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Abstract: Most commercial industries now encourage environmentally friendly or green products since they are safe for the 
environment in their creation, use, and disposal. Eco-friendly items serve an important role in decreasing pollution both during 
production and recycling. To ensure client happiness, most branded products are developed in an environmentally friendly 
manner. This research proposes a cost-effective manufacturing quantity model that promotes high-quality green products. To 
solve the model in a fuzzy sense, an extension of the lagrangian method is applied. The parameters are expressed as a fuzzy 
pentagonal number. Defuzzification is accomplished using the graded mean integration approach. To demonstrate the model, a 
numerical example is provided. 
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I. INTRODUCTION 
The management of manufacturing inventory is heavily weighted in favour of the company's profit and customer acquisition. 
Controlling the quantity of a product is a method of inspecting raw materials, work-in-progress, and finished goods in a methodical 
manner. Apart from inspecting for defective materials as part of quality control, the degree of pollution must also be assessed to 
make environmentally friendly products, as most consumers are now interested in eco-friendly commodities. This model 
incorporates the concept of green quality product into a fuzzy EPQ model. The product cost parameters are represented as 
pentagonal fuzzy numbers. 
Inventory models were created with the primary goal of calculating the best quantity to order and the best timing to place the orders. 
In 1913, Harris [2] created the first economic ordering quantity (EOQ) inventory model, which includes ordering and holding 
expenses. By incorporating the fraction of real ideal time spent in the production process, Taft [3] changed this model to the 
economic production quantity (EPQ) model in 1918. Deterministic inventory models were developed first, then probabilistic and 
fuzzy inventory models were developed to deal with unpredictable scenarios. Inventory fluctuations result in shortages or surpluses, 
which is a very typical occurrence. To deal with such situations, Drenzer [4], Goyal [5], and Gurgani [6] outlined the shortage, 
partial backlog, and complete backlog inventory models, and Goyal fused the notion of trade credit and price measures to the 
inventory model in 1985. Jamal [7], Chang [8], Jaggi [9], and Shah [10] expanded these trade credit inventory models. In general, a 
production organisation obtains input from a variety of sources; but, if customer satisfaction declines, procurement is moved to a 
different source for quality control, resulting in product switching costs. In addition, the manufacturing process is not a one-step 
process. It is divided into three stages: pre-production, production, and post-production. All of the production-related activities in 
the three processes must be coordinated and closely monitored in order to produce green-quality products. 
 

II. DEFINITIONS 
A. Fuzzy Set 
A fuzzy set ܣሚ in a universe of discourse X is defined as the following set of pairs ܣሚ = ,ݔ)} :(ݔ)஺෨ߤ ܺ:஺෨ߤ Here.{(ܺ߳ݔ → [0,1]is a 
mapping called the membership value of x X in a fuzzy set ܣ෩ .  
 
B. Graded Mean Integration Representation Method 
If ܣሚ  = (ܽଵ , ܽଶ , ܽଷ , ܽସ , ܽହ)  is a pentagonal fuzzy number then the graded mean representation (GMIR) method of ܣሚ is defined as 
 
࣪൫ܣሚ൯ = ଵ

ଵଶ
(ܾଵ + 3ܾଶ + 4ܾଷ + 3ܾସ + ܾହ)  
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C. Pentagonal Fuzzy Number 
A fuzzy number ܣሚ  = (ܽଵ , ܽଶ , ܽଷ , ܽସ , ܽହ) where ܽଵ  < ܽଶ <  ܽଷ <  ܽସ < ܽହ are defined on R is called pentagonal fuzzy number if 
its membership function is  

(ݔ)஺෨ߤ =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
(ݔ)ଵܮ⎧ =  

ݔ − ܽ
ܾ − ܽ  ,ܽ ≤ ݔ ≤ ܾ

(ݔ)ଶܮ =  
ݔ − ܽ
ܾ − ܽ  , ܾ ≤ ݔ ≤ ܿ

ݔ                                1 = ܿ

(ݔ)ଶܮ =  
݀ − ݔ
݀ − ܿ  , ܿ ≤ ݔ ≤ ݀

(ݔ)ଶܮ =  
݁ − ݔ
݁ − ݀  , ݀ ≤ ݔ ≤ ݁

݁ݏ݅ݓݎℎ݁ݐ݋                          0

 

 
D. Arithmetic Operations under Function Principle 
The arithmetic operations between pentagonal fuzzy numbers proposed are given below.  
Let us consider ܣሚ  = (ܽଵ ,ܽଶ , ܽଷ , ܽସ , ܽହ)and ܤ෨   = (ܾଵ ,ܾଶ , ܾଷ , ܾସ ,ܾହ)be two pentagonal fuzzy numbers.  
 The addition of   ܣሚ ⊕ ܤ෨  = (ܽଵ + ܾଵ  ,ܽଶ  + ܾଶ  , ܽଷ + ܾଷ , ܽସ  +  ܾସ ,ܽହ  +  ܾହ)  
 The subtraction of ܣሚ ⊝ ܤ෨  = (ܽଵ −  ܾହ  ,ܽଶ  −  ܾସ  , ܽଷ −  ܾଷ , ܽସ  −  ܾଶ ,ܽହ  −  ܾଵ) 

 The multiplication of A and B is ܣሚ ෨ܤ  ⊗  = (ܽଵܾଵ  ,ܽଶܾଶ  , ܽଷ ܾଷ , ܽସ ܾସ ,ܽହ ܾହ)  

 The division of A  and B  is ܣሚ ⊘ ܤ෨  ቀ௔భ
௕ఱ

 , ௔మ
௕ర

 , ௔య
௕య

 , ௔ర
௕మ

 , ௔ఱ
௕భ

 ቁ 

E. Extension of the Lagrangean Method 
Taha discussed how to solve the optimum solution of nonlinear programming problem with equality constraints by using 
Lagrangean Method, and showed how the Lagrangean method may be extended to solve inequality constraints. The general idea of 
extending the Lagrangean procedure is that in the unconstrained optimum the problem does not satisfy all constraints, the 
constrained optimum must occur at a boundary point of the solution space. Suppose that the problem is given by Minimize y = f(x) 
Subject to gi(x) ≥0, i = 1,2, …. m. The non-negativity constraints x ≥0 if any are included in them constraints. Then the procedure of 
the Extension of the Lagrangean method involves the following steps. 
1) Step 1: Solve the unconstrained problem Min y = f(x) If the resulting optimum satisfies all the constraints, stop because all 

constraints are redundant. Otherwise, set k = 1 and go to step 2. 
2) Step 2: Activate any k constraints (i. e., convert them into equality) and optimize f(x) subject to the k active constraints by the 

Lagrangean method. If the resulting solution is feasible with respect to the remaining constraints and repeat the step. If all sets 
of active constraints taken k at a time are considered without encountering a feasible solution, go to step 3. 

3) Step 3: If K = m, stop; no feasible solution exists. Otherwise, set k = k + 1 and go to step 2. 
 
F. Assumptions 
 The pace of demand is constant and higher than the rate of production.  
 The switching costs occur regardless of the nature of the input or the machinery. 
 There is a predetermined lead time. 
 
