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Abstract: This research delves into the exploration of fermat’z fuzzy sub lattices and fermat’z fuzzy ideals within the context of
lattice theory. Through a rigorous analysis of structural theorem concerning these concepts derived fermat’z fuzzy sets. We
uncover significant parallels with classical theory. Additionally, we investigate the behavior of fermat’z fuzzy ideals under lattice
homomorphism. Our finding shed light on the applicability and utility of fermat’z fuzzy theory in lattice-based structures,
offering insights into their properties and relationships.
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L. INTRODUCTION
A new chapter in mathematical study opened with the advent of Zadeh’s fuzzy set theory [13], sparking a plethora of studies with
far-reaching consequences in a variety of fields. Interestingly, subsequent academic work has taken this ground work further in a
number of areas [2], with particular emphasis on group theory and rings. Ajmal and Thomas [1], who have introduced the idea of
fuzzy sub lattices by employing fuzzy set theory in lattice theory, have greatly enhanced this treat. Fuzzy group research has
increased as a result of Rosenfeld’s new effort [9]. Atanassov made a significant break from traditional thought when he created
intuitionistic fuzzy sets [3] in response to these observations. This extension, proposes a frame work for dealing with ambiguity,
subgroups [Biswas] and subrings [4]have been created by recent work in abstract algebra, along with other concepts such as
intuitionistic fuzzy numbers[Sureghjani. Reta [I0]. In 1998, as part of his work on the treatment of uncertainty, F.smarandache [11]
proposed a more general theory than that introduced by Atanassov, called the “Neutrosophic set”. This new theory is characterized
by truth membership, an indeterminacy membership and a falsely membership.
Responding to the exigencies posed by pervasive imprecision and uncertainty, Yager [12] introduced pythagorean fuzzy sets [PFSs].
Building upon the foundational work of Zhang and Xu [14], the conceptual frame work aims to translate nebulous and uncertain
circumstances into a rigorous mathematical frame work, there by fascinating the derivation of efficacious solutions [ 8] .In this
present study, a comprehensive examination of fermat’z fuzzy sub lattices and fermat’z fuzzy ideals with in the lattice context,
elucidating their defining attributes with mathematical rigor. Moreover, our investigation extends to an incisive analysis of fermat’z
fuzzy ideals vis-a-vis lattice homomorphism, thereby establishing crucial links between theoretical abstraction and practical
applications within the mathematical domain.

1. PRELIMINARIES
In this section, we will list a few concepts. As we go through this essay, we will denote L = (A, +,.) a lattice, where ‘+” and
denote the sup and inf respectively. Here, we will analyze the basic definition of fuzzy set, fermat’z fuzzy set etc.
1) Definition-2.1: Consider a crisp set E. An object with the type F = {(x,J(x),K(x) /x € E)} is a fermat’z fuzzy subset F of E.
Here 0 < J"(x) + K"(x) < 1 is satisfied by J(x), K(x) € [0,1], which represent the membership and non-membership degree of
X € E respectively and
neN={123,....}.
Below are some of the fermat’z fuzzy sets operations.
2) Definition-2.2: Consider a non-empty crisp set E and let A; = {(x,J;(X), K;(X) /x € E)} and A, = {(x,J,(X),K,(x) /x € E)} be
two fermat’z fuzzy subset of E. Then
0] A, c A, ifandonlyif J;" < J," and K™ = K,
(ii) A, = A, ifandonlyif A; c A, and A; D A,.
(i) A= (K
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(iv) A n b, = (3 "N, K PVK,T)
) A UA, = (3"V )" K PAK,T)
3) Definition-2.3: A fermat’z fuzzy set § = {(x,J5(x),Ks(x) /x € E)} of E is called a fermat’z fuzzy set relation of E if each of the
following conditions holds for every x,,x, € E.
(1) Js(xg —x2)™ = T{I5"(x,), 35" (x2)} and
Ks(X1 —X%)" < S{K5"(x1), Ks" (x2)} .
(i) Js (X1 x2)™ = T{Is(x1)", Js(x;)"} and
Ks(X1x2)" < S{Ks(x)", Ks(x2)"} .
If (ii) is substituted with
(J50622))" = T{(35(x1)", (Is0x2))"} and
(Ks(x:x2))" < S{(Ks(x1))", (Ks(x,))"} the fermat’z fuzzy subset ‘8 is recognized as the fermat’z fuzzy index of E.
4) Definition-2.4: Let A, and A, be fermat’z fuzzy subset of E. The product A,°A, is defined by A;°A, =
{(%,3a o8, (), Kaa, (X) /X € E)}where

