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I. INTRODUCTION 
The concept of fuzzy sets was introduced by L.A.Zadeh [15] in 1965.Study of algebraic structure was first introduced by 
A.Rosenfeld [1]. After that a series of researches have done in this direction P.Bhattacharya and N.P.Mukharjee[13] have defined 
fuzzy normal subgroup and characteristic fuzzy subgroup in 1986. In this paper we have tried to established some independent proof 
about the properties of fuzzy group homomorphism on algebra of characteristic fuzzy subgroup. 
 

II. PRELIMINARIES 
In this section, we recall and study some concepts associated with fuzzy sets and fuzzy group, which we need in the subsequent 
sections. 
 
A. Fuzzy Set 
Over the past three decades, a number of definitions of a fuzzy set and fuzzy group have appeared in the literature (cf., e.g., [15, 1, 
3, 7, 10]). In [15], it has been shown that some of these are equivalent. We begin with the following basic concepts of fuzzy set, 
fuzzy point and fuzzy group. 
Definition 2.1 [15] A fuzzy subset of ܦଵ be a function ʄଵ : ܦଵthe set of all fuzzy subset of ܦଵ is sad to be fuzzy power set 
of ܦଵ and designate by  ଵܲ(ܦଵ). 

 
Definition 2.2 [15] Support of fuzzy set. Suppose  ܣଵ ܨଵ ଵܲ(ܦଵ) then the set { ܣଵ (݀ଵ) : ݀ଵ ܦଵ} is said to be the image of ܣଵ is 
designate by ܣଵ (ܦଵ). The set {݀ଵ : ݀ଵ ∈  .*ଵܣ ଵ is designate byܣ ଵ (݀ଵ) > 0} is said to be the support ofܣ , ଵܦ 
Definition 2.3 [15] Let ܣଵ, ܥଵ ܨଵ ଵܲ(ܦଵ) such that ܣଵ (݀ଵ) < ܥଵ (݀ଵ), ∀ ݀ଵ ∈  ଵ and it isܥ ଵ is said to be contained inܣ ଵ  thenܦ

designate by  ܣଵ  ܥଵ 

Definition 2.4 [15] Let ܤଵ  ܣଵ and ݀ଵ  [0 ,1] we defined ݀ଵ஻భ  ܨଵ ଵܲ(ܦଵ) as 

                                                    ݀ଵ஼భ   (a) = ൜ ݀ଵ,݂ݎ݋ ܽଵ ∊ ଵܤ
0, ଵܽ ݎ݋݂ ∊ ଵܣ

 

 If ܤଵ  is a singleton {ܾଵ} then ܦ{௕భ} is called a fuzzy point.  

For any collection   {ܣ௜భ, ݅ଵ  ܫଵ} of fuzzy  subset of ܦଵ, where ܫଵ is an index set the least upper bound (L.U.B.) ⋃௜భ ∊ ூభ ௜భܣ   and 
greatest lower bound (G.L.B) ⋂௜భ ∊ ூభ ௜భܣ    of ܣ௜భ are given by 

                             (⋃௜భ ∊ ூభ ௜భ)  (݀ଵ) = ∨௜భ ∊ ூభܣ    .ଵܦ௜భ (݀ଵ),  ∀ ݀ଵ ܣ

             (⋂௜భ ∊ ூభ ௜భ) (݀ଵ) = ∧ ௜భ∈ூభܣ  ௜భܣ   (݀ଵ),  ∀݀ଵ ܦଵ 
Fuzzy subgroup 
In this section, we discuss the concept of a fuzzy subgroup in details (c.f.,[1]). 
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Definition 2.5 Fuzzy subgroup (or ܨଵ (ܩଵ)) Let ܩଵ  be any group, we define the binary operation o’ and unary operation −1 on ܨଵ ଵܲ  
ଵܨ ∋ as follows, ∀Aଵ, Cଵ (ଵܩ) ଵܲ ଵܩ ∋ and ∀݀ଵ (ଵܩ)   

