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Abstract: This research delves into the exploration of fermat’z fuzzy sub lattices and fermat’z fuzzy ideals within the context of 
lattice theory. Through a rigorous analysis of structural theorem concerning these concepts derived fermat’z fuzzy sets. We 
uncover significant parallels with classical theory. Additionally, we investigate the behavior of fermat’z fuzzy ideals under lattice 
homomorphism. Our finding shed light on the applicability and utility of fermat’z fuzzy theory in lattice-based structures, 
offering insights into their properties and relationships. 
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I. INTRODUCTION 
A new chapter in mathematical study opened with the advent of Zadeh’s fuzzy set theory [13], sparking a plethora of studies with 
far-reaching consequences in a variety of fields. Interestingly, subsequent academic work has taken this ground work further in a 
number of areas [2], with particular emphasis on group theory and rings. Ajmal and Thomas [1], who have introduced the idea of 
fuzzy sub lattices by employing fuzzy set theory in lattice theory, have greatly enhanced this treat. Fuzzy group research has 
increased as a result of Rosenfeld’s new effort [9]. Atanassov made a significant break from traditional thought when he created 
intuitionistic fuzzy sets [3] in response to these observations. This extension, proposes a frame work for dealing with ambiguity, 
subgroups [Biswas] and subrings [4]have been created by recent work in abstract algebra, along with other concepts such as 
intuitionistic fuzzy numbers[Sureghjani. Reta [l0]. In 1998, as part of his work on the treatment of uncertainty, F.smarandache [11] 
proposed a more general theory than that introduced by Atanassov, called the “Neutrosophic set”. This new theory is characterized 
by truth membership, an indeterminacy membership and a falsely membership. 
Responding to the exigencies posed by pervasive imprecision and uncertainty, Yager [12] introduced pythagorean fuzzy sets [PFSs]. 
Building upon the foundational work of Zhang and Xu [14], the conceptual frame work aims to translate nebulous and uncertain 
circumstances into a rigorous mathematical frame work, there by fascinating the derivation of efficacious solutions [ 8] .In this 
present study, a comprehensive examination of fermat’z fuzzy sub lattices and fermat’z fuzzy ideals with in the lattice context, 
elucidating their defining attributes with mathematical rigor. Moreover, our investigation extends to an incisive analysis of fermat’z 
fuzzy ideals vis-à-vis lattice homomorphism, thereby establishing crucial links between theoretical abstraction and practical 
applications within the mathematical domain. 
 

II. PRELIMINARIES 
In this section, we will list a few concepts. As we go through this essay, we will denote L = (A, +, . ) a lattice, where ‘+’ and ‘.’ 
denote the sup and inf respectively. Here, we will analyze the basic definition of fuzzy set, fermat’z fuzzy set etc. 
1) Definition-2.1: Consider a crisp set E. An object with the type F = {(x, J(x), K(x) /x ∈ E)} is  a fermat’z fuzzy subset F of E. 

Here 0 ≤ J୬(x) + K୬(x) ≤ 1 is satisfied by J(x), K(x) ∈ [0,1], which represent the membership and non-membership degree of 
x ∈ E respectively and  

n ∈ N = {1,2,3, … . . }. 
 Below are some of the fermat’z fuzzy sets operations. 
2) Definition-2.2: Consider a non-empty crisp set E and let Δଵ = {(x, Jଵ(x), Kଵ(x) /x ∈ E)} and Δଶ = {(x, Jଶ(x), Kଶ(x) /x ∈ E)} be 

two fermat’z fuzzy subset of E. Then 
(i) Δଵ ⊂ Δଶ if and only if Jଵ୬ ≤ Jଶ୬ and Kଵ

୬ ≥ Kଶ
୬. 

