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Abstract: String Theory, Quantum Geometry, Loop Quantum Gravity and Black Hole physic all predict the existence of a 

observable minimal length at Planck scale. For example, in case of string theory it is conjectured that a particle described as a 

string does not interact at distances smaller than its size. As a consequence, the HUP has to be generalized to take into account 

this aspect. The models which are designed to implement the minimal length scale and/or the maximum momentum in different 

physical systems entered into the literature as the Generalized Uncertainty Principle (GUP). Here, quadratic GUP model has 

been used to estimate the quantum-gravitational correction of ground state energy of hydrogen atom (H-atom). 
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I. INTRODUCTION 

In recent years, the investigation of the effects of the Generalized Uncertainty Principle (GUP) on various physical systems has 

attracted much attention and many authors have found exact or approximate solutions in both classical and quantum mechanical 

domains [1–4]. Indeed, because of the universality of this gravitational effect, it couples to all forms of matter and modifies the 

corresponding Hamiltonians in both non-relativistic and relativistic limits. Moreover, the existence of a finite lower bound to the 

possible resolution of length proportional to the Planck length ݈௉௟ = ටீћ௖య ≈ 10ିଷହ݉, where ܩ is Newton’s gravitational constant, 

naturally arises from various candidates of quantum gravity such as string theory [5–10], loop quantum gravity [11], and 

noncommutative spacetime [12–17].The problem of the hydrogen atom is studied in ordinary quantum mechanics and its well-

known exact energy eigen values and eigen functions have already been obtained [18–22]. 

The quadratic GUP model [13] is taken here to estimate the ground state energy of hydrogen atom. In one dimension, the simplest 

generalized uncertainty relation which implies the appearance of a nonzero minimal uncertainty ∆ܺ଴ in position has the form: ∆݌∆ݔ ≥ ћଶ (1 + ଶ(݌∆)ߚ + (ߛ               (1)                                 

Where ߚ is the GUP parameter defined as ߚ =
ఉ೚ெ೛೗஼మ =

ఉ೚௟೛೗మћమ   and  ܯ௣௟ܥଶ ≈ 10ଽ GeV and ݈௣௟  is the Planck length. It is normally 

assumed that  ߚ௢  is not far from unity. The second term on the RHS above is important at very high energies/small length scales 

(i.e., ∆ݔ~ ݈௣௟). The introduction of GUP automatically includes the Planck scale correction into the energy of a physical system that 

makes the GUP proposition more interesting. Moreover, ߚ (GUP parameter) and ߛ are positive number and independent of ∆ݔ  and ∆݌  (but may in general depend on the expectation values of ݔ and ݌). The curve of minimal uncertainty is illustrated in Fig. 1. 

 

 

 

 

 

 

 

 

 

 

Fig. 1: Modified uncertainty relation, implying a ’minimal length’ ∆ࢄ૙ > ૙ 
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II. DESCRIPTION OF QUADRATIC GUP 

To establish a concrete theory of quantum gravity is currently one of the main challenges in theoretical physics. Various approaches 

predict the existence of a minimum length scale [1, 23] that leads to the modification of the Heisenberg Uncertainty Principle- ∆݌∆ݔ ≥ ћଶ              (2) 

to the Generalized Uncertainty Principle (GUP) [24,25] ∆݌∆ݔ ≥ ћଶ (1 + ଶ(݌∆)ߚ + ߚ < ݌ > ଶ)           (3) 

Equation (3) comes from the general form of quadratic GUP [13,26] given below. ∆ݔ௜∆݌௜ ≥ ћଶ (1 + )ߚ ଶ(݌∆) + < ݌ > ଶ) + )ߚ2 ଶ(௜݌∆) + < ௜݌ > ଶ) ) )          (4) 

Which follows from the modified commutation relation [13] given below. ൣݔ௜,݌௝൧ = ݅ћ(ߜ௜௝ + ௜௝ߜଶ݌)ߚ + (௝݌௜݌2 )             (5) 

The commutation relation (5) suggests the existence of minimal observable length as minimum uncertainty in position, (∆ݔ)௠௜௡ =

 ћඥߚ and admits the following representation in position space [27, 28] ݔ௜ = ௜݌  ଴௜  andݔ = ଴௜(1݌ + (଴ଶ݌ߚ .  

Where ݔ଴௜ and ݌଴௝ satisfy the canonical commutation relation ൣݔ଴௜,݌଴௝൧ = ݅ћߜ௜௝. Here ݔ଴௜ and ݌଴௜ can be interpreted as position and 

momentum low energies (having standard representation in position space i.e., ݔ଴௜ = ଴௜݌  ଴௜  andݔ = −݅ћ డడ௫బ೔) and ݔ௜ and ݌௜ as that 

at high energies.  