(Aଵ o Cଵ) (݀ଵ) = ∨{Aଵ (yଵ) ∧ Cଵ (zଵ) : yଵ zଵ = ݀ଵ,∀ yଵ , zଵ ∈ ܩଵ} 
                    Aଵ

−1(݀ଵ) = Aଵ (݀ଵ−1) 
Proposition 2.1 [3] If Aଵ ∈ ܨଵ (ܩଵ), then for all ݀ଵ ∈ ܩଵ 

(i) Aଵ (݁ଵ) ≥ Aଵ (݀ଵ) 
(ii) Aଵ (݀ଵ) = Aଵ (݀ଵ−1) 

Proof (i)        Let ݀ଵ Aଵ, then ݀ଵ ݀ଵ
ିଵ = ݁ଵ 

                             Aଵ (݁ଵ)  =  Aଵ (݀ଵ ݀ଵ
ିଵ) 

                                           >  Aଵ (݀ଵ) ∧ Aଵ ( ݀ଵ
ିଵ) 

                                           ≥ Aଵ (݀ଵ) ∧ Aଵ (݀ଵ) = Aଵ (݀ଵ) 
                       ∴    Aଵ (݁ଵ)  >  Aଵ (݀ଵ), ∀ ݀ଵ ∈ Gଵ 
        (ii)                 Aଵ (݀ଵ) =  Aଵ ( ݀ଵ

ିଵ)ିଵ 

                                           >  Aଵ ( ݀ଵ
ିଵ) 

                                           >  Aଵ (݀ଵ) 
Finally,                 Aଵ (݀ଵ) =  Aଵ ( ݀ଵ

ିଵ) 
 
Anti fuzzy subgroup 
In this section we discuss the basic concepts of anti fuzzy subgroup of  Gଵ,[5] 
Definition 2.6 A fuzzy subset Aଵ of Gଵ is said to be anti fuzzy group of Gଵ, and is denoted as anti Fଵ (Gଵ) if for all ݀ଵ, cଵ ∈ Gଵ 

(i) Aଵ (݀ଵ . cଵ) ≤ max{Aଵ (݀ଵ), A(cଵ)}           
(ii) Aଵ (݀ଵ−1) = Aଵ (݀ଵ) 

Definition 2.7 Let Gଵ be any group we define the binary operation ’o’ and unary operation’−1’ on anti-fuzzy group of Gଵ as follows 
,∀ Aଵ, Bଵ ∈ anti Fଵ (Gଵ) and ∀݀ଵ ∈ Gଵ 
        i.           (AଵBଵ) (݀ଵ) = ∧ { Aଵ (cଵ) ∨ Bଵ (pଵ) : ܿଵ pଵ = ݀ଵ, ∀ ܿଵ, pଵ ∈ Gଵ} 

ii.           Aଵ (݀ଵ
ିଵ) = Aଵ

ିଵ(݀ଵ) ∀ ݀ଵ ∈ Gଵ 
Proposition 2.2 [5] Suppose Aଵ, Bଵ ∈ anti Fଵ ∀ Pଵ (Gଵ)  also Aଵ௜   anti Fଵ Pଵ (Gଵ)   for each i ∈ I, the following holds 

(i)   (Aଵ o Bଵ) (݀ଵ)  = ∧ ௖భ ∈ ృభ
 {Aଵ (ܿଵ) ∨ Bଵ (ܿଵିଵ݀ଵ)} 

                                                   = ∧ ௖భ ∈ ృభ
{Aଵ (݀ଵ ܿଵିଵ) ∨ Bଵ (ܿଵ)} 

(ii)  (ܽ௖భ  o Aଵ) (݀ଵ) = Aଵ (ܿଵିଵ݀ଵ)   ∀ ݀ଵ, ܿଵ ∈ Gଵ                  
                           (Aଵ o ܽ௖భ) (݀ଵ) = Aଵ (݀ଵ ܿଵିଵ)   ݀ଵ, ܿଵ ∈ Gଵ 