(050(x:%))" = S{T((JAl(xl))n, (JAZ(XZ))H) /%Xy, %Xy EE, Xq, %, = x} and
(Ks(x:x2))" = T{S ((KAl(xl))n , (KAZ(XZ))H) /%Xy, %Xy EE, Xq, %, = x}

1. FERMAT’Z FUZZY SUB LATTICES AND IDEALS
In this section, we are discussed fermat’z fuzzy lattice, fermat’z fuzzy ideal and their characterizations.
Definition-3.1: Let ‘M’ be a lattice and L = {(x,J(x), K(x) /x € M)} is a fermat’z fuzzy subset of M. So L is considered as a fermat’z
fuzzy sub lattice of M if the following conditions are valid.
(i) (my +my) = T{I"(m,),J*(m,)} and
K*(m,; +m,) < S{K"(m,),K"(m,)} for any m,;,m, € M.
(ii) (mymy) > T{I*(m,),)"(my)} and
K*(m;m,) < S{K"(m,), K"(m,)} for any m,;,m, € M.

Example-3.2: Consider the lattice L of “divisor of 6”. ThatisL = {1, 2,3, 6}.
Let A = {(x,J,(x), K, (x) /x € L)} be given by (1,0.6,0.3), (2,0.5,0.7), (3,0.5,0.4),
(6,0.2,0.4). Then A is fermat’z fuzzy sub lattice of L.
Definition-3.3: A fermat’z fuzzy set ‘D’ of ‘A’ is called a fermat’z fuzzy ideal of *A’ if
u<vinA, we have J"(u) = J"(v) and K"(u) < K"(v).
Definition-3.4: Consider a fermat’z fuzzy ideal ‘D’ of ‘A’. So D is called a fermat’z fuzzy prime ideal of A, if
P (uv) < S{i*(u),*(v)} and
K2(uv) = T{K®(u), K2(v)}.
Definition-3.5: Consider a fermat’z fuzzy set ‘D’ in ‘A’and any y,,y, € [0, 1], then
(¥1,v2) —cut or (y;,v,) —level set D, denote by D, ,,) is the crisp set
D(VLYZ) = {u €A /Jn(U) = VY1, Kn(U) < YZ}-
Based on the above definition, the following results have to be obtained.
Proposition-3.6: Consider a fermat’z fuzzy ideal ‘D’ of “‘A’. Then the following propositions are equivalent:
(1) D is a fermat’z fuzzy prime ideal of A.
(ii) D(ty,t;) = (S{I"(ty), I (1)} ITK™ (), K™ (t)} forany ty, t; € A
(iii) D(t,,t,) = D(t,) or D(t,) forany t,,t, € A.
We describe fermat’z fuzzy sub lattice, fermat’z fuzzy ideals, fermat’z fuzzy prime ideals in terms of level subsets in the results
that follows.