G. Notations 
 Demand per unit time – ࣽݏ
ࣛ – Production per unit of time 
ℊ - ࣽݏൗࣛ  
1− ℊ  - The production of time the production process spends actually idling 
ℋ - Fixed ordering cost 
ࣹ – Holding cost per unit per unit of time 
ℐࣸ – Initialisation cost for pre production process 
ℳࣻ – Inspection costs of inputs 
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ℒउ – Inspection cost of machinery 
ℛࣻ – Procedural switching cost for input 
ࣤउ – Procedural switching cost for machinery 
ℬࣻ – Relative switching cost for input 
࣫उ – Relative switching cost for machinery 
 ℱࣻ – financial switching cost for input 
उࣨ – financial switching cost for machinery 

ࣱࣻ – Cost of procuring new inputs 
उࣰ – Cost of installing efficient machinery 
࣭ऊ  - Initialization cost for production process 
ℓ࣪ - Production cost per cycle 

ℐࣝ – Quality evaluation cost before packing 
ℳअ - Procedural switching cost for enhancing the product’s quality after production process 
ࣞइ - Relative switching cost for enhancing the product’s quality after production process 
࣡ँ - Financial switching cost for enhancing the product’s quality after production process 

ℴ࣮  - Initialization cost for post-production process 
ℯࣥ - Screening cost of the products 
ࣱࣾ - Rework costs of the defective items 

ࣺࣴ - Delivery cost of the products per unit per unit of time 
࣭ई - Waste processing costs before disposal 
ࣨं  - Disposal costs of the waste of all forms 
 
H. Formulation of the crisp Model 
The total cost per unit of time is ࡯ࢀ =  
ࣹ ࣶࣝ  (ଵିℊ)

ଶ
+ ௦ࣽ  

ࣶࣝ
 ൫ℋ + ℐࣸ +ℳࣻ +  ℒउ + ℛࣻ +  ࣤउ + ℬࣻ + ࣫उ + ℱࣻ + उࣨ +  ࣱࣻ + उࣰ + ࣭ऊ + ℓ࣪ +  ℐࣝ + ℳअ +ࣞइ + ࣡ँ + ℴ࣮ +

ℯࣥ + ࣱࣾ + ࣺࣴ + ࣭ई + ࣨं ൯ -------------------- (1) 

Differentiating (1) with respect to ࣶࣝ,డ ்஼
డࣶࣝ

= 0  

ࣹ  (1− ℊ)
2 =  

ࣽݏ  
ࣶࣝଶ

 ൫ℋ + ℐࣸ +ℳࣻ +  ℒउ +  ℛࣻ +  ࣤउ +  ℬࣻ + ࣫उ + ℱࣻ + उࣨ +  ࣱࣻ + उࣰ + ࣭ऊ + ℓ࣪ +  ℐࣝ + ℳअ +ࣞइ + ࣡ँ + ℴ࣮

+ ℯࣥ + ࣱࣾ + ࣺࣴ + ࣭ई + ࣨं ൯ 

ࣶࣝ =  
ඩ2 ࣽݏ  ൬

ℋ + ℐࣸ +ℳࣻ +  ℒउ +  ℛࣻ +  ࣤउ +  ℬࣻ + ࣫उ +ℱࣻ + उࣨ +  ࣱࣻ + उࣰ
+࣭ऊ + ℓ࣪ +  ℐࣝ + ℳअ +ࣞइ + ࣡ँ + ℴ࣮ + ℯࣥ + ࣱࣾ + ࣺࣴ + ࣭ई + ࣨं ൰

ࣹ  (1 −ℊ)  

         -------------------- (2) 
I. Formulation of the Equation in Fuzzy Model 
We fuzzify the total cost in the equation (1) ࡯ࢀ =   
ሚࣹ ࣝ෪ࣶ  (ଵିℊ෥)

ଶ
+ ௦ࣽ  

ࣝ෪ࣶ
 ൫ℋ෩ + ℐ෩ࣸ +ℳଛ෪ +  ℒउ෪ +  ℛଛ෪ +  ࣤउ෪ +  ℬଛ෪ + ࣫उ෪  + ℱଛ෩ + उࣨ෪ +  ଛࣱ෪ + उࣰ෪ + ࣭ऊ෪ + ℓ࣪෪ +  ℐ෩ࣝ +ℳअ෪ + ࣞइ෪ + ࣡෪ँ + ℴ࣮෪ +

ℯࣥ෪ + ࣱࣾ෪ + ࣴ෪ࣺ + ࣭ई෪ + ࣨं෪ ൯  

Then,  ℋ෩ =   (ℋଵ,ℋଶ,ℋଷ,ℋସ,ℋହ)         ℐ෩ࣸ =   ቀℐࣸଵ, ℐࣸଶ,ℐࣸଷ, ℐࣸସ,ℐࣸହቁ  

ℳࣻ =  ቀℳࣻଵ,ℳࣻଶ,ℳࣻଷ,ℳࣻସ
,ℳࣻହቁ         ℒउ෪ =  ቀℒउଵ,ℒउଶ,ℒउଷ,ℒउ

ସ
,ℒउହቁ 

ℛଛ෪ =  (ℛଵ,ℛଶ,ℛଷ,ℛସ,ℛହ)                 ࣤउ෪ =  ቀࣤउଵ,ࣤउଶ,ࣤउଷ,ࣤउ
ସ

,ࣤउହቁ 

 ℬଛ෪ =  ቀℬࣻଵ,ℬࣻଶ,ℬࣻଷ,ℬࣻସ,ℬࣻହቁ                  ࣫उ෪ =  ቀ࣫उଵ,࣫उଶ,࣫उଷ,࣫उ
ସ

,࣫उହቁ 

ℱଛ෩ =  ቀℱࣻଵ,ℱࣻଶ,ℱࣻଷ,ℱࣻସ,ℱࣻହቁ                     उࣨ෪ =  ቀ उࣨଵ
, उࣨଶ

, उࣨଷ
, उࣨ

ସ
, उࣨହ

ቁ 
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ଛࣱ෪ =  ቀ ࣱࣻଵ, ࣱࣻଶ, ࣱࣻଷ, ࣱࣻସ
, ࣱࣻହቁ             उࣰ෪ =  ቀ उࣰଵ

, उࣰଶ
, उࣰଷ

, उࣰ
ସ

, उࣰହ
ቁ 

࣭ऊ෪ =  ቀ࣭ऊଵ,࣭ऊଶ,࣭ऊଷ,࣭ऊସ,࣭ऊହቁ                      ℓ࣪෪ =  ቀ ℓ࣪ଵ, ℓ࣪ଶ, ℓ࣪ଷ, ℓ࣪ସ
, ℓ࣪ହቁ 

ℐ෩ࣝ =  ቀℐࣝଵ,ℐࣝଶ, ℐࣝଷ, ℐࣝସ, ℐࣝହቁ                         ℳअ෪ =  ቀℳअଵ,ℳअଶ,ℳअଷ,ℳअସ
,ℳअହቁ 

ࣞइ෪ =  ቀࣞइଵ,ࣞइଶ,ࣞइଷ,ࣞइସ
,ࣞइହቁ          ࣡෪ँ =  ቀ࣡ँଵ,࣡ँଶ,࣡ँଷ,࣡ँ

ସ
,࣡ँହቁ 

ℴ࣮෪ =  ቀ ℴ࣮ଵ, ℴ࣮ଶ, ℴ࣮ଷ, ℴ࣮ସ
, ℴ࣮ହቁ                      ℯࣥ෪ =  ቀ ℯࣥଵ, ℯࣥଶ, ℯࣥଷ, ℯࣥସ