PROOF:- (i)   We have ݀ଵ, ܿଵ ∈ Gଵ  ܿଵିଵ ∈  Gଵ 
        (݀ଵ ܿଵିଵ) ܿଵ = ݀ଵ (ܿଵିଵܿଵ) = ݀ଵ e = ݀ଵ 
Also                        ܿଵ (ܿଵିଵ݀ଵ) = (ܿଵ ܿଵିଵ) ݀ଵ = e ݀ଵ = ݀ଵ 
Thus, 
            {Aଵ (݀ଵ ܿଵିଵ) ∨ Bଵ (ܿଵ) = ∧ ௖భ ∈ ృభ

{( Aଵ (݀ଵ) ∨ Aଵ (ܿଵିଵ) ∨ Bଵ (ܿଵ)} 
                                   = ∧ ௖భ ∈ ృభ

{ (Aଵ (݀ଵ) ∨ (∧  Aଵ (ܿଵିଵ) ∨ Bଵ (ܿଵ)} 

                                                        = ∧ ௖భ ∈ ృభ
{ (Aଵ (݀ଵ) ∨ (Aଵ o Bଵ) (ܿଵିଵܿଵ)} 

                                                  = ∧ ௖భ ∈ ృభ
{ Aଵ o (Aଵ o Bଵ) (݀ଵ݁) 

                                                  = (Aଵ o Bଵ) ݀ଵ, ∀݀ଵ ∈ Gଵ 
Similarly, we get 
 ∧ ௖భ ∈ ృభ

 { Aଵ (ܿଵ) ∨ Bଵ (ܿଵିଵ݀ଵ)} = (Aଵ o Bଵ) (݀ଵ)  ∀ ݀ଵ ∈ Gଵ 
                (ii)          (ܽ௖భo Aଵ) (݀ଵ) =  ∧ ௖భ ∈ ృభ

{Aଵ (ܿଵିଵ݀ଵ) ∨ Aଵ (݀ଵ)} 
                                 =  ∧ ௖భ ∈ ృభ

{ Aଵ (ܿଵିଵ) ∨ Aଵ (݀ଵ) ∨ Aଵ (݀ଵ)} 
                                 =  ∧ ௖భ ∈ ృభ

{ Aଵ (ܿଵିଵ) ∨ Aଵ (݀ଵ)} 
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                                   =  Aଵ (ܿଵିଵ݀ଵ)   ∀  ݀ଵ, ܿଵ ∈ Gଵ
 

Also,  

                               (Aଵ o ܽ௖భ) (݀ଵ) = ∧ ௖భ ∈ ృభ
{ Aଵ (݀ଵ) ∨ Aଵ (݀ଵ ܿଵିଵ)} 

                                  = ∧ ௖భ ∈ ృభ
{ Aଵ (݀ଵ) ∨ Aଵ (݀ଵ) ∨ Aଵ (ܿଵିଵ)}  

                                                        = ∧ ௖భ ∈ృభ
{ Aଵ (݀ଵ) ∨ Aଵ (ܿଵିଵ)} 

                                  = Aଵ (݀ଵ ܿଵିଵ)  ݀ଵ , ܿଵ ∈ Gଵ 
Fuzzy homomorphism 
In this section author have extend the properties of fuzzy homomorphism in abelian fuzzy subgroup and anti-abelian fuzzy 
subgroup 
 