(ii) Δଵ = Δଶ if and only if Δଵ ⊂ Δଶ and Δଵ ⊃ Δଶ. 
(iii) Δଵେ = (KଵJଵ) 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538 

                                                                                                                Volume 13 Issue XI Nov 2025- Available at www.ijraset.com 
     

 
2206 ©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 

(iv) Δଵ ∩ Δଶ = ( Jଵ୬⋀ Jଶ୬, Kଵ
୬⋁Kଶ

୬) 
(v) Δଵ ∪ Δଶ = ( Jଵ୬⋁ Jଶ୬, Kଵ

୬⋀Kଶ
୬) 

3) Definition-2.3: A fermat’z fuzzy set δ = {(x, Jஔ(x), Kஔ(x) /x ∈ E)} of E is called a fermat’z fuzzy set relation of E if each of the 
following conditions holds for every xଵ, xଶ ∈ E. 
(i) Jஔ(xଵ − xଶ)୬ ≥ T{Jஔ୬(xଵ), Jஔ୬(xଶ)} and  

Kஔ(xଵ − xଶ)୬ ≤ S{Kஔ
୬(xଵ), Kஔ

୬(xଶ)} . 
(ii) Jஔ(xଵxଶ)୬ ≥ T{Jஔ(xଵ)୬, Jஔ(xଶ)୬} and 

Kஔ(xଵxଶ)୬ ≤ S{Kஔ(xଵ)୬, Kஔ(xଶ)୬} . 
If (ii) is substituted with 
      ൫Jஔ(xଵxଶ)൯୬ ≥ T൛൫Jஔ(xଵ)൯୬, ൫Jஔ(xଶ)൯୬ൟ and 
      ൫Kஔ(xଵxଶ)൯୬ ≤ S൛൫Kஔ(xଵ)൯୬, ൫Kஔ(xଶ)൯୬ൟ the fermat’z fuzzy subset ‘δ’ is recognized as the fermat’z fuzzy index of E. 
4) Definition-2.4: Let Δଵ and Δଶ be fermat’z fuzzy subset of E. The product Δଵ°Δଶ is defined by Δଵ°Δଶ = 

൛൫x, J୼భ°୼మ(x), K୼భ°୼మ(x) /x ∈ E൯ൟwhere 

     ൫Jஔ(xଵxଶ)൯୬ = S ቄTቀቀJ୼భ(xଵ)ቁ
୬

, ቀJ୼మ(xଶ)ቁ
୬
ቁ / xଵ, xଶ ∈ E,  xଵ, xଶ = x ቅ  and 

    ൫Kஔ(xଵxଶ)൯୬ = T ቄS ቀቀK୼భ(xଵ)ቁ
୬

, ቀK୼మ(xଶ)ቁ
୬
ቁ / xଵ, xଶ ∈ E,  xଵ, xଶ = x ቅ  

 
III. FERMAT’Z FUZZY SUB LATTICES AND IDEALS 

In this section, we are discussed fermat’z fuzzy lattice, fermat’z fuzzy ideal and their characterizations. 
Definition-3.1: Let ‘M’ be a lattice and L = {(x, J(x), K(x) /x ∈ M)} is a fermat’z fuzzy subset of M. So L is considered as a fermat’z 
fuzzy sub lattice  of M if the following conditions are valid. 

(i) J୬(mଵ + mଶ) ≥  T{J୬(mଵ), J୬(mଶ)} and 
K୬(mଵ + mଶ) ≤ S{K୬(mଵ), K୬(mଶ)} for any mଵ, mଶ ∈ M. 

(ii) J୬(mଵmଶ) ≥  T{J୬(mଵ), J୬(mଶ)} and 
K୬(mଵmଶ) ≤ S{K୬(mଵ), K୬(mଶ)} for any mଵ, mଶ ∈ M. 

 
Example-3.2: Consider the lattice L of “divisor of 6”. That is L = {1, 2, 3, 6}. 
Let A = {(x, J୅(x), K୅(x) /x ∈ L)} be given by (1, 0.6, 0.3), (2, 0.5, 0.7), (3, 0.5, 0.4), 
 (6, 0.2, 0.4). Then A is fermat’z fuzzy sub lattice of L. 
Definition-3.3: A fermat’z fuzzy set ‘D’ of ‘A’ is called a fermat’z fuzzy ideal of ‘A’ if  
u ≤ v in A, we have J୬(u) ≥ J୬(v) and K୬(u) ≤ K୬(v). 
Definition-3.4: Consider a fermat’z fuzzy ideal ‘D’ of ‘A’. So D is called a fermat’z fuzzy prime ideal of A, if  

J୬(uv) ≤  S{J୬(u), J୬(v)} and 
K୬(uv) ≥ T{K୬(u), K୬(v)}. 

