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Abstract: In this paper, a class X, (o, B, u,K) of functions F analytic in the unit disk U={z:|z|<1} of the form

— b pt
F(2)=2"->a,,2"",(p, neN,a
t=n
points, starlikeness and convexity for this class are obtained.
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pit = 0 for t= n) is considered. Coefficient inequality, distortion theorem, extreme

L. INTRODUCTION
Let A o denotes the class of p-valent analytic functions in the unit disk U={z:|z|<1} which are of the form

>0.

p+t

1y F(@=2"->a,,z2"" pneNa
t=n

Afunction P(z) = p+ p,z" +...., (n > 1) analyticin Uis saidtobe in M, (a) if

(12) |P(2)-p|<(P—a), 0<a<p zeU.

Alternatively, in terms of subordination, it is said that P(z) isin M | (a)if

13 P@)<p+(p-a)z
where ‘<’ stands for subordination which is defined by saying that F is subordinate to G written as F < G if F(z) = G(¢(2)), zeU for
some analytic functions ¢ (z) such that
¢ (0)=0 and | ¢ ()| <1 for zeU.
Now, a class criterion My n(c,B,1,k) whose members P(z) = p + p,z" ... (n>1), analytic in U satisfy the condition

K+ (k—2ua)pz

1.4 P(z) <
(1.4) (2) - 2a D)2

_ P (p-k
with 1 <2u<2, 2noa<k<p,0<p<land0<a < is considered.

H H
Equivalently (1.4) can be written as:
P(z)-k

(1.5) | (2) |< B

(Qu-1)P(2) + (k —2ua)|
Note that My n(at,1,1/2,p) =M, n(ar) and My (o, B,11,p) =M, a(oL,B,1).

F'(2)
On putting P(z) = F in (1.5) it follows that
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‘ F @),

Qu—Di

The class of such functions F(z) satisfying (1.6) is denoted by X |  (a, B, u,k) and

z p,n(a, B, 1 p) =X p,n((l, B, ).
Clearly, these classes are more general than the classes studied by Gupta and Jain [2,3], Aouf [1], Juneja—Mogra [4], Thirupathi
Reddy [6] and Kulkarni, Aouf, Joshi [5] etc.

In this paper, coefficient inequalities, distortion theorem, closure theorem, radii of starlikeness and convexity for the class 2 ,(c.,
B, u, K) are obtained.

<B Foe Ay

(1.6)

), k-240)

1. COEFFICIENT INEQUALITIES:
Theorem 2.1: A function F(z)e Ty, is in the class X q(a, B, p, k) if and only if

2.1 i(lﬂ ta.. < {2up(p- ) - (P-K)(AL+B)}

1+(2u-1)B
The result is sharp, the extremal function being

F(2) - 20 L08R -0) = (=K B} 5.

(2.2) (p+t){1+(2u—1)ﬂ} for t>n.
Proof: Let F(z)e X ,n(a, B, 1, k), then

F@) ‘

2P

‘(2u—1) P @) | k- 2ua)
7P
(P-K) =D (p+th,,z'
_ t=n < B

{@u-Dp+(k—2ua)}-(2u-1)) (p+ )"
t=n
On letting z — 1~ through real values, it gives

CESEDNCETIH

SB{(Zu—1)|0+(k—ZMOL)}—B(ZM—l)i(Nt)ap+t

2pp(p—o) —(P—K)A+PB)

D R wYCT,

Conversely, let (2.1) holds, then for |z| = 1
|F'(2)2" " =k |-B|(2u-DF'(2)2"" + (k- 2ua)|
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<(p-K)+> (p+a,,

t=n
—B{2u-1)p+ (k—2ua)}+B(2n-1) (p+t)a,,,
t=n
<{L+{(2u DB} (p+ g, — 2uB(p— o) + (P~ K)(L+B)
t=n
<0.
The result is sharp for function given by (2.2).
Corollary 2.2: For k = p, F(z)e 2 (o, B, p, p) if and only if
Z(p+t)ap+tgm’ OSOL<£,
P 1+B(2u-1) 2
For n =1, the result of Kulkarni et.al. [5] follows.
Corollary 2.3: Fork=pand p=1, F(z)e X pq(o, B, 1, p) if and only if
N 2B(p—a)
;(p+t)ap+t SW,OﬁoKp,Oqiﬁl.
Forn =1, g =1, the result of Juneja and Mogra [4] follows.
Forn =1, p =1, the result of Gupta and Jain [3] follows.
1+
Corollary 2.4: Fork=p, { = TU, F(z) e 2 (06 B, —, pJ if and only if
> (p+tha,, < PO o, P
o 1+pBo 2

For n =1, the result of Thirupathi Reddy [6] follows.