III. ABELIAN FUZZY SUBGROUP [6] 
Definition 2.8 If Aଵ ∈ Fଵ (Gଵ) and if Aଵ (݀ଵ  ܿଵ) = Aଵ (ܿଵ ݀ଵ) for all ݀ଵ , ܿଵ ∈ Gଵ then Aଵ is called an abelian fuzzy subgroup of Gଵ 
Proposition 3.1:- If ଵ݂  : Gଵ → Gଶ be a homomorphism of group Gଵ into Gଶ. Let Aଵ ∈ Fଵ (Gଵ) is abelian fuzzy sub group then 
expression that ଵ݂  (Aଵ) ∈  Fଵ (Gଶ) is also an abelian fuzzy subgroup. 
PROOF:- Let mଵ, nଵ  ∈ Gଶ then 
   ( ଵ݂ (Aଵ)) (mଵ nଵ)  =  ∨{Aଵ (pଵ) : pଵ ∈ Gଵ, ଵ݂  (pଵ) = mଵ nଵ}  
                                >  ∨{Aଵ (݀ଵ ܿଵ) : ݀ଵ, ܿଵ ∈ Gଵ, ଵ݂  (݀ଵ) = mଵ, ଵ݂ (ܿଵ) = nଵ} 
                                =  ∨{Aଵ (ܿଵ ݀ଵ) : ݀ଵ, ܿଵ ∈ Gଵ, ଵ݂  (݀ଵ) = mଵ,  ଵ݂ (ܿଵ)  = nଵ} 
                                =  ∨{Aଵ (ܿଵ) ∧ Aଵ (݀ଵ) : ݀ଵ, ܿଵ ∈ Gଵ, ଵ݂  (݀ଵ)  = mଵ, ଵ݂  (ܿଵ) = nଵ} 
                                =  ∨{ Aଵ (ܿଵ) : ܿଵ ∈ Gଵ , ଵ݂  (ܿଵ) = mଵ} ∧ {∨{ Aଵ (݀ଵ) : ܿଵ ∈ Gଵ , ଵ݂ (݀ଵ) = nଵ} 
                                = ଵ݂ (Aଵ) (mଵ) ∧ ଵ݂  (Aଵ)  (nଵ) 
                                =  ( ଵ݂  (Aଵ)) (mଵ nଵ)  ∀ mଵ, nଵ ∈ Gଶ 
                      Hence, ଵ݂ (Aଵ) ∈  Fଵ(Gଶ)  is an abelian fuzzy subgroup (ABFSG) of Gଶ. 
Proposition 3.2:- Let ଵ݂  : Gଵ → Gଶ is a homomorphism of group Gଵ into a group Gଶ. If Aଵ ∈  Fଵ(Gଶ) is an abelian fuzzy subgroup of 
Gଶ Then show that ଵ݂

ିଵ( Aଵ ) ∈  Fଵ (Gଵ) is also an abelian fuzzy subgroup of Gଵ. 
PROOF:- Let ଵ݂  : Gଵ → Gଶ be homomorphism of group Gଵ into group Gଶ . Let  Aଵ ∈  Fଵ(Gଶ)  be an abelian fuzzy subgroup of Gଵ. 
Then show ଵ݂

ିଵ( Aଵ ) ∈  Fଵ (Gଵ)  is also an abelian fuzzy subgroup of Gଵ. 
                 Suppose  ݀ଵ, ܿଵ ∈ Gଵ we have 
              ( ଵ݂

ିଵ( Aଵ )) (݀ଵ ܿଵ) = Aଵ ( ଵ݂  (݀ଵ ܿଵ)) 
                                             = Aଵ ( ଵ݂ (݀ଵ) ଵ݂  (ܿଵ)),              since ଵ݂ is a homomorphism 
                                             = Aଵ ( ଵ݂ (ܿଵ) ଵ݂  (݀ଵ)),               since Gଶ is an abelian subgroup 
                                             = Aଵ (݂ (ܿଵ ݀ଵ)) 
                                             = ( ଵ݂