Definition-3.5: Consider a fermat’z fuzzy set ‘D’ in ‘A’and any ߛଵ , γଶ ∈ [0, 1], then  
,ଵߛ) γଶ)−cut or (ߛଵ, γଶ)−level set D, denote by D(ఊభ,ஓమ) is the crisp set 
D(ఊభ,ஓమ) = ݑ} ∈ J୬(u)/ ܣ ≥ ଵߛ  , K୬(u) ≤ γଶ}. 
 Based on the above definition, the following results have to be obtained. 
Proposition-3.6: Consider a fermat’z fuzzy ideal ‘D’ of ‘A’. Then the following propositions are equivalent: 

(i)  D is a fermat’z fuzzy prime ideal of A. 
(ii) D(tଵ, tଶ) = (S{J୬(tଵ), J୬(tଶ)}, )T{K୬(tଵ), K୬(tଶ)} for any tଵ, tଶ ∈ A. 
(iii) D(tଵ, tଶ) = D(tଵ) or D(tଶ) for any tଵ, tଶ ∈ A.  
We describe fermat’z fuzzy sub lattice, fermat’z fuzzy ideals, fermat’z fuzzy prime ideals in terms of level subsets in the results 

that follows. 
 
Theorem-3.7: Let ‘D’ be a fermat’z fuzzy set of ‘A’. Then ‘D’ is a fermat’z fuzzy sub lattice of A if and only if for each (γଵ, γଶ) ∈
 Im(D), D(γଵ, γଶ) is a sub lattice of A. (Here D(ఊభ,ஓమ) is called a level subset of A). 
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Proof: 
⇒ Suppose that D is a fermat’z fuzzy sub lattice. 
     Consider D(ఊభ,ஓమ) any non-empty level subset of D and let tଵ, tଶ ∈ D(ఊభ,ஓమ). 
     Then J୬(tଵ) ≥ ଵߛ  , K୬(tଵ) ≤ γଶ and J୬(tଶ) ≥ ,ଵߛ  K୬(tଶ) ≤ γଶ. Thus 

 J୬(tଵ + tଶ) ≥  T{J୬(tଵ), J୬(tଶ)} ≥  ଵ andߛ
K୬(tଵ + tଶ) ≤ S{K୬(tଵ), K୬(tଶ)} ≤ γଶ 

      Also     J୬(tଵtଶ) ≥  T{J୬(tଵ), J୬(tଶ)} ≥  ଵandߛ
                  K୬(tଵtଶ) ≤ S{K୬(tଵ), K୬(tଶ)} ≤ γଶ 
      Then tଵ + tଶ ∈ D(ఊభ,ஓమ) and tଵtଶ ∈ D(ఊభ,ஓమ). 
      Hence D(ఊభ,ஓమ) is a sub lattice of A. 
Conversely, assume that D(ఊభ,ஓమ) is a sub lattice of A. 
Let tଵ, tଶ ∈ D(ఊభ,ஓమ). We can assume that let tଵ + tଶ = tଵ and tଵ. tଶ = tଶ without losing the generality, then  

J୬(tଵ + tଶ) ≥ ଵߛ =  T{J୬(tଵ), J୬(tଶ)} and 
K୬(tଵ + tଶ) ≤ γଶ = S{K୬(tଵ), K୬(tଶ)} and  

      J୬(tଵtଶ) ≥ ଵߛ =  T{J୬(tଵ), J୬(tଶ)} and 
                  K୬(tଵtଶ) ≤ γଶ = S{K୬(tଵ), K୬(tଶ)}. 
D is a fermat’z fuzzy sub lattice as a result. This concludes the evidence. 
 
