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Abstract: In this paper, some characterizations and proportion of notion a investigated. Throughout this paper (X, t) and (Y, ¢)
(simply, X and Y) represent topological spaces on which separation axioms are assumed unless otherwise mentioned. @We
introduce a new class of sets called regular generalized open sets which is properly placed in between the class of open sets and
the class of - open sets. Throughout this paper (X, 1) represents a topological space on which no separation axiom is assumed
unless otherwise mentioned. For a subset A of a topological space X, cl (A) and int (A) denote the closure of A and the interior of
A respectively. X/A or Ac denotes the complement of A in X. introduced and investigated semi open sets, generalized closed sets,
regular semi open sets, weakly closed sets, semi generalized closed sets , weakly generalized closed sets, strongly generalized
closed sets, generalized pre - regular closed sets, regular generalized closed sets, and generalized a-generalized closed sets
respectively.

Keywords: Topological space, Cluster Point, Open and Closed set, f* - Continuous, Subset, .Regular open closed set,
Separation axioms

I. INTRODUCTION
A function f : (X, 1) — (¥, 0) is called super-continuous (resp. a-continuous a-continuous pre-continuous J - smi - continuous Z
- continuous y - continuous continuous Z*- continuous, - continuous e *- continuous ) if
f—="(V) isd - open (resp. a-open, a-open, per open, J-semiopen, Z-open, y-open, e- open, Z* - open, f-open, e*-open) in X, for
each V € 0. the notion of f-open sets and S-continuity in topological space. The concepts of Z*- open set and Z *- continuity
introduced by Mubarki. The purpose of this paper introduce and study the notions of f*- open sets, f* - continuous functions and
(f*- open sets. For a subset A of a (X, 7), cl(A), int(A) and X \ A denote the closure of A, the interior of A and the complement of A,
respectively. A subset A of a topological space (X,7) is called regular open (resp. regular closed) if A = int(cl(A))
(resp. A = cl(int(A))). A point x of X is called 0 - cluster point of A if int(cl(U)) N A = ¢, for every open set U of X containing x.
The set of all d-cluster points of A is called J-closure of A and is denoted ¢/ 6(A). A set A is d-closed if and if A= ¢l 6(A). The
complement of a a-open (resp. a-open, J-semiopen, d-preopen, Z-open, y-open, e-open, Z*-open, f-open, e*-open) sets is called a-
close (resp. a-closed J-semi-closed , J-pre-closed Z-closed yp-closed ,e - closed Z*-closed pf-closed ,e*- closed The
intersection of all J - preclosed (resp. f-closed) set containing A is called the § - preclosure (resp. f-closure) of A and is denoted
by J - pcl (A) (resp. f-cl(A)). The union of all J-preopen (resp. f-open) sets contained in A is called the J- pre - interior (resp. S -
interior) of A and is denoted by J-pint(A) (resp. S-int(A)). The family of all J-open (resp. J-semiopen, J- preopen, Z*- open, f-
open, e*- open) sets is denoted by J0 (X) (resp. dSO (X), oPO (X), Z* O(X), SO (X), e*O(X)).

Lemma 1.1
Let A be a subset of a space (X, t). Then:
(1) 0 -pint(A) = A N int(clé(4)) and o-pcl(A) = A U cl (int 6(A)),
2) p —Int(A) = A Ncl(int(cl(A))) and p—cl (A) = A Uint (cl(int (A))).

p* - Open sets

Definition 2.1
A subset A of a topological space (X, 7) is said to be:
(1) a f*- opensetif A C cl(int(cl(A))) VU int(clo(A)),
(2) a p*- closed setif in t (cl(int(A))) N cl (int 6 c (A)) S A.
(3) The family of all S * - open (resp. f*- closed) subsets of a space (X, r) will be as always denoted by S* O(X) (resp. f*
C(X)).
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Remark 3.1
The following diagram holds for each a subset A of X.
None of these implications are reversible as shown in the following examples

Example 4.1
Let X = {a, b, c, d}, with topology 7 = {¢, {a}, {c}, {a, b}, {a, c}, {a, b, ¢},
{a, c,d}, X}. Then:

(1) A subset {b, c} of X is f* - open but it is not S-open,
2) A subset {b, d} of X is e * - open but it is not § * - open,
Example 4.2

LetX={a, b, c,d, e} and 7= {¢, {a, b}, {c, d}, {a, b, ¢, d}, X}. Then {a, e} is f*- open but it is not Z* - open.