ିଵ( Aଵ ))  (ܿଵ ݀ଵ) ∀ ݀ଵ, ܿଵ ∈  Gଵ. 
Hence,     ଵ݂

ିଵ( Aଵ ) ∈  Fଵ (Gଵ) is an abelian fuzzy subgroup of Gଵ. 
Proposition 3.3:- If ଵ݂  : Gଵ → Gଵʹ is a homomorphism of group Gଵ into Gଵʹ and gଵ : Gଵʹ → Gଵʺ be a homomorphism of group Gଵʹ into 
group Gଵʺ. Let Aଵ ∈  Fଵ (Gଵ) then show that the composition (gଵ o ଵ݂) (Aଵ) ∈  Fଵ (Gଵʺ). 
PROOF:- Let ߙଵ, ߚଵ ∈ Gଵʺ. If possible, let ߙଵ   (gଵ o ଵ݂) (Gଵ) or ߚଵ  (gଵ o ଵ݂) (Gଵ) then  
(gଵ o ଵ݂) Aଵ (ߙଵ) ∧ (gଵ o ଵ݂) Aଵ (ߚଵ) = 0 < (gଵ o ଵ݂) Aଵ (ߙଵߚଵ).  
If we suppose ߙଵ  (gଵ o ଵ݂) (Gଵ) then ߙଵିଵ (gଵ o ଵ݂) (Gଵ)  
Implies that (gଵ o ଵ݂) (Aଵ) ߙଵ = 0 = ( gଵ o ଵ݂) (Aଵ)  ߙଵିଵ 
Again if we assume  
∋ ଵ = (gଵ o ଵ݂) (ܿଵ ) for some ݀ଵ, ܿଵߚ ଵ = (gଵ o ଵ݂ ) (݀ଵ) andߙ Gଵ. 
Also 
   (gଵ o ଵ݂) (Aଵ) (ߙଵߚଵ)  =  ∨{ Aଵ (pଵ) : pଵ ∈ Gଵ, (gଵ o ଵ݂) pଵ = ߙଵߚଵ} 
   (gଵ o ଵ݂) (Aଵ) (ߙଵߚଵ) 
                                     ≥ ∨ { Aଵ (݀ଵ ܿଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂) ݀ଵ  = ߙଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ} 
                                          ≥ ∨ { Aଵ (݀ଵ) ∧ Aଵ (ܿଵ) : ݀ଵ , ܿଵ ∈ Gଵ , (gଵ o ଵ݂) ݀ଵ = ߙଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ} 
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                                      =  ∨ { Aଵ (݀ଵ) : ݀ଵ ∈ Gଵ, (gଵ o ଵ݂) ݀ଵ = ߙଵ} ∧ {∨ ((Aଵ (ܿଵ)) : ܿଵ ∈ Gଵ, (gଵ o ଵ݂) ܿଵ ∈  {ଵߚ
                                      = (gଵ o ଵ݂) Aଵ (ߙଵ) ∧ (gଵ o ଵ݂) Aଵ (ߚଵ) 
  Also, 
 (gଵ o ଵ݂) Aଵ ߙଵିଵ 