Theorem-3.8: Let ‘D’ be a fermat’z fuzzy sub lattice of ‘A’. Then ‘D’ is a fermat’z fuzzy ideal of A if and only if for each (γଵ, γଶ) ∈
 Im(D), D(γଵ, γଶ) is an ideal of A.  
 Equivalently, for each D is a fermat’z fuzzy set of A, D is a fermat’z fuzzy ideal if and only if each non-empty level subset 
D(γଵ, γଶ) is an ideal. In this case, D(γଵ, γଶ) is called a level ideal of A. 
 
Theorem-3.9: Let ‘D’ is a fermat’z fuzzy ideal of ‘A’. Then D is a fermat’z fuzzy prime ideal of A if and only if for each (γଵ, γଶ) ∈
 Im(D), D(γଵ, γଶ) is a prime ideal of A. 
Proof:  
⇒ Suppose D is a fermat’z fuzzy prime ideal of A. 
     Let (γଵ, γଶ) ∈ Im(D) and tଵ, tଶ ∈ D(ఊభ,ஓమ). 
     Then, J୬(tଵ. tଶ) ≥ ଵߛ   and K୬(tଵ. tଶ) ≤ γଶ. 
     But, by proposition-3.6, we have  
     D(tଵ. tଶ) = D(tଵ) or D(tଵ. tଶ) = D(tଶ). 
     Thus, J୬(tଵ) ≥ ଵߛ , K୬(tଵ) ≤ γଶ or  
    J୬(tଶ) ≥ ଶߛ , K୬(tଶ) ≤ γଶ. 
     So, tଵ ∈  D(γଵ, γଶ) or tଶ ∈  D(γଵ, γଶ). 
     Hence D(γଵ, γଶ) is an prime ideal. 
⇐ Suppose each level ideal D(γଵ, γଶ) is prime. Assume that D is not the fermat’z fuzzy prime   
     ideal. Then, by proposition-3.6, there exists tଵ, tଶ ∈ A such that 
 D(tଵ. tଶ) ≠ D(tଵ) and D(tଵ. tଶ) ≠ D(tଶ). 
     Since D is a fermat’z fuzzy ideal of A,  
       J୬(tଵtଶ) > J୬(tଵ), J୬(tଵtଶ) > J୬(tଶ) and 
            K୬(tଵtଶ) < K୬(tଵ), K୬(tଵtଶ) < K୬(tଶ) . 
     Let D(tଵ, tଶ) = (γଵ, γଶ). Then, tଵ, tଶ ∈ D(γଵ, γଶ), but tଵ ∉ D(γଵ, γଶ) and tଶ ∉ D(γଵ, γଶ). 
     This runs counter to the idea that D(γଵ, γଶ) is prime. 
     Hence, D is a fermat’z fuzzy prime idea of A. 
 
Theorem-3.10: If Dଵ and Dଶ are two fermat’z fuzzy sub lattice of a lattice A, then Dଵ ∩ Dଶ is a fermat’z fuzzy sub lattice of A. 
Proof: Consider, Dଵ = {(x, Jଵ(x), Kଵ(x) /x ∈ A)} and Dଶ = {(x, Jଶ(x), Kଶ(x) /x ∈ A)} are 
two fermat’z fuzzy subset of A. Then Dଵ ∩ Dଶ = ൛൫x, Jୈభ∩ୈమ(t), Kୈభ∩ୈమ(t) /t ∈ A൯ൟ, where 
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J୬ୈభ∩ୈమ(t) =  T൛J୬ଵ(t), J୬ଶ(t)ൟ and K୬
ୈభ∩ୈమ(t) = S{K୬

ଵ(t), K୬
ଶ(t)}. 