, ℯࣥହቁ 

ࣱࣾ෪ =  ቀ ࣱࣾଵ, ࣱࣾଶ, ࣱࣾଷ, ࣱࣾସ
, ࣱࣾହቁ  ࣴ෪ࣺ =  ቀࣺࣴଵ,ࣺࣴଶ,ࣺࣴଷ,ࣺࣴସ,ࣺࣴହቁ 

࣭ई෪ =  ቀ࣭ईଵ,࣭ईଶ,࣭ईଷ,࣭ईସ,࣭ईହቁ                     ࣨं෪ =  ቀࣨं ଵ, ࣨं ଶ,ࣨं ଷ, ࣨं
ସ

,ࣨं ହቁ 
ሚࣹ =  ( ଵࣹ,ࣹଶ,ࣹଷ,ࣹସ,ࣹହ)                                      ℊ෥ =   (ℊଵ,ℊଶ,ℊଷ,ℊସ,ℊହ) 

Are non- negative pentagonal fuzzy numbers 
By graded mean integration formula, ࣪൫ℬ෩൯ = ଵ

ଵଶ
(ܾଵ + 3ܾଶ + 4ܾଷ + 3ܾସ + ܾହ) 

we write the fuzzified total cost as, 

 ൫ܶܥ෪൯ =

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 + ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ +ℳࣻଵ + ℒउଵ + ℛࣻଵ +  ࣤउଵ + ℬࣻଵ + ࣫उଵ +ℱࣻଵ + उࣨଵ

+ ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ +  ℐࣝଵ + ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ℯࣥଵ + ࣱࣾଵ +ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ ,

ࣹమ ࣶࣝమ (ଵିℊమ)
ଶ

 + ௦ࣽ  
ࣶࣝర

ቆ
ℋଶ + ℐࣸଶ + ℳࣻଶ + ℒउଶ + ℛࣻଶ +  ࣤउଶ + ℬࣻଶ + ࣫उଶ + ℱࣻଶ + उࣨଶ

+ ࣱࣻଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ +ℳअଶ + ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ℯࣥଶ + ࣱࣾଶ +ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ ,

ࣹయ ࣶࣝయ (ଵିℊయ)
ଶ

 + ௦ࣽ  
ࣶࣝయ

ቆ
ℋଷ + ℐࣸଷ +ℳࣻଷ + ℒउଷ + ℛࣻଷ + ࣤउଷ + ℬࣻଷ + ࣫उଷ +ℱࣻଷ + उࣨଷ

+ ࣱࣻ ଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ +ℳअଷ + ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ℯࣥଷ + ࣱࣾଷ +ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ ,

ࣹర ࣶࣝర (ଵିℊర)
ଶ

 + ௦ࣽ  
ࣶࣝమ

ቆ
ℋସ + ℐࣸସ +ℳࣻସ + ℒउସ + ℛࣻସ + ࣤउସ + ℬࣻସ + ࣫उସ +ℱࣻସ + उࣨସ

+ ࣱࣻ ସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ +ℳअସ + ࣞइସ + ࣡ँସ + ℴ࣮ସ + ℯࣥସ + ࣱࣾସ +ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ ,

ࣹఱ ࣶࣝఱ (ଵିℊఱ)
ଶ

 + ௦ࣽ  
ࣶࣝభ

ቆ
ℋହ + ℐࣸହ +ℳࣻହ + ℒउହ + ℛࣻହ +  ࣤउହ + ℬࣻହ + ࣫उହ +ℱࣻହ + उࣨହ

+ ࣱࣻ ହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ + ℐࣝହ +ℳअହ + ࣞइହ + ࣡ँହ + ℴ࣮ହ + ℯࣥହ + ࣱࣾହ +ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

  

Now let us defuzzify the total cost, then we have, ऀ[TC(ࣶࣝ)]෫ = 

ଵ
ଵଶ

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 + ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ +ℳࣻଵ + ℒउଵ + ℛࣻଵ + ࣤउଵ +  ℬࣻଵ + ࣫उଵ +ℱࣻଵ + उࣨଵ

+ ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ + ℐࣝଵ + ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ℯࣥଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ+ 

3 ቈࣹమ ࣶࣝమ (ଵିℊమ)
ଶ

 + ௦ࣽ  
ࣶࣝర

ቆ
ℋଶ + ℐࣸଶ + ℳࣻଶ + ℒउଶ + ℛࣻଶ +  ࣤउଶ + ℬࣻଶ + ࣫उଶ +ℱࣻଶ + उࣨଶ

+ ࣱࣻ ଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ + ℳअଶ + ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ℯࣥଶ + ࣱࣾଶ +ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉+

4 ቈࣹయ ࣶࣝయ (ଵିℊయ)
ଶ

 + ௦ࣽ  
ࣶࣝయ

ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ + ℒउଷ + ℛࣻଷ +  ࣤउଷ + ℬࣻଷ + ࣫उଷ +ℱࣻଷ + उࣨଷ

+ ࣱࣻ ଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ + ℳअଷ + ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ℯࣥଷ + ࣱࣾଷ +ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉+

3 ቈࣹర ࣶࣝర (ଵିℊర)
ଶ

 + ௦ࣽ  
ࣶࣝమ

ቆ
ℋସ + ℐࣸସ + ℳࣻସ + ℒउସ + ℛࣻସ + ࣤउସ + ℬࣻସ + ࣫उସ +ℱࣻସ + उࣨସ

+ ࣱࣻ ସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ + ℳअସ + ࣞइସ + ࣡ँସ + ℴ࣮ସ + ℯࣥସ + ࣱࣾସ +ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉+

ࣹఱ ࣶࣝఱ (ଵିℊఱ)
ଶ

 + ௦ࣽ  
ࣶࣝభ

ቆ
ℋହ + ℐࣸହ + ℳࣻହ + ℒउହ + ℛࣻହ + ࣤउହ +ℬࣻହ + ࣫उହ + ℱࣻହ + उࣨହ

+ ࣱࣻ ହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ +  ℐࣝହ +ℳअହ +ࣞइହ + ࣡ँହ + ℴ࣮ହ + ℯࣥହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

  

          
III. SOLUTION METHODOLOGY USING LAGRANGIAN METHOD: 

1) Step1 

ऀ[TC(ࣶࣝ)]෫ =
1

12

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ଵࣹ ࣶࣝଵ (1 − ℊଵ)

2
 +  

ࣽݏ  
ࣶࣝହ

ቆ
ℋଵ + ℐࣸଵ + ℳࣻଵ +  ℒउଵ +  ℛࣻଵ +  ࣤउଵ +  ℬࣻଵ + ࣫उଵ + ℱࣻଵ + उࣨଵ

+  ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ + ℐࣝଵ + ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ࣥℯଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ + 

3 ቈ
ࣹଶ ࣶࣝଶ (1 − ℊଶ)

2
 +  

ࣽݏ  
ࣶࣝସ

ቆ
ℋଶ + ℐࣸଶ + ℳࣻଶ + ℒउଶ + ℛࣻଶ +  ࣤउଶ + ℬࣻଶ + ࣫उଶ + ℱࣻଶ + उࣨଶ

+  ࣱࣻଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ + ℳअଶ + ࣞइଶ + ࣡ँଶ + ℴ࣮ ଶ + ࣥℯଶ + ࣱࣾଶ + ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉ +

4 ቈ
ࣹଷ ࣶࣝଷ (1 − ℊଷ)

2
 +  

ࣽݏ  
ࣶࣝଷ

ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ +  ℒउଷ +  ℛࣻଷ +  ࣤउଷ + ℬࣻଷ + ࣫उଷ + ℱࣻଷ + उࣨଷ

+  ࣱࣻଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ + ℳअଷ + ࣞइଷ + ࣡ँଷ + ℴ࣮ ଷ + ࣥℯଷ + ࣱࣾଷ + ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉ +

3 ቈ
ࣹସ ࣶࣝସ (1 − ℊସ)

2
 +  

ࣽݏ  
ࣶࣝଶ

ቆ
ℋସ + ℐࣸସ + ℳࣻସ +  ℒउସ + ℛࣻସ + ࣤउସ + ℬࣻସ + ࣫उସ + ℱࣻସ + उࣨସ

+ ࣱࣻସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ + ℳअସ + ࣞइସ + ࣡ँସ + ℴ࣮ ସ + ࣥℯସ + ࣱࣾସ + ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉ +

ࣹହ ࣶࣝହ (1 − ℊହ)
2

 + 
 ࣽݏ
ࣶࣝଵ

ቆ
ℋହ + ℐࣸହ + ℳࣻହ + ℒउହ + ℛࣻହ +  ࣤउହ + ℬࣻହ + ࣫उହ + ℱࣻହ + उࣨହ

+ ࣱࣻହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ +  ℐࣝହ + ℳअହ + ࣞइହ + ࣡ँହ + ℴ࣮ହ + ࣥℯହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫
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With 0< ࣶࣝଵ ≤  ࣶࣝଶ ≤  ࣶࣝଷ  ≤  ࣶࣝସ  ≤  ࣶࣝହ,ࣶࣝଶ −  ࣶࣝଵ ≥ 0 , ࣶࣝଷ −  ࣶࣝଶ ≥ 0, ࣶࣝସ −  ࣶࣝଷ ≥ 0, ࣶࣝହ  −  ࣶࣝସ ≥ 0,and ࣶࣝଵ > 0                                               --------
---------------- (3)   
Now differentiating (3) partially with respect to ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ܽ݊݀ ࣶࣝହ and equating to zero, we get  

ࣶࣝଵ =  ඨ
 ଶ  ௦ࣽ  ቆ

ℋఱାℐࣸఱାℳࣻఱାℒउఱା ℛࣻఱା ࣤउఱାℬࣻఱା࣫उఱାℱࣻఱା उࣨఱା ࣱࣻఱା उࣰఱ
ା࣭ऊఱା࣪ℓఱା ℐࣝఱାℳअఱାࣞइఱା࣡ँఱା ℴ࣮ఱା ℯࣥఱାࣱࣾఱାࣺࣴఱା࣭ईఱାࣨं ఱ

ቇ

ࣹభ  (ଵିℊభ)   

ࣶࣝଶ =  ඨ
 ଶ   ቈ ଷ ௦ࣽ  ቆ

ℋరାℐࣸరାℳࣻరା ℒउరାℛࣻరାࣤउరା ℬࣻరା࣫उరାℱࣻరା उࣨరା ࣱࣻరା उࣰర
ା࣭ऊరା࣪ℓరା ℐࣝరାℳअరାࣞइరା࣡ँరା ℴ࣮రା ℯࣥరାࣱࣾరାࣺࣴరା࣭ईరାࣨं ర

ቇ቉

ଷ ࣹమ  (ଵିℊమ)   

ࣶࣝଷ =  ඨ
 ଶ  ቈସ ௦ࣽ  ቆ

ℋయାℐࣸయାℳࣻయା ℒउయା ℛࣻయା ࣤउయାℬࣻయା࣫उయାℱࣻయା उࣨయା ࣱࣻయା उࣰయ
ା࣭ऊయା࣪ℓయା ℐࣝయାℳअయାࣞइయା࣡ँయା ℴ࣮యା ℯࣥయାࣱࣾయାࣺࣴయା࣭ईయାࣨं య

ቇ቉

ସ ࣹయ  (ଵିℊయ)   

ࣶࣝସ =  ඨ
 ଶ  ቈଷ ௦ࣽ  ቆ

ℋమାℐࣸమାℳࣻమା ℒउమା ℛࣻమା ࣤउమା ℬࣻమା࣫उమାℱࣻమା उࣨమା ࣱࣻమା उࣰమ
ା࣭ऊమା࣪ℓమା ℐࣝమାℳअమାࣞइమା࣡ँమା ℴ࣮మା ℯࣥమାࣱࣾమାࣺࣴమା࣭ईమାࣨं మ

ቇ቉

ଷ ࣹర  (ଵିℊర)   

ࣶࣝହ =  ඨ
 ଶ  ௦ࣽ  ቆ

ℋభାℐࣸభାℳࣻభା ℒउభା ℛࣻభା ࣤउభା ℬࣻభା࣫उభାℱࣻభା उࣨభା ࣱࣻభା उࣰభ
ା࣭ऊభା࣪ℓభା ℐࣝభାℳअభାࣞइభା࣡ँభା ℴ࣮భା ℯࣥభାࣱࣾభାࣺࣴభା࣭ईభାࣨं భ

ቇ

ࣹఱ  (ଵିℊఱ)   

As the above results shows that ࣶࣝଵ > ࣶࣝଶ , ࣶࣝଶ > ࣶࣝଷ , ࣶࣝଷ > ࣶࣝସ and ࣶࣝସ > ࣶࣝହ,  
it does not satisfy the constraints 0< ࣶࣝଵ ≤  ࣶࣝଶ ≤  ࣶࣝଷ  ≤  ࣶࣝସ  ≤  ࣶࣝହ. Hence it is not a                                                                                                                              
local optimum. 
 
2) Step 2 
Convert the inequality constraint  ࣶࣝଶ −  ࣶࣝଵ ≥ 0  into equality constraint ࣶࣝଶ −  ࣶࣝଵ = 0. 
Then by the Lagrangean method, we have the Lagrangean function as  ܮ ൫ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣ൯ =  ऀ[TC(ࣶࣝ)]෫ −
൫ࣶࣝଶߣ   −  ࣶࣝଵ൯ 
Hence, ऀ[TC(ࣶࣝ)]෫ − ൫ࣶࣝଶߣ   −  ࣶࣝଵ൯ = 

ଵ
ଵଶ

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 +  ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ +ℳࣻଵ +  ℒउଵ +  ℛࣻଵ +  ࣤउଵ +  ℬࣻଵ + ࣫उଵ +ℱࣻଵ + उࣨଵ

+  ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ + ℐࣝଵ +ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ℯࣥଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ+ 

3 ቈࣹమ ࣶࣝమ (ଵିℊమ)

ଶ
 +  ௦ࣽ  

ࣶࣝర
ቆ
ℋଶ + ℐࣸଶ +ℳࣻଶ +  ℒउଶ +  ℛࣻଶ +  ࣤउଶ +  ℬࣻଶ + ࣫उଶ +ℱࣻଶ + उࣨଶ

+  ࣱࣻଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ +ℳअଶ +ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ℯࣥଶ + ࣱࣾଶ + ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉+