Remark 3.3
By the following example we show that the intersection of any two f*-open sets is not § * - open.

Example 4.4
Let X = {a, b, ¢} with topology = {¢, {a}, {b}, {a, b}, X}. Then A = {qa, c} and B = {b, c} are f*-open sets. But, A N B={c} is
not f*- open

Definition 2.2

Let (X, 7) be a topological space. Then:
(1) The union of all £ * - open sets of contained in A is called the f*-
2) interior of A and is denoted by f*-int (A),
3) The intersection of all § * - closed sets of X containing A is called
(@) The S * - closure of A and is denoted by S * - cl (A).

Theorem 5.1

Let A, B be two subsets of a topological space (X, t). Then the following are hold:
(1) p*- int(X) =Xand B * - int(¢) = ¢,
(2) B *- int(A) €A,

(3) If A CB, then p*- int(A) S * - int (B),
(4) x €p* int(A) if and only if there exist f * - open W such that x EW S A,
(5) Ais f* - open setifand only if A = f * - int(A),
(6) B*-int(B *- int(A)) = * - int(A),
(7) B *-int(A N B) S p*-int(A) N f* - int(B),
(8) p*-int(A) U p*int(B) € f*-int(A UB).
Example 4.5

Let X = {a, b, ¢, d} with topology 7 = {¢, {a}, {b}, {a, b}, X}.

@)) IfA={a,c}, B={b,c}, then f*- cl(A) =A, f*- cl(B) =B and f*-)

@) lc(AUB)=X Thusf*-cl(AUB) & *- cllA)UB* -cl(B),

3) IfA={a,c},C={a b}, thenf*-cl(C)=X, f* - cl (A) =A and f*-
(ANC)={a}. Thus p* - cl(A) N p*- cl(C) & p*- cl(A N C),

“@ IfE={c,d}, F={b,d},then EU F = {b, ¢, d} and hence f*-
Int(Ey=¢,f*-int(F)=Fand g% - int (EUF)={b,c,d}. Thusp * -
Int(EUF)&f*- int(E)U B *- int(F).
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Theorem 5.2

For a subset A in a topological space (X, t), the following statements are true:
1) B*-cl(X/A) = X\ *- int(A),
2) pF-int(X\NA) =X/ *- cl(A).

Proof.

It follows from the fact the complement of S *- open setisa f * - closed
And N (X /A;) = X/U;Aid.

Theorem 5.3
Let A be a subset of a topological space (X, t). Then the following are
Equivalent to :

Q) Aisaf *- open set,

2) A =p -int(A) Upintd (A)

.Proof
(1) = (2). LetAbe ap* open set. ThenA C ¢l (int(cl (A))) U int (clo(A)) and
(int(cl(A)))) U (A Nint (clo(A))) = p-int(A)U pinto (A) S A, (2) = (1).

Theorem 2.4

For a subset A of space (X, t). Then the following are equivalent:
D Aisaf *- closed set,
@ A=p- c(A)N pel 5(4),

Proof
Theorem 5.5
p* * - Continuous function

Example 4.6

Let X {a, b, c, d} with topology 7 = {¢, {a}, {c}, {a, b}, {a, c}, {a, b, ¢},

{a, c, d}, X}. Then, the function f: (X, 1) — (X, 7) defined

by f(a)=a, fib)=f(c)=cand f(d)=disf* - continuous but it isnot f* -
continuous. The function £ (X, ) — (X, 7) defined

by fla) =d, f(b) = a, f(c) = c and f(d) = b is e*- continuous but it is not 5*-
continuous .

Example 4.7

International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 11 Issue IlI Mar 2023- Available at www.ijraset.com

hence by (Lemma 1.1) AS(ANcl

Let X={a, b, ¢, d, e} with topology = {¢, {a, b}, {c, d}, {a, b, c,d}, X}. Then function f: (X, ) — (X, r) which defined by
flay=a, fib)=e, fic)=c, fid)=dand f(e) = b is f*- continuous but it is not Z*- continuous.