Theorem-3.7: Let ‘D’ be a fermat’z fuzzy set of ‘A’. Then ‘D’ is a fermat’z fuzzy sub lattice of A if and only if for each (y,,y,) €
Im(D), D(y1,v,) is a sub lattice of A. (Here D,, ,,) is called a level subset of A).
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Proof:

= Suppose that D is a fermat’z fuzzy sub lattice.
Consider D, ,,) any non-empty level subset of D and let t;,t, € D, y,)-
Then J*(t,) = y,, K"(t) <y, and )" (t,) = y,, K"(t,) < y,. Thus
Ity +t) = TU(ty), I (t2)} = v, and
KP(t, +tp) < S{K"(t,), K™ (t)} < v,
Also  J"(t,t,) = T{I"(t,),"(t,)} = y,and
KP(t t) < S{K"(t,), K™ (t)} < v,
Then t,+t, € D(VLYZ) and t,t, € D(VLYZ)'
Hence D, ) is a sub lattice of A.
Conversely, assume that D,,, .,y is a sub lattice of A.
Lett; t, € D¢, y,)- We can assume that lett; +t, =t; and t;.t, = t, without losing the generality, then
Ity +ty) =y, = T{M(,), )" (tx)} and
K™ (t; +t,) <y, = S{K"(t,),K"(t,)} and
(it =y = T{M(t,), )" (t)} and
K™ (t;t,) < v, = S{K"(t,), K™ (t,)}.
D is a fermat’z fuzzy sub lattice as a result. This concludes the evidence.

Theorem-3.8: Let ‘D’ be a fermat’z fuzzy sub lattice of ‘A’. Then ‘D’ is a fermat’z fuzzy ideal of A if and only if for each (y,,y,) €
Im(D), D(y;,v,) is an ideal of A.

Equivalently, for each D is a fermat’z fuzzy set of A, D is a fermat’z fuzzy ideal if and only if each non-empty level subset
D(y;,v,) is an ideal. In this case, D(y,,v,) is called a level ideal of A.

Theorem-3.9: Let ‘D’ is a fermat’z fuzzy ideal of ‘A’. Then D is a fermat’z fuzzy prime ideal of A if and only if for each (y,,v,) €
Im(D), D(y,,v,) is a prime ideal of A.
Proof:
= Suppose D is a fermat’z fuzzy prime ideal of A.

Let (y1,Y2) € Im(D) and t;,t, € D¢y, y,)-

Then, J"(t;.1,) = y; and K™(t;.t,) <v,.

But, by proposition-3.6, we have

D(t;.t,) = D(t,) or D(t;.t,) = D(t,).

Thus, I*(t,) = y,, K*(t) < vy, or

I(ty) = 72, KM (t2) < v,

So, t; € D(yy,v2) ort; € D(yy,v2)-

Hence D(y,,Y,) is an prime ideal.
< Suppose each level ideal D(y;,v,) is prime. Assume that D is not the fermat’z fuzzy prime

ideal. Then, by proposition-3.6, there exists t;,t, € A such that

D(t,.t,) # D(t,) and D(t,.t,) # D(t,).
Since D is a fermat’z fuzzy ideal of A,
It t,) > 0(t,), I (t,t,) > J(t,) and
KP(t ty) < KP(ty), K™(t,t;) < KO(ty) .

Let D(t;,t;) = (v1,v2)- Then, t;,t, € D(y;,v2), butt; & D(yy,v2) and t, € D(y4,v2).

This runs counter to the idea that D(y,,y,) is prime.

Hence, D is a fermat’z fuzzy prime idea of A.

Theorem-3.10: If D, and D, are two fermat’z fuzzy sub lattice of a lattice A, then D, N D, is a fermat’z fuzzy sub lattice of A.
Proof: Consider, D; = {(x,J;(x),K;(x) /x € A)} and D, = {(x,J,(x), K, (x) /x € A)} are
two fermat’z fuzzy subset of A. Then D, N D, = {(X,Jp,np, (1), Kp,np, (1) 7/t € A)}, where
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I ap, (D = TR, (0,37, (0} and Kp_p, (1) = S{K™, (1), K", (D)}
SO that ‘]nDlnDz (Gl + Gz) = T{Jnl((«;l + GZ)’ ‘]nz(Gl + GZ)}