4 ቈ
ࣹయ ࣶࣝయ (ଵିℊయ)

ଶ
 +  ௦ࣽ  

ࣶࣝయ
ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ + ℒउଷ +  ℛࣻଷ +  ࣤउଷ + ℬࣻଷ + ࣫उଷ + ℱࣻଷ + उࣨଷ

+ ࣱࣻଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ +ℳअଷ +ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ℯࣥଷ + ࣱࣾଷ + ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉+

3 ቈࣹర ࣶࣝర (ଵିℊర)

ଶ
 +  ௦ࣽ  

ࣶࣝమ
ቆ
ℋସ + ℐࣸସ +ℳࣻସ +  ℒउସ +ℛࣻସ + ࣤउସ +  ℬࣻସ + ࣫उସ +ℱࣻସ + उࣨସ

+  ࣱࣻସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ +ℳअସ +ࣞइସ + ࣡ँସ + ℴ࣮ସ + ℯࣥସ + ࣱࣾସ + ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉+

ࣹఱ ࣶࣝఱ (ଵିℊఱ)

ଶ
 +  ௦ࣽ  

ࣶࣝభ
ቆ
ℋହ + ℐࣸହ +ℳࣻହ + ℒउହ +  ℛࣻହ +  ࣤउହ + ℬࣻହ + ࣫उହ +ℱࣻହ + उࣨହ

+  ࣱࣻହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ + ℐࣝହ +ℳअହ +ࣞइହ + ࣡ँହ + ℴ࣮ହ + ℯࣥହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

  

൫ࣶࣝଶߣ  −           −  ࣶࣝଵ൯------------------------(4) 
 
 
Differentiating (4) partially with respect to ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣ and equating to zero, we get 

ࣶࣝଵ =  ࣶࣝଶ =
ඪ ଶ  

⎣
⎢
⎢
⎢
⎡ ௦ࣽ  ቆ

ℋఱାℐࣸఱାℳࣻఱାℒउఱା ℛࣻఱା ࣤउఱାℬࣻఱା࣫उఱାℱࣻఱା उࣨఱା ࣱࣻఱା उࣰఱ
ା࣭ऊఱା࣪ℓఱା ℐࣝఱାℳअఱାࣞइఱା࣡ँఱା ℴ࣮ఱା ℯࣥఱାࣱࣾఱାࣺࣴఱା࣭ईఱାࣨं ఱ

ቇ

ା ଷ ௦ࣽ  ቆ
ℋరାℐࣸరାℳࣻరା ℒउరାℛࣻరାࣤउరା ℬࣻరା࣫उరାℱࣻరା उࣨరା ࣱࣻరା उࣰర
ା࣭ऊరା࣪ℓరା ℐࣝరାℳअరାࣞइరା࣡ँరା ℴ࣮రା ℯࣥరାࣱࣾరାࣺࣴరା࣭ईరାࣨं ర

ቇ
⎦
⎥
⎥
⎥
⎤

ࣹభ  (ଵିℊభ)ାଷ ࣹమ   (ଵିℊమ)    

ࣶࣝଷ =  ඨ
 ଶ  ቈସ ௦ࣽ  ቆ

ℋయାℐࣸయାℳࣻయା ℒउయା ℛࣻయା ࣤउయାℬࣻయା࣫उయାℱࣻయା उࣨయା ࣱࣻయା उࣰయ
ା࣭ऊయା࣪ℓయା ℐࣝయାℳअయାࣞइయା࣡ँయା ℴ࣮యା ℯࣥయାࣱࣾయାࣺࣴయା࣭ईయାࣨं య

ቇ቉

ସ ࣹయ  (ଵିℊయ)   
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ࣶࣝସ =  ඨ
 ଶ  ቈଷ ௦ࣽ  ቆ

ℋమାℐࣸమାℳࣻమା ℒउమା ℛࣻమା ࣤउమା ℬࣻమା࣫उమାℱࣻమା उࣨమା ࣱࣻమା उࣰమ
ା࣭ऊమା࣪ℓమା ℐࣝమାℳअమାࣞइమା࣡ँమା ℴ࣮మା ℯࣥమାࣱࣾమାࣺࣴమା࣭ईమାࣨं మ

ቇ቉

ଷ ࣹర  (ଵିℊర)   

ࣶࣝହ =  ඨ
 ଶ  ௦ࣽ  ቆ

ℋభାℐࣸభାℳࣻభା ℒउభା ℛࣻభା ࣤउభା ℬࣻభା࣫उభାℱࣻభା उࣨభା ࣱࣻభା उࣰభ
ା࣭ऊభା࣪ℓభା ℐࣝభାℳअభାࣞइభା࣡ँభା ℴ࣮భା ℯࣥభାࣱࣾభାࣺࣴభା࣭ईభାࣨं భ

ቇ

ࣹఱ  (ଵିℊఱ)   

Here, ࣶࣝଷ > ࣶࣝସ, ࣶࣝସ > ࣶࣝହ. It does not satisfy the constraint 0< ࣶࣝଵ ≤  ࣶࣝଶ ≤  ࣶࣝଷ  ≤  ࣶࣝସ  ≤  ࣶࣝହ, therefore it is not a local 
optimum. 
 
3) Step 3 
Convert the inequality constraints ࣶࣝଶ −  ࣶࣝଵ ≥ 0 and ࣶࣝଷ −  ࣶࣝଶ ≥ 0 into equality constraints ࣶࣝଶ −  ࣶࣝଵ = 0 and ࣶࣝଷ −  ࣶࣝଶ =
0 .Optimize  ऀ[TC(ࣶࣝ)]෫  subject to ࣶࣝଶ −  ࣶࣝଵ = 0 and ࣶࣝଷ −  ࣶࣝଶ = 0 by the Lagrangean method. Then the Lagrangean function 
is ܮ ൫ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣଵ,ߣଶ൯ = ऀ[TC(ࣶࣝ)]෫ ଵ൫ ࣶࣝଶߣ− −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯. 
 
Hence ऀ[TC(ࣶࣝ)]෫  − ଵ൫ ࣶࣝଶߣ   −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯ = 

ଵ
ଵଶ

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 +  ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ +ℳࣻଵ +  ℒउଵ +  ℛࣻଵ +  ࣤउଵ +  ℬࣻଵ + ࣫उଵ +ℱࣻଵ + उࣨଵ

+  ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ + ℐࣝଵ +ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ℯࣥଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ+ 

3 ቈࣹమ ࣶࣝమ (ଵିℊమ)

ଶ
 +  ௦ࣽ  

ࣶࣝర
ቆ
ℋଶ + ℐࣸଶ +ℳࣻଶ +  ℒउଶ +  ℛࣻଶ +  ࣤउଶ +  ℬࣻଶ + ࣫उଶ +ℱࣻଶ + उࣨଶ

+  ࣱࣻଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ +ℳअଶ +ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ℯࣥଶ + ࣱࣾଶ + ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉+

4 ቈ
ࣹయ ࣶࣝయ (ଵିℊయ)

ଶ
 +  ௦ࣽ  

ࣶࣝయ
ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ + ℒउଷ +  ℛࣻଷ +  ࣤउଷ + ℬࣻଷ + ࣫उଷ + ℱࣻଷ + उࣨଷ

+ ࣱࣻଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ +ℳअଷ +ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ℯࣥଷ + ࣱࣾଷ + ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉+

