-mean(A2$X);X3<-mean(A3$X);X4<-mean(A4$X);X5<-mean(A5$X) 
S1X<-sd(A1$X);S2X<-sd(A2$X);S3X<-sd(A3$X);S4X<-sd(A4$X);S5X<-sd(A5$X)  
y1<-mean(A1$Y);y2<-mean(A2$Y);y3<-mean(A3$Y);y4<-mean(A4$Y);y5<-mean(A5$Y) 
S1y<-sd(A1$Y);S2y<-sd(A2$Y);S3y<-sd(A3$Y);S4y<-sd(A4$Y);S5y<-sd(A5$Y) 
Mys<-W1*y1+W2*y2+W3*y3+W4*y4+W5*y5 
S1XY<-cov(A1$X,A1$Y);S2XY<-cov(A2$X,A2$Y);S3XY<-cov(A3$X,A3$Y);S4XY<-cov(A4$X,A4$Y);S5XY<-
cov(A5$X,A5$Y) 
r1<-cor(A1$X,A1$Y);r2<-cor(A2$X,A2$Y);r3<-cor(A3$X,A3$Y);r4<-cor(A4$X,A4$Y);r5<-cor(A5$X,A5$Y) 
ybart<-NA; MSEt<-NA; ybartn<-NA; MSEn<-NA; ybartnk<-NA; MSEnk<-NA 
 
 
for(i in 1:50){ 
sam<-sample(1:21,10,replace=F) 
sam1<-sample(1:10,5,replace=F) 
sam2<-sample(1:6,3,replace=F) 
sam3<-sample(1:5,3,replace=F) 
sam4<-sample(1:3,2,replace=F) 
sam11<-sample(A1$X,10);sam12<-sample(A2$X,5);sam13<-sample(A3$X,3);sam14<-sample(A4$X,3);sam15<-sample(A5$X,2) 
x11<-mean(sam11);x12<-mean(sam12);x13<-mean(sam13);x14<-mean(sam14);x15<-mean(sam15) 
x11s<-sd(sam11);x12s<-sd(sam12);x13s<-sd(sam13);x14s<-sd(sam14);x15<-sd(sam15) 
sam21<-sample(A1$Y,10);sam22<-sample(A2$Y,5);sam23<-sample(A3$Y,3);sam24<-sample(A4$Y,3);sam25<-sample(A5$Y,2) 
y11<-mean(sam21);y12<-mean(sam22);y13<-mean(sam23);y14<-mean(sam24);y15<-mean(sam25) 
r11<-cor(sam11,sam21);r12<-cor(sam12,sam22);r13<-cor(sam13,sam23);r14<-cor(sam14,sam24);r15<-cor(sam15,sam25) 
Q1<-Q*W1*r11^4+Q*W2*r12^4+Q*W3*r13^4+Q*W4*r14^4+Q*W5*r15^4 
Q2<-Q*W1*y11*x12+Q*W2*y21*x22+Q*W3*y31*x32+Q*W4*y41*x42+Q*W5*y51*x52 
Q3<-Q*W1*r11^2*x12+Q*W2*r12^2*x22+Q*W3*r13^2*x32+Q*W4*r14^2*x42+Q*W5*r15^2*x52 
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Q4<-Q*W1*r11^2*y11+Q*W2*r12^2*y21+Q*W3*r13^2*y31+Q*W4*r14^2*y41+Q*W5*r15^2*y51 
Q5<-Q*W1*x12^2+Q*W2*x22^2+Q*W3*x32^2+Q*W4*x42^2+Q*W5*x52^2 
Q6<-Q*W1*r11^2+Q*W2*r12^2+Q*W3*r13^2+Q*W4*r14^2+Q*W5*r15^2 
b1n[i]<-(Q2*Q1-Q3*Q2)/(Q5*Q1-Q6^2) 
b2n[i]<-(Q5*Q4-Q4*Q3)/(Q5*Q1-Q6^2) 
ybartn[i]<-W1*y11+W2*y21+W3*y31+W4*y41+W5*y51+b1n[i]*(W1*(X1-x12)+(W2*(X2-x22))+(W3*(X3-x32))+(W4*(X4-
x42))+(W5*(X5-x52)))+b2n[i]*(W1*(r1^2-r11^2)+W2*(r2^2-r12^2)+W3*(r3^2-r13^2)+W4*(r4^2-r14^2)+W5*(r5^2-r15^2)) 
MSEn[i]<-(ybart[i]-Mys)^2 
ybart[i]<-W1*y11+W2*y12+W3*y13+W4*y14+W5*y15+1/2*(b1n[i]*(W1*(X1-x11)+(W2*(X2-x12))+(W3*(X3-
x13))+(W4*(X4-x14))+(W5*(X5-x15)))+b2n[i]*(W1*(r1^2-r11^2)+W2*(r2^2-r12^2)+W3*(r3^2-r13^2)+W4*(r4^2-
r14^2)+W5*(r5^2-r15^2))) 
MSEt[i]<-(ybart[i]-Mys)^2 
Q7<-Q*W1^2*r11^2+Q*W2^2*r12^2+Q*W3^2*r13^2+Q*W4^2*r14^2+Q*W5^2*r15^2 
Q8<-Q*W1^2*y11*x12+Q*W2^2*y21*x22+Q*W3^2*y31*x32+Q*W4^2*y41*x42+Q*W5^2*y51*x52 
Q9<-Q*W1^2*r11^2*x12+Q*W2^2*r12^2*x22+Q*W3^2*r13^2*x32+Q*W4^2*r14^2*x42+Q*W5^2*r15^2*x52 
Q10<-Q*W1^2*r11^2*y11+Q*W2^2*r12^2*y21+Q*W3^2*r13^2*y31+Q*W4^2*r14^2*y41+Q*W5^2*r15^2*y51 
Q11<-Q*W1^2*x12^2+Q*W2^2*x22^2+Q*W3^2*x32^2+Q*W4^2*x42^2+Q*W5^2*x52^2 
Q12<-Q*W1^2*r11^2+Q*W2^2*r12^2+Q*W3^2*r13^2+Q*W4^2*r14^2+Q*W5^2*r15^2   
b1nk[i]<-(Q8*Q7-Q9*Q8)/(Q11*Q7-Q12^2) 
b2nk[i]<-(Q11*Q10-Q10*Q9)/(Q11*Q7-Q12^2)    
ybartnk[i]<-W1*y11+W2*y21+W3*y31+W4*y41+W5*y51+b1nk[i]*(W1*(X1-x12)+(W2*(X2-x22))+(W3*(X3-x32))+(W4*(X4-
x42))+(W5*(X5-x52)))+b2nk[i]*(W1*(r1^2-r11^2)+W2*(r2^2-r12^2)+W3*(r3^2-r13^2)+W4*(r4^2-r14^2)+W5*(r5^2-r15^2)) 
MSEnk[i]<-(ybartnk[i]-Mys)^2} 



 