1. DISTORTION THEOREM
Theorem 3.1: If F(z)e X pq(o,B,pK), then for [z]=r<1

o | 2uB(p—a) - (p—K)(L+ )
@1 r { (p+ ML+ Bu-D} } IR
<rp{Zus(p—a)—(p—k)(1+B)}rp+n
(p+n)}{L+p(2u-1)}
and

o prp_l_{w(p—a)—(p—k)aw)

U+ fu-1} }r JF @

< prp—l +|:2MB(p - OL) B (p B k)(1+ B):|rp+n—l.
1+p(2n-1)}
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0<p<1,1<2u<2.
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Proof: From Theorem 2.1, it follows that

o ZMB(p—OL) _(p_ k)(1+B)
(3.3) ;apﬂ <|: (p+n){L+p(2u-1)} :|

Hence
F@)l<r?+Y a, re
p {w(p—a)—(p—k)(1+B)}rp+n
(p+n){l+p(2n-1)}
and

[F@)>r" -2 a,.
t=n

o {Zuﬁ(p—a)—(p—k)(1+5)}rp+n
(P+m{+pu-0} |

Hence (3.1) follows.
In the same way;, it follows that

IF'@)l< prot+ Y (p+ta,, rot

< prp—l + |: ZMB(p B OL) B (p B k)(1+ B):|rp+n—l
{1+B(2u-1)}

and

[F'@) b prot =Y (p+t)a,, 1>

t=n

> prp—l _|:2MB(p B OL) B (p B k)(1+ B):|rp+n—l.

1+p(2u-1)}

This completes the proof of the theorem.
The above bounds are sharp. Equalities can be attained for the function

o F(Z):Zp_{w(p—a)—(p—k)(1+ﬁ)}p+n .
| (p+n{L+A(2u-1} ’ |

(AVA CLOSURE THEOREMS

Theorem 4.1: If F(z)e X pn(o, B, 1, K)and G(2) = 2" - pr+t2 Pt arealso i

t=n
1 [ee)
2 pvn(alﬁlulk)i then H (Z) =1 P~ Ez (ap+t + bp+t)z P IS aISO In Z P,n(aiﬁiuik)-
t=n

Proof: Since F(z) and G(z) both belong to X , 1(a, B, 1, k), then from Theorem 2.1
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@1 {1+p(2p —1)}200 +1)a,, <2up(p-a)-(p—K)(1+p).
and _
@2 {1+B(2u —1)}2 (P+ )by, <2up(p-a) - (p-k)(1+B).

So for H(z), it follows that
1 0
SU+Bn- 1)}; (p+0)(ay +by)

<2up(p—a)—(p-K)A+p).
Using (4.1) and (4.2). Therefore, H(z)e 2 pq(a, B, 1, K).

V. EXTREME POINTS
Theorem5.1: Let F, ,(z) = z"and

F(@)=2" _{w(p—a)—(p—k)aw)
(p+t){L+ (20—}

the form

F(z) = Zit F.(2), where 2> 0 and ZKt =1.
t=n-1 t=n-1
Proof: Suppose

— N _7b _ S zﬂﬁ(p—a)—(p—k)(1+ﬁ) p+t
"0 24RO Z{ (p+O{L+ A2u-1} }*Z |

then o o
e {2uB(p-0) - (- kAP,
2P Ny
_{2uB(p- )~ (p—K)(L+ B}
- 1+ B(2u-1) '

Thus, by Theorem 2.1, F(z)e 2 (o, B, w1, K).
Conversely, suppose F(z)e 2 ,nq(a, B, p, k). Hence, by Theorem 2.1, it follows that

a < 20B(p—0)—(p-K)A+P)
" (PO +Bu -1}

Setting
__ (prm{i+(@2n-1B}F no12
" 2uB(p-o) - (p-K)A+P) P o
and
}\‘n—l:]'_ > }\‘n-

It follows that
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p+t
:|Z 1> n then F(z)e 2 pq(a,B,pK) if and only if it can be expressed in
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F(2)= S AR().

t=n-1
This completes the proof.
The extreme points for the class X (o, B, p, k) are given by
Fn—l (z2)=z P
and

F()=2’ {zw(p—a)—(p—k)(1+ﬁ)}p+t’tzn.
(p+t{L+ (2u -1}

VI. RADIUS OF STARLIKENESS:
Theorem 6.1: If F(z)e X pa(o, B, w, K), then the function F(z) is startlike in the disk
0<|zl<r=r(o, B, 1, k, n) where

r(a,B,u,k,n)<inf{ Pl + (2~ 1)B} } neN
N [ 2uB(p-a) - (p-Kk)(1+P)

Proof: It is enough to show that

zF'(2) _pl<p
= (Z) for |z| < 1.
or,
~>'ta,,z
ZFI(Z) Z}: p+t
Fo e, P
1-> a7
t=n
or,
Ztapﬂ |Z |t< p|:1_z ap+tzt:|
t=n t=n
or,
Z(p—Hjapﬁ |z2[<1
t=n\_ P

But, Theorem 2.1 gives
N 2up(p—a) - (p—k)(1+P)
g(p+t)ap+t< T Bu D) .

Thus, F(z) is starlike if

|z|<{ plL+pB(2u —1)] }1/" n=12,.
2uB(p-o) = (p-K)L+P)) -
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VIL. RADIUS OF CONVEXITY

Theorem 7.1:1f F(z)e X pn(a, B, 1, k), then F(z) is convex in the disk 0 < |z| <r=r(a, B, p, k, n), where

r(a,B,u k,n)<inf

{ p{L+ (21— 1)B} } N
(p+MI2uB(p - o) - (p~ )1+ )] o

neN

Proof: Putting zF '(z) in place of F(z) in Theorem 6.1, the result follows.
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