> T{T{", (e). 9", ()}, T, (6. 7, ()}
T, e, 0} TOM (6. 7, ()}

T{") 00, G5 p, ()]
As D, and D, are fermat’z fuzzy sub lattice of A, we have

Py, G162 = T{R) (e o (6] forallgy, 6, € A,

Similarly, we get J“DlnDz(ngz) > T{J“DlnDz(gl),J“DlnDz(Qz)}, for all ¢;, ¢, € A.
Also K" np, (61 +6,) = S{K"; (61 +6,), K", (61 + 6,)}
S{S{Kn1(91)v K" (62)}, S{K™, (61), an(Gz)}}
S{S{Kn1(91)v K", (61)}, S{K™, (6,), an(Gz)}}
S{KnDinD2 (¢1), KnD1nD2 (Gz)}
As D, and D, are fermat’z fuzzy sub lattice of A, we have
K"p,np, (61 +6;) < S{KnDlnDz (61).K"p,np, ()}, forall gy, ¢, € A.
Similar evidence supports the fermat’z fuzzy ideal.

I IA

V. HOMOMORPHISM AND FERMAT’Z FUZZY SUB LATTICE
In this section, the idea of homomorphism and fermat’z fuzzy sub lattices is analyzed.
Definition-4.1: Consider,D; = {(x,J; (X),K;(x) /x € A)} and
D, = {(x,J,(x),K,(x) /x € B)} are two fermat’z fuzzy subset of A and B respectively. Let ¢
be a mapping from A to B. Then ¢ (D) is a fermat’z fuzzy subset of on B and defined by
o(D)(X) = ((p(le),(p(Klz),(X)) for all x € B, where
S{I,2U/u€E @ t(X)}, ife l(X)# 0
(p(JIZ)(X) ={ {1 ( ) (P ( )} ) (10_1( )_ and
T{K2W/VE o ()}, ife™ (X)) =0

Also ¢~1(D,) is a fermat’z fuzzy set of A such that
@71 (D,)(W) = (@7(3,2) (W), 71 (K,*)(u) ) for all x € A
where @ (3,2)(u) = 3,%(p(u)) and @~ (K,*)(u) = K, (@(u)).

In particular, if ¢: A —> A’ is a lattice homomorphism, D, is a fermat’z fuzzy sub lattice of A and D, is a fermat’z fuzzy sub
lattice of A", then ¢ (D,) is called homomorphic image of D, under ¢ and ¢~1(D,) is called homomorphic pre image of D,, where

A and A’ denote lattices respectively.
The following theorems to be proved relative to the homomorphic.

Theorem-4.2: If f: A — A’ is a lattice epimorphism and D, is a fermat’z fuzzy ideal of A, then f(D,) is fermat’z fuzzy ideal of A’.
Proof:
Consider,D; = {(x,J;(x), K, (x) /x € A)} a fermat’z fuzzy ideal of A. So

f(D) = {(lef(‘h)((;z)yf(K1)(Gz))/G2 € A’}-
Let ¢;,p € A’ then
fQ")(e; +p) = S{),"(e2)/6, € A’}

> S{,"(K+D/Ke f(t)andl € f~1(p)}

> S{T{),"(K),J;"(O/K e f* (Y and l € f~*(p)}
= T{S0,"(K)/K € F1(0}.50," /1 € F1 ()Y
=T{FQMW, )P}
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since D, is a fermat’z fuzzy ideal of A. Also
fQM(p) = S{1,"(e2)/6, € f7 (L p)}
= S{,"(K,D/Ke fH(t)and L € f~1(p)}
> S{S{,"(K),J,"(O¥/K e fH () and L € f'(p)}
S{AGM®, £GP}
since D, is a fermat’z fuzzy ideal of A. Also
fFEK M+ p) = S{K,"(e:)/e, € fH(t+ p)}
< K "(K+ /K e f~1(t) andl € f~1(p)}
< T{S{K,"(K). K, "(D¥/K e f~H(t) and L € f~1(p)}
= S{T{K,"(K)/K € f~1 (O} T{K,"()/L € fF(P)}}
= S{F (KM ®, f (K ") (P}
since D, is a fermat’z fuzzy ideal of A. Also
FEK M) = K, "(6;)/¢; € F7H(t,p)}
< K"K D/Ke f~H(t)and l € f~1(p)}
< H{H{K,"(K),K,"OM/K e f (W and L € f~*(p)}
= T{(TK)(K)/K e f1(0), (TK,(D/L e f ()}
since D, is a fermat’z fuzzy ideal of A.
Hence f(D,) is fermat’z fuzzy ideal of A’.