Theorem 5.5
Let f: (X, t)— (Y, o) be a function. Then the following statements are
Equivalent :

(1) fisp * - continuous,

(2) For each x € X and V € o containing f(x), there exists U €  * O(X)

3) containing x such that filU) €'V,

The inverse image of each closed setin Y is f * - closed in X,
(4) int (cl( int (f—1(B)))) N cl (int 6 (f—1(B))) Sf—1(cl(B)), for each B €Y,
(5) f—1(in¢B)) < cl(int(cl(f—1(B)))) Uint(clo (f—1(B))), for each B €Y,
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(6) p* cl(f—1(B)) € f— I(cl(B)), foreach B €Y,
(7) fB* -cl(A) € cl(ftA)), foreach A X,
(8) f —1(inyB)) € p * -int(f —1(B)), foreach B €Y.

Proof

() © (2) and (1) © (3) are obvious,

(3) = (4). Let B € Y. Then by (3) f—1(cl(B)) is f*-closed. This

means f—1(cl(B)) 2 int(cl(int(f—1(cl(B))))) N cl (int 6(f—1(cl(B)))) 2 int(cl(int(f—1(B)))) N cl (int 6(f —1(B))),
(4) = (5). By replacing Y/B instead of B in (4), we have

Int (cl (int( f—1 (Y/B)))) N cl (int 6( f —1(Y\B))) € f —1(cl ( Y/B)), and

therefore f—1(int(B)) S cl(int(cl(f—1(B)))) U int (clo(f—1(B))), for each BC Y,

(5) = (1). Obvious,

(3) >(@6).Let BS Yand f—1(cl(B))be f *- closed in X. Then

B c1(f~1(B) € f*cl (f-1(cl B) = f~1(cl (B)),

(7). Let A € X. Then f(A) € Y. By (6), we have f — I (cl(f(A))) 2 p*-

Cl (f—1(ftA))) 2 p*- cl(A). Therefore, cl (flA)) 2 ff—1 (cl (flA)) 2f (b* - cl(A)),

(7) = (3). Let F € Y be a closed set. Then, f —1(F) = f—1(cl(F)). Hence by

Df (Bl (f =1 (F)) € ol FG—1F)) S (F) = F, thus, f* cl(f~1(F)) € f~1(F),

so, [—I1(F) = p*-cl(f—1(F)). Therefore, f—1(F) € f*C(X),

Int (f — 1(int (B))) € p*- int (f—1(B)). Therefore, f —1 (int (B)) € f*- int (f—1 (B)),

(8) = (1). Let U € Y be an open set. Then f — I(U) = f — 1(int(U)) S p*-int (f~1(U)).

Hence, f — I(U) is f* - open in X. Therefore, f is f* - continuous.

Remarks 3.3

The composition of two £ * - continuous functions need not be f* - continuous as show by the following example.

Example 4.7

Let X=Y=Z={a, b, c, d} with topologies t = {¢, {a}, {b}, {a, b}, X}
.Letf: X — Y and g:Y — Z be functions defined

by fla) = b, fib) = b, fic) = ¢, fid) = d and g(a) = a, g(b) = c,g(c) = a, g(d) = d,

respectively. Then fand g are § *- continuous but geof is not f*- continuous.

Theorem 5.6
Iff: (X, ) > (Y, o) isa p * - continuous function and A is 6 - open in X, then the restriction f\A: (A, 7) — (Y, o) is f*-
continuous.

Proof.
Let V be an open set of ¥. Then by hypothesis f ~' (V) is f* - open in X. we have (AA)" (V)=f"(V)NA
p* € O (A). Thus, it follows that f/A is f*- continuous.

Lemma 1.2
Let A and B be two subsets of a space (X, 7). IfA € 60(X) and B € f* O(A), the A N B € *O(X).

Theorem 5.7

Let (X, ©) — (Y, 0) be a function and {Gi: i €1 s} be a cover of X by d-open sets of (X, ©). If F/Gi : (Gi,t Gi) — (Y, o) is p*-
continuous for each i € I, then f is f*- continuous.

Proof.

Let V be an open set of (¥, ¢). Then by (V) =X N (V)=U {Gi Nf (V)i €I} = U {(AGi) ' (V): i €I}. Since f \Gi is f*-
Continuous for each i € I, then (f / Gi) (V) € YO (Gi) for eachi€l. we s (}‘\Gi)_1 (V) is f* - continuous in X. Therefore, f
is f* - continuous in (X, 7).
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Definition 2.3 The f*- s frontier of a subset A of X, denoted by *- Fr (A), is defined by f*- Fr (A) = p*- cl A) N p*-Cl
(X /A) equivalently p* - Fr (A) = f*- cl (A) | p*- int (A)

Theorem 5.8
The set of all points x of X at which a function f: (X, 1) — (Y, 6 ) is not f* - continuous is identical with the union of the f* -
frontiers of the inverse images of open sets containing f (x).