 

III. GROUND STATE ENERGY OF THE HYDROGEN ATOM 

A. Ground State Energy of Hydrogen Atom without GUP 

Bohr in 1913, combining the concepts of Rutherford’s nuclear atom, Planck’s quantum hypothesis and Einstein’s photo electric 

effect, was able to explain the observed spectrum of atomic hydrogen. The total energy (ܧ)  of the electron in hydrogen atom is the 

sum of its kinetic energy (ܶ)  and its potential energy(ܸ) ܧ . = ܶ + ܸ =
௣మଶ௠ − ௘మ௥ =

௣మଶ௠ − ఈћ௖௥                    (6) 

Where ݉ and ݌ are mass and momentum of the electron respectively and ߙ is the fine structure constant and ܿ is the velocity of 

light in free space.     

Heisenberg Uncertainty Principle (HUP) gives  ∆݌∆ݎ~ ћ             (7)          

Assume the uncertainty in momentum, ∆݌ = ܽ, then uncertainty in position will be ∆ݎ~ ћ௔  

as per eqn. (7). To calculate minimum energy we have to take ∆݌ = ܽ and ∆ݎ =
ћ௔   

Now, in terms of uncertainty in position ∆ݎ and in term of uncertainty in momentum ∆݌ we have uncertainty in energy ∆ܧ as 

ܧ∆  =
(∆௣)మଶ௠ − ఈћ௖

(∆௥)
=

௔మଶ௠ −  (8)          ܽܿߙ

Minimum energy of hydrogen atom for a particular value of ܽ, is obtained by solving the equation  
ௗ(∆ா)ௗ௔ = 0, and it gives  ܽ =  (9)            . ݉ܿߙ

For ܽ =    ,݉ܿߙ
ௗమ(∆ா)ௗ௔మ > 0 , that implies that for that value of ܽ, uncertainty in energy ∆ܧ  is minimum and equation (8) gives ܧ௠௜௡ = − ଵଶߙଶܿଶ݉                      (10)     

 

B. Ground State Energy of Hydrogen atom with quadratic GUP: 

Heisenberg algebra generated by ݔ and ݌ obeying the commutation relation [13] 

[݌,ݔ]  = ݅ћ(1 + (ଶ݌ߚ  gives the generalized uncertainty relation as ∆݌∆ݔ ≥ ћଶ [1 +  ଶ]                      (11)(݌∆)ߚ

Here the factor 
ଵଶ is dropped for our conveniences. If uncertainty in momentum is assumed ∆݌ = ܽ, then uncertainty in position will 

be, ∆ݎ ≥ ћ௔ (1 + (ଶܽߚ  as per equation (11). To calculate minimum energy, following process will be observed. 

Minimum energy of hydrogen atom for a particular value of  ܽ, is obtained by solving the equation  
ௗ(∆ா)ௗ௔ = 0.   
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Now, in terms of uncertainty in position ∆ݎ and uncertainty in momentum ∆݌ we have uncertainty in energy ∆ܧ as 

ܧ∆  =
(∆௣)మଶ௠ − ఈћ௖

(∆௥)
=

௔మଶ௠ − ఈ௖௔
(ଵାఉ௔మ)

 , 

which can be written as               ∆ܧ =
௔మଶ௠ − 1)ܽܿߙ − (ଶܽߚ                                     (12) 

Differentiating equation (12) we get ௗ(∆ா)ௗ௔ =
௔௠ + ଶܽߚܿߙ3 − ܿߙ = 0. 

That leads to  

ଶܽߚܿߙ3 +
௔௠ − ܿߙ = 0, which gives ܽ = ܽ       Or      ݉ܿߙ = −(

ଷఈ௖ఉ௠ + (݉ܿߙ .                    (13) 

See that for  ܽ =   ,݉ܿߙ
ௗమாௗ௔మ > 0. This implies that at that value of ܽ, uncertainty in energy ∆ܧ is minimum and equation (12) gives ܧ௠௜௡ = − ଵଶߙଶܿଶ݉ +  (14)                    ߚସܿସ݉ଷߙ

IV. DISCUSSION 

In this article, we have used quadratic GUP to calculate quantum-gravitational correction of ground state energy of hydrogen atom. 

The final expression gives the correction in terms of β.  The correction up to the 1st order of β has been considered here. The 
correction gives positive contribution since ߚ is positive and less than one. If ߚ = 0 in eqn.(14), we have usual expression of ground 

state energy without GUP. The ground state appeared here is expected to be the correction need in the vicinity of Plank scale. So to 

build up any theory in the vicinity of Plank scale if the zero point energy of hydrogen atom becomes important, this investigation 

will be helpful in that case.  
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