\Y

Theorem-4.3: Let f: A — A’ be a lattice homomorphism and D, is a fermat’z fuzzy ideal of A’, then f~1(D,) is a fermat’z fuzzy
ideal of A.

Theorem-4.4: Let f: A — A’ be an onto mapping and D; and D, are fermat’z fuzzy subsets of the lattices A and A’ respectively.
Then,

() f(f71(D,)) =D,
(i)  DycfH(f(DL)).
Proof: (i) We have
f(f_l(‘lzn)(t)) =9 f_l(Jzn)(Gz)/Gz € f_l(t)}
S{."(f(e))/e, €A fle2) =)
("M
Similarly, £(f~1(K,;")(®) = (K,")(®).
Therefore, f(f~1(D,)) = D,.
(ii) Also we have,
FHFOM)E) = FOM(f(e)
= 5{0,"(e) 765 € £ (f(e2)) }
>1,"(s,), and
FHFKM)ER) = FKM(F(6,))
= T{K,"(e) 76, € f2(f(£)) }
< Kln(Gz)
Hence D, < f~*(f(D,)).

Definition-4.5: Let f: A —» A’ be a function from a lattice A to another lattice A" and
D, = {(e,,(¢,))/¢, € A} be a fermat’z fuzzy subset of A then D is said to be f-invariant if
f(e,) = f(®O=>1"(c,) = () forall ¢,, t € A

Proposition-4.6: If a fermat’z fuzzy set D, is f-invariant, then f~'(f(D,)).=D;.

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 |




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 13 Issue XI Nov 2025- Available at www.ijraset.com

Theorem-4.7: Let f: A — A’ be a function from a lattice A to another latticeA’. Also,D,, D, are two fermat’z fuzzy subsets of A
andD’;, D', are two fermat’z fuzzy subsets of A’. Then
() D,€ D, =f (D))< f(D,)
(i) D’y €D, =>f"H(D")) € f7H(D',)
Proof: Let D; = {(¢,,J;:(¢,), K, (6;) /¢, € A)}and D, = {(¢,,J,(e,), K, (6,) /¢, € A)} be two fermat’z fuzzy subsets of A. Then
D;E D, =1J;"(g,) < J,"(62) and K, "(6;) = K, (g,).
So, f(D;) = {(m,f(JI“)(x),f(KI“)(x))/m € A’} and
f(D,) = {(m,f(JZ“)(x),f(KZ“)(x))/m S A’}-
Now, f(J;")(t) = ${J,"(e;) /¢, € 71 (8)}
<8{),"(¢;) /¢, € fH(t)}
= QMM as);"(6;) < J,"(62).
Also, f(K;M)(1) = T{K,"(¢;) /¢, € f ()}
= T{K,"(¢;) /¢, € f1(t)}
= FKMD(®) asK;"(g2) = K, (6,).
Hence, f(D;)< f(D,).
Likewise, we can demonstrate other condition (ii).

V.  CONCLUSION
To summarize up, our study investigate the complex characteristics of fermat’z fuzzy ideals and sub lattices. We defined operations
for these fuzzy ideals and proved their preservation in distributive lattices. We also performed a thorough examination of fermat’z
fuzzy ideals homomorphic images and pre-images, which resulted in the creation of invariant Fermat’s fuzzy sets. This work
culminated in establishing a correspondence theorem that connects the f-invariant fermat’z fuzzy ideals of a lattice to its
homomorphic image.

VI. FUTURE WORK
Our efforts aim to build on this basis work by extending various uncertainty sets to further develop Lattice theory, building on the
foundations laid this study.
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