Proof. Necessity. Letx be a point of X at which fis not f*- continuous. Then, there is an open set V of Y containing f{x) such
that U N (X\fl(V)) # ¢, for every U € f*O(X) containing x. Thus, we have x € f*- ¢l (X/fl(V)) =X/ p*- int (f ~'(V)) andx €
£ (V). Therefore, we have x € f*- Fr (f' (V)).Sufficiency. Suppose that x € f*- Fr (f '(V)), for some V is open set containing f(x).
Now, we assume that fis f*- continuous at x € X. Then there exists U € f* O(X) containing x such that f{U) € V. Therefore, we
have x € U Qfl(V) and hence x € f*- int (f] V) € X/ p* - Fr(fFI(V)). This is a contradiction. This means that f is not f* -
continuous at x ¢ V.

Theorem 5.9
Iff: (X, ©) s— (Y, o) is a p*- continuous injection and (Y, o) is Ti, then (X, t) is p*- Ti, where i =0, 1, 2.

Proof.

We prove that the theorem fori=1. Let Ybe 77 and x, y be distinct points in X. There exist open subsets U, Vin Y such that
fx)EU, fiy)g U fix)g& Vandfiy)€ V. Sincef is S * - continuous, f' (U) andf' (V) are f* - open subsets of X such
that x Efl(U), y &fl(U), X Efl(V) and y Efl(V). Hence, Xis f * - Ty.

Theorem 5.10
Iff: (X, ) = (Y, o) is * - continuous, g:(X, t) — (Y, 6) is super-continuous and Y is Hausdorff, then the set {x €X: f{x) = G (x)}
is p*-closedin X. fisp * - continuous in (X, 7).

Proof :

LetA={x€X: f(x)=g(x)} and x € A. Then f(x) # g (x). Since Y is Hausdorff, there exist open sets U and V' of Y such

That fix) € U, g(x) € Vand UN V=¢. Sincef is f* - continuous, there existsa £ * - open set G containing x such

that f(G) S U. Since g is super - continuous, there exist an d-open set H of X containing x such that g(H) S V. Now,

put W =G N H, we have Wisa f* - open set containing x and f (W) N g (W) € UNYV = ¢. Therefore, we obtain W NA =
¢ and hence xes ff* - ¢l (A). This shows that Ais f * - closedin X.Let f : X — Y be a function. The subse {(x, f(x)): x € X}
of the product space X x Y is called the graph of f and is denoted by G ( f).

Explain : Definition 2.4 A function f : X — Yhasa (%, 1) - graphif for each (x,y) € (XxY)/ G (f), there existaf *-
open U of X containing x and an open set V of Y containing y such that (Ux V) N G(f) = ¢.
Proof: It follows readily from the above definition.

Theorem 5.11
If f:X—>Yisap*-continuous function and Y is Hausdorff, then f has a (B*, t) s - graph.

Proof.
Let (x, y) € X x Y such that y #f (x). Then there exist open see thaty € U, f(x) € Vand VN U=¢. Sincef is S * - continuous,
there exists § * - open W containing x such that f(W) € V.ThisI(WWNUCSVNU=¢.

Definition 2.5
A space X is said to be f*- compact if every £ * - open cover of X has a finite subcover.
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Theorem 5.12
Iff- (X, ©) = (Y, 6) has a (6%, t ) - graph, then f(K) is closed in ('Y, o) for each subset K which is p * - compact relative to ( X, 7).

Proof.

Suppose that y € f(K).Then (x, y) € G (f) for each x € K. Since G (f) is (f*, 7) - graph, there exist a f*- open set U

x containing x and an open set V x of Y containing y such that iU x) N V x = ¢. The family {U s x: x € K} is a cover of K by f*-
open sets. Since K is f*-compact relative to (X, 7), there exists a finite subset thatKS U {U x:x€K,}. LetV=N{V x
:x € Kp}.have f(K)NVE (Uye xof(Ux))NVEU, e xo(f(uy))NV=0¢. It follows that, y € cl(f(K)). Therefore, f (K) is closed
in (Y, o).

Corollary 6.1
If f:(X t©)— (Y, o) is p*continuous function and Y is Hausdorff, then f(K) is closed in (Y, o) for each subset K which is f*-

compact relative to (X, ).