So that J୬ୈభ∩ୈమ(ɕଵ + ɕଶ) =  T൛J୬ଵ(ɕଵ + ɕଶ), J୬ଶ(ɕଵ + ɕଶ)ൟ 

         ≥ T ቄT൛J୬ଵ(ɕଵ), J୬ଵ(ɕଶ)ൟ, T൛J୬ଶ(ɕଵ), J୬ଶ(ɕଶ)ൟቅ 

          =  T ቄT൛J୬ଵ(ɕଵ), J୬ଶ(ɕଵ)ൟ, T൛J୬ଵ(ɕଶ), J୬ଶ(ɕଶ)ൟቅ 

         =  T ቄJ୬ୈభ∩ୈమ(ɕଵ), J୬ୈభ∩ୈమ(ɕଶ)ቅ 
As Dଵ and Dଶ are fermat’z fuzzy sub lattice of A, we have  

      J୬ୈభ∩ୈమ(ɕଵ + ɕଶ) ≥  T ቄJ୬ୈభ∩ୈమ(ɕଵ), J୬ୈభ∩ୈమ(ɕଶ)ቅ, for all ɕଵ, ɕଶ ∈ A. 

Similarly, we get J୬ୈభ∩ୈమ(ɕଵɕଶ) ≥  T ቄJ୬ୈభ∩ୈమ(ɕଵ), J୬ୈభ∩ୈమ(ɕଶ)ቅ, for all ɕଵ, ɕଶ ∈ A. 

Also K୬
ୈభ∩ୈమ(ɕଵ + ɕଶ) =  S{K୬

ଵ(ɕଵ + ɕଶ), K୬
ଶ(ɕଵ + ɕଶ)} 

     ≤ S൛S{K୬
ଵ(ɕଵ), K୬

ଵ(ɕଶ)}, S{K୬
ଶ(ɕଵ), K୬

ଶ(ɕଶ)}ൟ 
      =  S൛S{K୬

ଵ(ɕଵ), K୬
ଶ(ɕଵ)}, S{K୬

ଵ(ɕଶ), K୬
ଶ(ɕଶ)}ൟ 

     =  S൛K୬
ୈభ∩ୈమ(ɕଵ), K୬

ୈభ∩ୈమ(ɕଶ)ൟ 
As Dଵ and Dଶ are fermat’z fuzzy sub lattice of A, we have  

      K୬
ୈభ∩ୈమ(ɕଵ + ɕଶ) ≤ S൛K୬

ୈభ∩ୈమ(ɕଵ), K୬
ୈభ∩ୈమ(ɕଶ)ൟ, for all ɕଵ, ɕଶ ∈ A. 

Similar evidence supports the fermat’z fuzzy ideal. 
 

IV. HOMOMORPHISM AND FERMAT’Z FUZZY SUB LATTICE 
In this section, the idea of homomorphism and fermat’z fuzzy sub lattices is analyzed. 
Definition-4.1: Consider,Dଵ = {(x, Jଵ(x), Kଵ(x) /x ∈ A)} and 
 Dଶ = {(x, Jଶ(x), Kଶ(x) /x ∈ B)} are two fermat’z fuzzy subset of A and B respectively. Let ߮ 
be a mapping from A to B. Then ߮(D) is a fermat’z fuzzy subset of on B and defined by  
߮(Dଵ)(x) = ቀ߮൫Jଵଶ൯,߮൫Kଵ

ଶ൯, (x)ቁ for all x ∈ B, where 

       ߮൫Jଵଶ൯(x) = ቊS൛Jଵଶ(u)/u ∈ ߮ିଵ(x)ൟ, if φିଵ(x) ≠ ∅
0,                                      if φିଵ(x) = ∅

  and  

߮൫Kଵ
ଶ൯(x) = ቊT൛Kଵ

ଶ(v)/v ∈ ߮ିଵ(x)ൟ, if φିଵ(x) ≠ ∅
0,                                      if φିଵ(x) = ∅

. 

Also φିଵ(Dଶ) is a fermat’z fuzzy set of A such that  
φିଵ(Dଶ)(u) = ൫φିଵ൫Jଶଶ൯(u),φିଵ൫Kଶ

ଶ൯(u) ൯ for all x ∈ A 
where φିଵ൫Jଶଶ൯(u) = Jଶଶ൫߮(u)൯ and φିଵ൫Kଶ

ଶ൯(u) = Kଶ
ଶ൫߮(u)൯. 