                                                          =  ∨ { Aଵ (݌ଵ) : ݌ଵ ∈ G, (gଵ o ଵ݂) ݌ଵ = ߙଵିଵ } 
                                      = ∨ { Aଵ (݌ଵିଵ) : ݌ଵ ∈ G, (gଵ o ଵ݂) ݌ଵିଵ  = ߙଵ} 
                                      = (gଵ o ଵ݂) Aଵ (ߙଵ)  
   Hence,  
(gଵ o ଵ݂) (Aଵ) ∈ Fଵ (Gଵʺ) 
Proposition 3.4:- Suppose ଵ݂ : Gଵ → Gଵʹ  and gଵ : Gଵʹ → Gଵʺ where ଵ݂  and gଵ are homomorphism of a group Gଵ into group Gଵʹ and 
from a group Gଵʹ into a group Gଵʺ respectively then the composition homomorphism  (gଵ o ଵ݂) from Gଵ into Gଵʺ. Let Aଵ ∈ Fଵ (Gଵ) is 
an abelian group then prove that (gଵ o ଵ݂) (Aଵ)  ∈ Fଵ (Gଵʺ) is also an abelian group. 
PROOF :-Let ߙଵ, ߚଵ ∈ Gଵʺ then we have by extension principle 
 (gଵ o ଵ݂) (Aଵ) (ߙଵ, ߚଵ) 
               =  ∨{ Aଵ (݌ଵ) : ݌ଵ Gଵ, (gଵ o ଵ݂) ݌ଵ = ߙଵߚଵ)} 
               ≥ ∨{ Aଵ (݀ଵ ܿଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂)  ݀ଵ = ߙଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ} 
               =  ∨{ Aଵ (ܿଵ ݀ଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂)  ݀ଵ = ߙଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ} 
               Since Aଵ ∈ Fଵ(Gଵ) is an abelian group 
 (gଵ o ଵ݂) (Aଵ) (ߙଵ, ߚଵ) 
                = ∨{ Aଵ(ܿଵ) ∧ Aଵ (݀ଵ) : ݀ଵ, ܿଵ ∈  Gଵ, (gଵ o ଵ݂) ݀ଵ = ߙଵ, (gଵ o ଵ݂)  ܿଵ= ߚଵ} 
                = ∨ [{Aଵ (ܿଵ) ܿଵ ∈ Gଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ}] ∧ [ ∨ Aଵ ∈ (݀ଵ) : ݀ଵ ∈  Gଵ, (gଵ o ଵ݂)  ݀ଵ = ߙଵ] 
                = (gଵ o ଵ݂) (Aଵ) (ߚଵ) ∧ (gଵ o ଵ݂) (Aଵ) (ߙଵ)  
                = (gଵ o ଵ݂) (Aଵ) (ߚଵ ߙଵ) 
              Hence, 
                        (gଵ o ଵ݂) Aଵ ∈ Fଵ (Gଵʺ) is an abelian fuzzy subgroup of Gଵʺ. 
 
Proposition on abelian anti fuzzy subgroup 
Proposition 3.5 If ଵ݂ : Gଵ → Gଶ be a homomorphism of group Gଵ into group Gଶ. Let Aଵ ∈ anti Fଵ (Gଵ) is abelian anti fuzzy subgroup 
of Gଵ, then show that ଵ݂  Aଵ ∈ Fଵ (Gଶ) is also abelian anti fuzzy subgroup of Gଶ. 
 PROOF: Let 1ߚ ,1ߙ  

∈
  
Gଶ 

( ଵ݂  Aଵ)) (ߙଵ ߚଵ)  
                    =  ∧ {Aଵ (pଵ) : pଵ ∈ Gଵ, ଵ݂ (pଵ) = ߙଵ ߚଵ} 
                    =  ∧  {Aଵ (݀ଵܿଵ) : ݀ଵ, ܿଵ ∈ Gଵ,  ଵ݂ (݀ଵ) =ߙଵ, ଵ݂  (ܿଵ) = ߚଵ} 
                    =  ∧  {Aଵ (ܿଵ ݀ଵ) : ݀ଵ, ܿଵ ∈  Gଵ,  ଵ݂  (݀ଵ) = ߙଵ, ଵ݂ (ܿଵ) = ߚଵ} 
                    <  ∧  {A1 (c1) ∨ A1 (d1) : d1, c1 

∈  G1, f1 (d1) = 1ߙ, , f1 (c1) = 1ߚ} 
                    =  ∧  {Aଵ (ܿଵ) :  ܿଵ ∈ Gଵ, ଵ݂ (ܿଵ) =ߚଵ ∨ (∧ ଵ݂ (݀ଵ) : ݀ଵ ∈ Gଵ, ଵ݂ (݀ଵ) = ߙଵ}) 
                    =  { ଵ݂  (Aଵ) ∨ ଵ݂  (Aଵ)} (ߚଵ ߙଵ) 
                    = ( ଵ݂ (Aଵ)) (ߚଵ  ߙଵ) ∀ ߙଵ, ߚଵ ∈ Gଶ 
         Hence ଵ݂  (Aଵ) ∈ anti Fଵ (Gଶ) is abelian anti-fuzzy subgroup of Gଶ 
Proposition 3.6:- Let ଵ݂  : Gଵ ��Gଶ is a homomorphism of a group Gଵ into a group Gଶ. If Aଵ � anti Fଵ (Gଶ) is an abelian anti-fuzzy 
subgroup of Gଶ then show that ଵ݂