3 ቈࣹర ࣶࣝర (ଵିℊర)

ଶ
 +  ௦ࣽ  

ࣶࣝమ
ቆ
ℋସ + ℐࣸସ +ℳࣻସ +  ℒउସ +ℛࣻସ + ࣤउସ +  ℬࣻସ + ࣫उସ +ℱࣻସ + उࣨସ

+  ࣱࣻସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ +ℳअସ +ࣞइସ + ࣡ँସ + ℴ࣮ସ + ℯࣥସ + ࣱࣾସ + ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉+

ࣹఱ ࣶࣝఱ (ଵିℊఱ)

ଶ
 +  ௦ࣽ  

ࣶࣝభ
ቆ
ℋହ + ℐࣸହ +ℳࣻହ + ℒउହ +  ℛࣻହ +  ࣤउହ + ℬࣻହ + ࣫उହ +ℱࣻହ + उࣨହ

+  ࣱࣻହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ + ℐࣝହ +ℳअହ +ࣞइହ + ࣡ँହ + ℴ࣮ହ + ℯࣥହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

  

ଵ൫ ࣶࣝଶߣ  − −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯ ------------------------ (5)    
 
Differentiating (5) partially with respect to ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣଵ,ߣଶ and equating to zero, we get 
ࣶࣝଵ =  ࣶࣝଶ =  ࣶࣝଷ 
 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

 ଶ  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ௦ࣽ  ቆ

ℋఱାℐࣸఱାℳࣻఱାℒउఱା ℛࣻఱା ࣤउఱାℬࣻఱା࣫उఱାℱࣻఱା उࣨఱା ࣱࣻఱା उࣰఱ
ା࣭ऊఱା࣪ℓఱା ℐࣝఱାℳअఱାࣞइఱା࣡ँఱା ℴ࣮ఱା ℯࣥఱାࣱࣾఱାࣺࣴఱା࣭ईఱାࣨं ఱ

ቇ

ା ଷ ௦ࣽ  ቆ
ℋరାℐࣸరାℳࣻరା ℒउరାℛࣻరାࣤउరା ℬࣻరା࣫उరାℱࣻరା उࣨరା ࣱࣻరା उࣰర
ା࣭ऊరା࣪ℓరା ℐࣝరାℳअరାࣞइరା࣡ँరା ℴ࣮రା ℯࣥరାࣱࣾరାࣺࣴరା࣭ईరାࣨं ర

ቇ

ାସ ௦ࣽ  ቆ
ℋయାℐࣸయାℳࣻయା ℒउయା ℛࣻయା ࣤउయାℬࣻయା࣫उయାℱࣻయା उࣨయା ࣱࣻయା उࣰయ
ା࣭ऊయା࣪ℓయା ℐࣝయାℳअయାࣞइయା࣡ँయା ℴ࣮యା ℯࣥయାࣱࣾయାࣺࣴయା࣭ईయାࣨं య

ቇ
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ࣹభ  (ଵିℊభ)ାଷ ࣹమ  (ଵିℊమ)ାସ ࣹయ  (ଵିℊయ)   

ࣶࣝସ =  ඨ
 ଶ  ቈଷ ௦ࣽ  ቆ

ℋమାℐࣸమାℳࣻమା ℒउమା ℛࣻమା ࣤउమା ℬࣻమା࣫उమାℱࣻమା उࣨమା ࣱࣻమା उࣰమ
ା࣭ऊమା࣪ℓమା ℐࣝమାℳअమାࣞइమା࣡ँమା ℴ࣮మା ℯࣥమାࣱࣾమାࣺࣴమା࣭ईమାࣨं మ

ቇ቉

ଷ ࣹర  (ଵିℊర)   

ࣶࣝହ =  ඨ
 ଶ  ௦ࣽ  ቆ

ℋభାℐࣸభାℳࣻభା ℒउభା ℛࣻభା ࣤउభା ℬࣻభା࣫उభାℱࣻభା उࣨభା ࣱࣻభା उࣰభ
ା࣭ऊభା࣪ℓభା ℐࣝభାℳअభାࣞइభା࣡ँభା ℴ࣮భା ℯࣥభାࣱࣾభାࣺࣴభା࣭ईభାࣨं భ

ቇ

ࣹఱ  (ଵିℊఱ)   

 
Here, ࣶࣝସ > ࣶࣝହ. It does not satisfy the constraints  0< ࣶࣝଵ ≤  ࣶࣝଶ ≤  ࣶࣝଷ  ≤  ࣶࣝସ  ≤  ࣶࣝହ. Therefore, it not a local optimum. 
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4) Step 4 
Convert the inequality constraints ࣶࣝଶ −  ࣶࣝଵ ≥ 0,ࣶࣝଷ −  ࣶࣝଶ ≥ 0 and ࣶࣝସ −  ࣶࣝଷ ≥ 0 into equality constraints ࣶࣝଶ −  ࣶࣝଵ =
0,ࣶࣝଷ −  ࣶࣝଶ = 0 and ࣶࣝସ −  ࣶࣝଷ = 0. Optimize ऀ[TC(ࣶࣝ)]෫  subject to ࣶࣝଶ −  ࣶࣝଵ = 0,ࣶࣝଷ −  ࣶࣝଶ = 0 and ࣶࣝସ −  ࣶࣝଷ = 0 by 
the Lagrangean method. Hence the Lagrangean function is given by  ܮ ൫ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣଵ,ߣଶ,ߣଷ൯ = ऀ[TC(ࣶࣝ)]෫ −
ଵ൫ ࣶࣝଶߣ −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯ 
Hence, ऀ[TC(ࣶࣝ)]෫  − ଵ൫ ࣶࣝଶߣ   −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯ = 

ଵ
ଵଶ

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 + ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ +ℳࣻଵ + ℒउଵ + ℛࣻଵ + ࣤउଵ +  ℬࣻଵ + ࣫उଵ +ℱࣻଵ + उࣨଵ

+ ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ + ℐࣝଵ + ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ℯࣥଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ+ 

3 ቈࣹమ ࣶࣝమ (ଵିℊమ)
ଶ

 + ௦ࣽ  
ࣶࣝర

ቆ
ℋଶ + ℐࣸଶ + ℳࣻଶ + ℒउଶ + ℛࣻଶ +  ࣤउଶ + ℬࣻଶ + ࣫उଶ +ℱࣻଶ + उࣨଶ

+ ࣱࣻ ଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ + ℐࣝଶ + ℳअଶ + ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ℯࣥଶ + ࣱࣾଶ +ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉+

4 ቈࣹయ ࣶࣝయ (ଵିℊయ)
ଶ

 + ௦ࣽ  
ࣶࣝయ

ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ + ℒउଷ + ℛࣻଷ +  ࣤउଷ + ℬࣻଷ + ࣫उଷ +ℱࣻଷ + उࣨଷ

+ ࣱࣻ ଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ + ℐࣝଷ + ℳअଷ + ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ℯࣥଷ + ࣱࣾଷ +ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉+

3 ቈࣹర ࣶࣝర (ଵିℊర)
ଶ

 + ௦ࣽ  
ࣶࣝమ

ቆ
ℋସ + ℐࣸସ + ℳࣻସ + ℒउସ + ℛࣻସ + ࣤउସ + ℬࣻସ + ࣫उସ +ℱࣻସ + उࣨସ

+ ࣱࣻ ସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ + ℐࣝସ + ℳअସ + ࣞइସ + ࣡ँସ + ℴ࣮ସ + ℯࣥସ + ࣱࣾସ +ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉+