 In particular, if ߮: A → A′ is a lattice homomorphism, Dଵ is a fermat’z fuzzy sub lattice of A and Dଶ is a fermat’z fuzzy sub 
lattice of A′ , then ߮(Dଵ) is called homomorphic image of  Dଵ under ߮ and φିଵ(Dଶ) is called homomorphic pre image of  Dଶ, where 
A and A′ denote lattices respectively. 
 The following theorems to be proved relative to the homomorphic. 
 
Theorem-4.2: If ݂: A → A′ is a lattice epimorphism and Dଵ is a fermat’z fuzzy ideal of A, then ݂(Dଵ) is fermat’z fuzzy ideal of  A′. 
Proof: 

Consider,Dଵ = {(x, Jଵ(x), Kଵ(x) /x ∈ A)} a fermat’z fuzzy ideal of A. So  
݂(D) = ൛൫ɕଵ,݂(Jଵ)(ɕଶ), ݂(Kଵ)(ɕଶ)൯/ɕଶ ∈ A′ൟ. 
Let ɕଵ, p ∈ A′ then 
݂(Jଵ୬)(ɕଵ + p) =  S{Jଵ୬(ɕଶ)/ɕଶ ∈ A′} 
   ≥  S{Jଵ୬(K + ݈)/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
                         ≥  S{T{Jଵ୬(K), Jଵ୬(݈)}/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
   = T൛S{Jଵ୬(K)/K ∈ ݂ିଵ(t)}, S{Jଵ୬(݈)/݈ ∈ ݂ିଵ(p)}ൟ 
     = T{ ݂(Jଵ୬)(t),݂(Jଵ୬)(p)}. 
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since Dଵ is a fermat’z fuzzy ideal of A. Also 
݂(Jଵ୬)(t, p) =  S{Jଵ୬(ɕଶ)/ɕଶ ∈ ݂ିଵ(t, p)} 
                    ≥  S{Jଵ୬(K, ݈)/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
                    ≥  S{S{Jଵ୬(K), Jଵ୬(݈)}/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
                    = S{ ݂(Jଵ୬)(t),݂(Jଵ୬)(p)}. 
since Dଵ is a fermat’z fuzzy ideal of A. Also 
݂(Kଵ

୬)(t + p) =  S{Kଵ
୬(ɕଶ)/ɕଶ ∈ ݂ିଵ(t + p)} 

   ≤  T{Kଵ
୬(K + ݈)/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 

                         ≤  T{S{Kଵ
୬(K), Kଵ

୬(݈)}/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
   = S൛T{Kଵ

୬(K)/K ∈ ݂ିଵ(t)}, T{Kଵ
୬(݈)/݈ ∈ ݂ିଵ(p)}ൟ 

     = S{ ݂(Kଵ
୬)(t),݂(Kଵ

୬)(p)}. 
since Dଵ is a fermat’z fuzzy ideal of A. Also 
݂(Kଵ

୬)(t, p) =  T{Kଵ
୬(ɕଶ)/ɕଶ ∈ ݂ିଵ(t, p)} 

                     ≤  T{Kଵ
୬(K, ݈)/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 

                     ≤  T{T{Kଵ
୬(K), Kଵ

୬(݈)}/K ∈ ݂ିଵ(t) and ݈ ∈ ݂ିଵ(p)} 
                    = T{ (TKଵ

୬)(K)/K ∈ ݂ିଵ(t), (TKଵ
୬)(݈)/݈ ∈ ݂ିଵ(p)}. 

since Dଵ is a fermat’z fuzzy ideal of A. 
Hence ݂(Dଵ) is fermat’z fuzzy ideal of  A′. 
 
Theorem-4.3: Let ݂: A → A′ be a lattice homomorphism and Dଶ is a fermat’z fuzzy ideal of A′, then ݂ିଵ(Dଶ) is a fermat’z fuzzy 
ideal of  A. 
 
Theorem-4.4: Let ݂: A → A′ be an onto mapping and Dଵ and Dଶ are fermat’z fuzzy subsets of the lattices A and A′ respectively. 
Then, 

(i) ݂൫݂ିଵ(Dଶ)൯ = Dଶ 
(ii) Dଵ ⊆ ݂ିଵ൫݂(Dଵ)൯. 