ିଵ (Aଵ) � anti Fଵ (Gଵ) is also an abelian anti-fuzzy subgroup of Gଵ. 
PROOF :- Suppose ଵ݂ : Gଵ ��Gଶ is a homomorphism of a group Gଵ into a group Gଶ. Let Aଵ � anti Fଵ (Gଶ)  be abelian anti-fuzzy 
subgroup of Gଶ. Then show that ଵ݂  ିଵ(Aଵ ) � anti Fଵ (Gଵ) is also an abelian anti-fuzzy subgroup Gଵ. 
Let ݀ଵ ��ܿଵ ��Gଵ 
We have ( ଵ݂

ିଵ (Aଵ)) (݀ଵ ܿଵ) =  Aଵ ( ଵ݂ (݀ଵ ܿଵ)) 
                                              =  Aଵ ( ଵ݂ (݀ଵ) ଵ݂  (ܿଵ))        since ଵ݂ is a homomorphism 
                                              =  Aଵ ( ଵ݂ (ܿଵ) ଵ݂  (݀ଵ))        since Gଶ is an abelian subgroup 
                                              =  Aଵ ( ଵ݂  (ܿଵ  ݀ଵ))  
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                                              = ଵ݂
ିଵ(ܣଵ) (ܿଵ,݀ଵ) 

Finally, ଵ݂
ିଵ(ܣଵ)  ∈ anti  F1 (G1) is an abelian anti-fuzzy subgroup. 

Proposition 3.7: Suppose ଵ݂ : Gଵ → Gଵʹ and gଵ : Gଵʹ → Gଵʺ where ଵ݂  and gଵ are homomorphism of a group Gଵ into group Gଵʹ and 
from a group Gଵʹ into a group Gଵʺ respectively. Let Aଵ ∈ anti Fଵ(Gଵ)  is an abelian anti fuzzy subgroup of Gଵ then prove that the 
image of composition homo – morphism of fuzzy anti subgroup Aଵ of Gଵʺ is also an abelian anti fuzzy subgroup of Gଵʺ  
PROOF: - Let ߙଵ,ߚଵ ∈ Gଵʺ then we have by extension principle 
 (gଵ o ଵ݂) (Aଵ) (ߙଵ,ߚଵ) 
             =  ∧ { Aଵ (݌ଵ) : ݌ଵ ∈ Gଵ, (gଵ o ଵ݂) ݌ଵ = ߙଵ ߚଵ)} 
            ≤ ∧ { Aଵ (݀ଵ ܿଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂)  ݀ଵ = ߙଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ} 
            =  ∧ { Aଵ (ܿଵ ݀ଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂)  ݀ଵ = ߙଵ (gଵ o ଵ݂) ܿଵ ߚଵ} 
             ≤  ∧ { Aଵ(ܿଵ) ∨ Aଵ (݀ଵ) : ݀ଵ, ܿଵ ∈ Gଵ, (gଵ o ଵ݂) ݀ଵ = ߙଵ, (gଵ o ଵ݂)  ܿଵ= ߚଵ} 
           =  ∧  [{Aଵ (ܿଵ) ܿଵ ∈ Gଵ, (gଵ o ଵ݂) ܿଵ = ߚଵ}] ∨ [ ∧ A (݀ଵ) : ݀ଵ ∈ Gଵ, (gଵ o ଵ݂)  ݀ଵ] 
  (ଵߙ) (Aଵ) (gଵ o ଵ݂) ∨ (ଵߚ) ଵ (gଵ o ଵ݂) (Aଵ)ߙ =           
           =  (gଵ o ଵ݂) (Aଵ) (ߚଵ ߙଵ) 
Finally, 
(gଵ o ଵ݂) Aଵ  Fଵ (Gଵʺ) is an abelian anti fuzzy subgroup of Gଵʺ. 
 