Theorem 5.13
Iff: X—> Yisaf * - continuous function and Y is a Hausdorff space, then f has a (B * 1©) - graph.

Proof

Let (x, y) € X x Y such that y # f(x) and Y be a Hausdorff space. Then there sexist two open sets U and V such

that y € U, fix) € Vand VN U = ¢. Since fis § * - continuous, there exists a f*-open set W containing x such that f(W) € V. This
implies that f(W)NU € VN U = ¢. Therefore f hasa (S *, 1) - graph.

77N\ TN

7 3 T %
E £ TH A TE
3 /E‘ : A 2
g K e ; r—r—t % ':/),E
> o =1 §
| et~ L1 LAz
Tieme s} Time [s) Time (5]

Corollary 6.2
Iff: X — Yis p* - continuous and Y is Hausdorff, then G(f) is f*- closed in X x Y.

Theorem 5.14
Iff: X — Y has a (B* t)-graph and g: Y — Z is a B*- continuous function, then the set {(x, y): f(x) = g(y)} is p*- closed in X x Y.

Proof:

Let A= {(x,y): fix)=g()} and (x,y). We have f(x) # g(y) and then (x, g(y)) € X x 2\ G ( f). Since fhas a (f*, t) - graph, then
there exist a f* - open set U and an set V containing x and g(y), respectively such that {U) N V = ¢. Since g is a f*- continuous
function, then there exist an f*- open set G containing y such that g(G) € V. We have f(U) N g(G)=¢. This implies that
(Ux G)NA=¢.Since U x G is f*- open, then (x, y) f*- cl (A). Therefore, A is f*- closed in X x Y.

Corollary 6.3
Iff: X > Y, g: Y— Z are *-continuous functions and Z is Hausdorff, then the Set {(x, y ): fix) = g(y)} is p* - closed in X x Y.

Theorem 5.15
Iff: X — Yis a p*- continuous function and Y is Hausdorff, then the set {(x, y) € X x X: fix) = f(y)} is p*- closed in X x X.
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Proof:

LetA={(x,y): fx)=f(y)} and let (x,y) € XxX)\A. Thenfix) # f ( y). Since Yis Hausdorff, then there exist open
sets U and V containing fix) and f(y), respectively, such that U N V=¢. But, fis f*-continuous, then there existS* - open
sets H and G in X containing x and Yy, respectively, such that fUH) S Uand f(G) € V. This implies (HxG) NA=¢ we
have H x G is a f* - open set in X x X containing (x, y). Hence, A is f* - closed in X x X.

Theorem 5.16
If f: (X, ©) = (Y, o) is p*- continuous and S is closed in X x Y, then vx (SN G(f)) is p*- closed in X, where vxrepresents the
projection of X x Y onto X.

Proof.

Let S be a closed subset of X x Y and x € f*-cl Let U € 7 containing x and V € o containing f(x). Since fis f*-continuous, x € f (V)
c p*- int(fl(V)). Then U N f*- int(f’l(V)) N o x (S N G(f)) contains some point z of X. This implies that (z, f (z)) Sand f(z) € V.
Thus we have (U x V) N S # ¢ and hence (x, fix)) cI(S). Since A is closed, then (x, fix)) SN G() andx € v x (SN G(f)). Therefore
vx (SN G () is f*-closed in (X, 7).

II. CONCLUSION

A topological space (X, 7) is said to be f*-connected if it is not the union of two nonempty disjoint f*- open sets. If (X, 7) isa f* -
connected space and f:(X, ©) — (Y, ¢) has a (B*, t)-graph and p*- continuous function, the constant. Suppose that f is not constant.
There exist disjoint points x, y € X such that fix) = f(y). Since (x, f(x)) G (f), then y #f(x), hence by, there exist open sets U and V
containing x and  fix) respectively such that AU)NV=¢. Sincefisf * - continuous, there exist aff * - open
sets G containing y such that f{iG) € V. Since U and V are disjoint f*- open sets of (X, 7), it follows that (X, 7) is not f*- connected
Therefore, fis constant. Let (X1, 7l), (X2, ©2) and (X, t) be topological spaces. Define a function f: (X, 1) — (X1 x X2, 7l x ©2) by
f(x) = (fix1), fix2)). Then fi: X — (Xi, ti), where (i = 1, 2) is f*-continuous if fis p*- continuous.
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