Proof: (i) We have 
݂൫݂ିଵ(Jଶ୬)(t)൯ = S{ ݂ିଵ(Jଶ୬)(ɕଶ)/ɕଶ ∈ ݂ିଵ(t)} 
    =  S൛Jଶ୬൫݂(ɕଶ)൯/ɕଶ ∈ A, ݂(ɕଶ) = tൟ 
    = (Jଶ୬)(t) 
Similarly, ݂൫݂ିଵ(Kଶ

୬)(t)൯ = (Kଶ
୬)(t). 

Therefore, ݂൫݂ିଵ(Dଶ)൯ = Dଶ. 
(ii) Also we have, 
݂ିଵ൫݂(Jଵ୬)൯(ɕଶ) = ݂(Jଵ୬)൫݂(ɕଶ)൯ 
                            =  S൛Jଵ୬(ɕଶ) /ɕଶ ∈ ݂ିଵ൫݂(ɕଶ)൯ ൟ 
      ≥ Jଵ୬(ɕଶ), and  
 ݂ିଵ൫݂(Kଵ

୬)൯(ɕଶ) = ݂(Kଵ
୬)൫݂(ɕଶ)൯ 

                               =  T൛Kଵ
୬(ɕଶ) /ɕଶ ∈ ݂ିଵ൫݂(ɕଶ)൯ ൟ 

         ≤ Kଵ
୬(ɕଶ) 

Hence Dଵ ⊆ ݂ିଵ൫݂(Dଵ)൯. 
 
Definition-4.5: Let ݂: A → A′ be a function from a lattice A to another lattice A′ and  
Dଵ = ൛൫ɕଶ, J(ɕଶ)൯/ɕଶ ∈ Aൟ be a fermat’z fuzzy subset of A then Dଵ is said to be ݂-invariant if  
݂(ɕଶ) = ݂(t)⇒ J୬(ɕଶ) = J୬(t) for all ɕଶ, t ∈ A. 
 
Proposition-4.6: If a fermat’z fuzzy set Dଵ is ݂-invariant, then  ݂ିଵ൫݂(Dଵ)൯.= Dଵ. 
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Theorem-4.7: Let ݂: A → A′ be a function from a lattice A to another latticeA′. Also, Dଵ, Dଶ are two fermat’z fuzzy subsets of A 
andD′ଵ, D′ଶ are two fermat’z fuzzy subsets of A′. Then 

(i) Dଵ⊆ Dଶ ⇒݂(Dଵ)⊆ ݂(Dଶ) 
(ii) D′ଵ ⊆ D′ଶ ⇒݂ିଵ(D′ଵ) ⊆ ݂ିଵ(D′ଶ) 

Proof: Let Dଵ = {(ɕଶ, Jଵ(ɕଶ), Kଵ(ɕଶ) /ɕଶ ∈ A)} and Dଶ = {(ɕଶ, Jଶ(ɕଶ), Kଶ(ɕଶ) /ɕଶ ∈ A)} be two fermat’z fuzzy subsets of A. Then 
Dଵ⊆ Dଶ ⇒ Jଵ୬(ɕଶ) ≤ Jଶ୬(ɕଶ) and Kଵ

୬(ɕଶ) ≥ Kଶ
୬(ɕଶ). 

So, ݂(Dଵ) = ൛൫m,݂(Jଵ୬)(x), ݂(Kଵ
୬)(x)൯/m ∈ A′ൟ and  

      ݂(Dଶ) = ൛൫m,݂(Jଶ୬)(x),݂(Kଶ
୬)(x)൯/m ∈ A′ൟ. 