ࣹఱ ࣶࣝఱ (ଵିℊఱ)
ଶ

 + ௦ࣽ  
ࣶࣝభ

ቆ
ℋହ + ℐࣸହ + ℳࣻହ + ℒउହ + ℛࣻହ + ࣤउହ +ℬࣻହ + ࣫उହ + ℱࣻହ + उࣨହ

+ ࣱࣻ ହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ +  ℐࣝହ +ℳअହ +ࣞइହ + ࣡ँହ + ℴ࣮ହ + ℯࣥହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
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⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫

  

ଵ൫ ࣶࣝଶߣ  −            −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯------------------------ (6)   
Differentiating (6) partially with respect to ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣଵ,ߣଶ, ߣଷ, and equating to zero, we get 
ࣶࣝଵ =  ࣶࣝଶ =  ࣶࣝଷ = ࣶࣝସ = 
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⃓⃓
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⃓⃓
⃓⃓
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ለ

 ଶ  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ௦ࣽ  ቆ

ℋఱାℐࣸఱାℳࣻఱାℒउఱା ℛࣻఱା ࣤउఱାℬࣻఱା࣫उఱାℱࣻఱା उࣨఱା ࣱࣻఱା उࣰఱ
ା࣭ऊఱା࣪ℓఱା ℐࣝఱାℳअఱାࣞइఱା࣡ँఱା ℴ࣮ఱା ℯࣥఱାࣱࣾఱାࣺࣴఱା࣭ईఱାࣨं ఱ

ቇ

ା ଷ ௦ࣽ  ቆ
ℋరାℐࣸరାℳࣻరା ℒउరାℛࣻరାࣤउరା ℬࣻరା࣫उరାℱࣻరା उࣨరା ࣱࣻరା उࣰర
ା࣭ऊరା࣪ℓరା ℐࣝరାℳअరାࣞइరା࣡ँరା ℴ࣮రା ℯࣥరାࣱࣾరାࣺࣴరା࣭ईరାࣨं ర

ቇ

ାସ ௦ࣽ  ቆ
ℋయାℐࣸయାℳࣻయା ℒउయା ℛࣻయା ࣤउయାℬࣻయା࣫उయାℱࣻయା उࣨయା ࣱࣻయା उࣰయ
ା࣭ऊయା࣪ℓయା ℐࣝయାℳअయାࣞइయା࣡ँయା ℴ࣮యା ℯࣥయାࣱࣾయାࣺࣴయା࣭ईయାࣨं య

ቇ

ାଷ ௦ࣽ  ቆ
ℋమାℐࣸమାℳࣻమା ℒउమା ℛࣻమା ࣤउమା ℬࣻమା࣫उమାℱࣻమା उࣨమା ࣱࣻమା उࣰమ
ା࣭ऊమା࣪ℓమା ℐࣝమାℳअమାࣞइమା࣡ँమା ℴ࣮మା ℯࣥమାࣱࣾమାࣺࣴమା࣭ईమାࣨं మ

ቇ
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ࣹభ  (ଵିℊభ)ାଷ ࣹమ   (ଵିℊమ)ାସ ࣹయ  (ଵିℊయ)ାଷ ࣹర   (ଵିℊర)   

ࣶࣝହ =  ඨ
 ଶ  ௦ࣽ  ቆ

ℋభାℐࣸభାℳࣻభା ℒउభା ℛࣻభା ࣤउభା ℬࣻభା࣫उభାℱࣻభା उࣨభା ࣱࣻభା उࣰభ
ା࣭ऊభା࣪ℓభା ℐࣝభାℳअభାࣞइభା࣡ँభା ℴ࣮భା ℯࣥభାࣱࣾభାࣺࣴభା࣭ईభାࣨं భ

ቇ

ࣹఱ  (ଵିℊఱ)   

It does not satisfy the constraints 0< ࣶࣝଵ ≤  ࣶࣝଶ ≤  ࣶࣝଷ  ≤  ࣶࣝସ  ≤  ࣶࣝହ. Therefore, it is not a local optimum. 
 
5) Step 5 
Now convert the inequality constraints ࣶࣝଶ −  ࣶࣝଵ ≥ 0, ࣶࣝଷ −  ࣶࣝଶ ≥ 0, ࣶࣝସ −  ࣶࣝଷ ≥ 0 and ࣶࣝହ −  ࣶࣝସ ≥ 0 into equality 
constraints ࣶࣝଶ −  ࣶࣝଵ = 0, ࣶࣝଷ −  ࣶࣝଶ = 0, ࣶࣝସ −  ࣶࣝଷ = 0 and ࣶࣝହ −  ࣶࣝସ = 0. Now the Lagrangean function is given by 
ସ൯ߣ,ଷߣ,ଶߣ,ଵߣ,൫ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ ܮ = ऀ[TC(ࣶࣝ)]෫ ଵ൫ ࣶࣝଶߣ− −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯−ߣସ ൫ࣶࣝହ −
 ࣶࣝସ൯. 
ऀ[TC(ࣶࣝ)]෫  − ଵ൫ ࣶࣝଶߣ   −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯−ߣସ ൫ࣶࣝହ −  ࣶࣝସ൯ =  
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ଵଶ

⎩
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎧ ࣹభ ࣶࣝభ (ଵିℊభ)

ଶ
 +  ௦ࣽ  

ࣶࣝఱ
ቆ
ℋଵ + ℐࣸଵ + ℳࣻଵ +  ℒउଵ +  ℛࣻଵ +  ࣤउଵ + ℬࣻଵ + ࣫उଵ + ℱࣻଵ + उࣨଵ

+  ࣱࣻଵ + उࣰଵ
+࣭ऊଵ + ℓ࣪ଵ +  ℐࣝଵ + ℳअଵ + ࣞइଵ + ࣡ँଵ + ℴ࣮ଵ + ࣥℯଵ + ࣱࣾଵ + ࣺࣴଵ + ࣭ईଵ + ࣨं ଵ

ቇ + 

3 ቈࣹమ ࣶࣝమ (ଵିℊమ)

ଶ
 + ௦ࣽ  

ࣶࣝర
ቆ
ℋଶ + ℐࣸଶ + ℳࣻଶ +  ℒउଶ +  ℛࣻଶ +  ࣤउଶ + ℬࣻଶ + ࣫उଶ + ℱࣻଶ + उࣨଶ

+ ࣱࣻଶ + उࣰଶ
+࣭ऊଶ + ℓ࣪ଶ +  ℐࣝଶ + ℳअଶ + ࣞइଶ + ࣡ँଶ + ℴ࣮ଶ + ࣥℯଶ + ࣱࣾଶ + ࣺࣴଶ + ࣭ईଶ + ࣨं ଶ

ቇ቉ +

4 ቈࣹయ ࣶࣝయ (ଵିℊయ)

ଶ
 + ௦ࣽ  

ࣶࣝయ
ቆ
ℋଷ + ℐࣸଷ + ℳࣻଷ +  ℒउଷ +  ℛࣻଷ + ࣤउଷ + ℬࣻଷ + ࣫उଷ + ℱࣻଷ + उࣨଷ

+  ࣱࣻଷ + उࣰଷ
+࣭ऊଷ + ℓ࣪ଷ +  ℐࣝଷ + ℳअଷ + ࣞइଷ + ࣡ँଷ + ℴ࣮ଷ + ࣥℯଷ + ࣱࣾଷ + ࣺࣴଷ + ࣭ईଷ + ࣨं ଷ

ቇ቉ +

3 ቈࣹర ࣶࣝర (ଵିℊర)

ଶ
 + ௦ࣽ  

ࣶࣝమ
ቆ
ℋସ + ℐࣸସ + ℳࣻସ + ℒउସ + ℛࣻସ + ࣤउସ +  ℬࣻସ + ࣫उସ + ℱࣻସ + उࣨସ

+  ࣱࣻସ + उࣰସ
+࣭ऊସ + ℓ࣪ସ +  ℐࣝସ + ℳअସ + ࣞइସ + ࣡ँସ + ℴ࣮ସ + ࣥℯସ + ࣱࣾସ + ࣺࣴସ + ࣭ईସ + ࣨं ସ

ቇ቉ +

ࣹఱ ࣶࣝఱ (ଵିℊఱ)

ଶ
 + ௦ࣽ  

ࣶࣝభ
ቆ
ℋହ + ℐࣸହ + ℳࣻହ + ℒउହ + ℛࣻହ +  ࣤउହ + ℬࣻହ + ࣫उହ + ℱࣻହ + उࣨହ

+ ࣱࣻହ + उࣰହ
+࣭ऊହ + ℓ࣪ହ +  ℐࣝହ + ℳअହ + ࣞइହ + ࣡ँହ + ℴ࣮ହ + ࣥℯହ + ࣱࣾହ + ࣺࣴହ + ࣭ईହ + ࣨं ହ

ቇ
⎭
⎪
⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎪
⎫
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−ଵ൫ ࣶࣝଶߣ  −  ࣶࣝଵ൯ − ଶ൫ࣶࣝଷߣ  −  ࣶࣝଶ൯−ߣଷ൫ࣶࣝସ −  ࣶࣝଷ൯−ߣସ ൫ࣶࣝହ −  ࣶࣝସ൯ 
        ------------------------ (7) 
Differentiating (7) partially with respect to ࣶࣝଵ,ࣶࣝଶ,ࣶࣝଷ ,ࣶࣝସ ,ࣶࣝହ,ߣଵ,ߣଶ, ߣଷ, ߣସ and equating to zero, we get 

ࣝ෪ࣶ ∗ = 

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ⃓

 ଶ  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ ௦ࣽ  ቆ

ℋఱାℐࣸఱାℳࣻఱାℒउఱା ℛࣻఱା ࣤउఱାℬࣻఱା࣫उఱାℱࣻఱା उࣨఱା ࣱࣻఱା उࣰఱ
ା࣭ऊఱା࣪ℓఱା ℐࣝఱାℳअఱାࣞइఱା࣡ँఱା ℴ࣮ఱା ℯࣥఱାࣱࣾఱାࣺࣴఱା࣭ईఱାࣨं ఱ

ቇ

ା ଷ ௦ࣽ  ቆ
ℋరାℐࣸరାℳࣻరା ℒउరାℛࣻరାࣤउరା ℬࣻరା࣫उరାℱࣻరା उࣨరା ࣱࣻరା उࣰర
ା࣭ऊరା࣪ℓరା ℐࣝరାℳअరାࣞइరା࣡ँరା ℴ࣮రା ℯࣥరାࣱࣾరାࣺࣴరା࣭ईరାࣨं ర

ቇ

ାସ ௦ࣽ  ቆ
ℋయାℐࣸయାℳࣻయା ℒउయା ℛࣻయା ࣤउయାℬࣻయା࣫उయାℱࣻయା उࣨయା ࣱࣻయା उࣰయ
ା࣭ऊయା࣪ℓయା ℐࣝయାℳअయାࣞइయା࣡ँయା ℴ࣮యା ℯࣥయାࣱࣾయାࣺࣴయା࣭ईయାࣨं య

ቇ

ାଷ ௦ࣽ  ቆ
ℋమାℐࣸమାℳࣻమା ℒउమା ℛࣻమା ࣤउమା ℬࣻమା࣫उమାℱࣻమା उࣨమା ࣱࣻమା उࣰమ
ା࣭ऊమା࣪ℓమା ℐࣝమାℳअమାࣞइమା࣡ँమା ℴ࣮మା ℯࣥమାࣱࣾమାࣺࣴమା࣭ईమାࣨं మ

ቇ

௦ࣽ  ቆ
ℋభାℐࣸభାℳࣻభା ℒउభା ℛࣻభା ࣤउభା ℬࣻభା࣫उభାℱࣻభା उࣨభା ࣱࣻభା उࣰభ
ା࣭ऊభା࣪ℓభା ℐࣝభାℳअభାࣞइభା࣡ँభା ℴ࣮భା ℯࣥభାࣱࣾభାࣺࣴభା࣭ईభାࣨं భ

ቇ
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

ࣹభ  (ଵିℊభ)ାଷ ࣹమ   (ଵିℊమ)ାସ ࣹయ  (ଵିℊయ)ାଷ ࣹర   (ଵିℊర)ା ࣹఱ  (ଵିℊఱ)    

     -------------------- (8) 
The above equation (8) is the required fuzzy optimal production quantity of this model. 
 

IV. NUMERICAL EXAMPLE 
 = ࣽݏ
5,00 

ℐࣸ= 
 15 

ℳࣻ= 
25 

ℒउ= 
20 

ℛࣻ= 
30 

ࣤउ= 
25 

ℬࣻ= 
15 

࣫उ= 
10 

ℱࣻ= 
20 

उࣨ= 
40 

ࣱࣻ= 
350 

उࣰ= 
250 

࣭ऊ= 
5 

ℓ࣪= 
10 

ℐࣝ= 
40 

ℳअ= 
25 

ࣞइ= 
20 

࣡ँ= 
40 

ℴ࣮= 
35 

ℯࣥ= 
20 

 
 
 

V. SOLUTION IN CRISP MODEL 
By using the given values in the data, we obtain the optimal production quantity in the crisp sense as ࣶࣝ = 917.8 
By using the equation (1) in this model, we obtain the Total cost in crisp sense as  
TC(ࣶࣝ) = 1514.43 
 

VI. SOLUTION IN FUZZY MODEL 
By using the given values in the data, we obtain the optimal production quantity in the fuzzy sense as ࣝ෪ࣶ ∗ = 917.8 
By using the equation (3) in this model, we obtain the Total cost in crisp sense as  
[TC(ࣶࣝ)]෫ ∗ = 1508.92. 
 

VII. CONCLUSION 
The EPQ model for green quality is incredibly practical and provides the best solution to the problem of generating green quality 
products. This model is quite realistic because it includes all conceivable production and quality control costs. This model differs 
from others in that it considers product switching costs and types. By reducing costs, this approach assists the industrial sectors in 
achieving the aim of consumer pleasure with green quality products. This device is also environmentally friendly because it helps to 
protect the environment from waste's harmful impacts. This model is a comprehensive model because it includes all the costs of 
producing green quality items. 
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ࣺࣴ= 
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࣭ई= 
20 
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ࣹ= 
 5 
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