Now, ݂(Jଵ୬)(t) = S{Jଵ୬(ɕଶ) /ɕଶ ∈ ݂ିଵ(ݐ)} 
    ≤ S{Jଶ୬(ɕଶ) /ɕଶ ∈ ݂ିଵ(ݐ)} 
    =  ݂(Jଶ୬)(t) as Jଵ୬(ɕଶ) ≤ Jଶ୬(ɕଶ). 
Also, ݂(Kଵ

୬)(t) = T{Kଵ
୬(ɕଶ) /ɕଶ ∈ ݂ିଵ(ݐ)} 

    ≥ T{Kଶ
୬(ɕଶ) /ɕଶ ∈ ݂ିଵ(ݐ)} 

    =  ݂(Kଶ
୬)(t) as Kଵ

୬(ɕଶ) ≥ Kଶ
୬(ɕଶ). 

Hence, ݂(Dଵ)⊆ ݂(Dଶ). 
Likewise, we can demonstrate other condition (ii). 
 

V. CONCLUSION 
To summarize up, our study investigate the complex characteristics of fermat’z fuzzy ideals and sub lattices. We defined operations 
for these fuzzy ideals and proved their preservation in distributive lattices. We also performed a thorough examination of fermat’z 
fuzzy ideals homomorphic images and pre-images, which resulted in the creation of invariant Fermat’s fuzzy sets. This work 
culminated in establishing a correspondence theorem that connects the ݂-invariant fermat’z fuzzy ideals of a lattice to its 
homomorphic image. 
 

VI. FUTURE WORK 
Our efforts aim to build on this basis work by extending various uncertainty sets to further develop Lattice theory, building on the 
foundations laid this study.  
 

REFERENCES 
[1] Ajmal. N. Thomas K.V (1994), Fuzzy Lattices, Information Sciences , 79 , 271-291 
[2] Akram . M. Bashir .A & Edalatpanah S.A (2021), A hybrid decision making analysis under complex q-rund picture fuzzy Einstein averaging operators, 

Computational and Applied Mathematics, 40, 305 https: // doi.org / 10.1007 / s 40314-021-01651-4. 
[3] Atanassov . K.T (1986), Intuitionistic fuzzy sets, Fuzzy sets and system , 20 (1) , 87-96. 
[4] Bakhadach .I, Milliani .S, Sadiki .H & Chadits (2021), on fuzzy localized subring , Recent advances in intuitionistic fuzziness and soft computing , pp 15-20 , 

Springer, cham                   https : //doi.org/10.1007/978-3-030-53929-0-2. 
[5] Biswas .R (1989) , Intuitionistic fuzzy subgroup , Mathematical Forum , 10 , 37 -46. 
[6] R. Daniel Maulden (1997) , A Generalization of fermat’s last theorem ; The Beal’s conjecture and prize problem, Notices of the AMS , 44 (11) , 1436 -1439. 
[7] Edalatpanah, S.A (2020) , Neutrosophic structured element, Expert systems 37 , e12542,    https : // doi.org / 10.1111 / exsy 12542. 
[8] Kumar .A, Kumar .D & Edalatpanah . S. A (2024) , Some new operations on pythagorean  fuzzy sets, Uncertainty discourse and applications , 1 (1) , 11-19. 
[9] Rosenfeld .A (1971) , Fuzzy groups , Journal of  Mathematical Analysis and Applications, 35, 512 -517. 
[10] Sureshjani R.A & Shankouri .B (2021) , A comment on novel parametric ranking method for intuitionistic fuzzy numbers Big daga computing visions , 1 (3) , 

156 –160. 
[11] Smarandahe . F , Neutrosophy (1998) , Neutrosophic possibility , set and logic, proquest informations & learning Am. Arbor, Michigas. 
[12] Yager . R.R (2013), Pythagorean fuzzy subsets, Joint IFSA world congress and NAFIPS  Annual meeting (IFSA / NAFIPS ), pp 57-61 , Edmonton A.B, 

Canada , http:// doi.org / 10.1109 / IFSA –NAFIPS –2013-6608375. 
[13] Zadeh . L.A (1963) , Fuzzy sets , Information and Control, 8, 338 -353. 
[14] Zhung .X , Xu.Y , Chen .S (2012) , Lattice –valued matrix game with mixed strategies for intelligent decision  support , Knowledge –Based Systems , 32 , 52 -

64.https: // doi.org / 10.1016 / j.knosys . 2011.08.019 



 