IV. CHARACTERISTIC FUZZY SUBGROUP [13] 
DEFINITION: 4.1:- Let Aଵ be a fuzzy  subgroup of Gଵ and ϕ be a function from Gଵ into itself. Now define the fuzzy subset Aଵ

ம of 
Gଵ by Aଵ

ம(dଵ) =  Aଵ ൫dଵ
ம൯, where dଵ

ம =  ϕ(dଵ) Aଵ subgroup K of group Gଵ is called a characteristic subgroup if  Kம = K for 
every automorphism ϕ of Gଵ, where Kமdenote ϕ(k).                                                                                                                    
Definition 4.2 Characteristic fuzzy subgroup: A fuzzy subgroup Aଵ on a group K is called a fuzzy characteristic subgroup of Gଵ 
if  Aଵ

ம(݀ଵ ) =  Aଵ(݀ଵ ) for every automorphism ϕ of Gଵ  and for all ݀ଵ ∈ Gଵ 
Proposition 4.1  :- Let Aଵ is a fuzzy  subgroup of a group Gଵ if                                                                                                                                 
 a.         If ϕ is a homomorphism of Gଵ into itself, then Aଵ

ம is a fuzzy subgroup of  Gଵ 
 b.        If Aଵ is a fuzzy characteristic subgroup of Gଵ then Aଵ is a normal.           
PROOF : (i) ݀ଵ, ܿଵ ∈ Gଵ then                                                                                                                          
                          Aଵ

ம(݀ଵ  ܿଵ ) =  Aଵ (݀ଵ  ܿଵ )ம                                                                                                                                         
                                               =  Aଵ (݀ଵ 

மܿଵ 
ம)                                                                                                                                        

Subsequently ϕ is a homomorphism and Aଵ is a fuzzy  subgroup of Gଵ.                                                       
                        Aଵ ൫݀ଵ 

மܿଵ 
ம൯  ≥ Aଵ ൫݀ଵ 

ம൯ ∧ Aଵ (ܿଵ 
ம)                                                                                                          

                           Aଵ
ம(݀ଵ  ܿଵ ) =  Aଵ

ம(݀ଵ ) ∧ Aଵ
ம(ܿଵ )                                                                                                             

  Also,                   Aଵ
ம൫݀ଵ 

ିଵ൯ =  Aଵ൫݀ଵ 
ିଵ൯ம                                                                                                                 

                                               =  Aଵ൫݀ଵ 
ம൯

ିଵ
                                                                                                                                          

                                                     =  Aଵ൫݀ଵ 
ம൯                                                                                                                                                 

                                                     = Aଵ
ம(݀ଵ )                                                                        

    Hence,                    Aଵ
ம is a fuzzy  subgroup of Gଵ.                                                                        

   (ii)   Let ݀ଵ , ܿଵ  ∈ Gଵ to prove that Aଵ is normal we have to show                                                   
                      Aଵ (݀ଵ  ܿଵ ) = Aଵ (ܿଵ  ݀ଵ )                                                                                                                              
   Let ϕ be function from Gଵ into itself definition by                                                                              
  ϕ(z) = ݀ଵ 

ିଵ z ݀ଵ   ,    ∀   z ∈ Gଵ                                                                                        
  Since Aଵ is a fuzzy  characteristic subgroup of Gଵ,                                                                              
                                       ∴ Aଵ

ம = Aଵ                                                                                                
                  Thus     Aଵ (݀ଵ  ܿଵ ) = Aଵ

ம(݀ଵ  ܿଵ )                                                                                            
                                                 = Aଵ (݀ଵ  ܿଵ )ம                                                                                                     
                                                 = Aଵ (ϕ (݀ଵ  ܿଵ ))                                                                                                       
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                                                 = Aଵ (݀ଵ 
ିଵ(݀ଵ  ܿଵ )݀ଵ )                                                                                          

                                                 = Aଵ (ܿଵ   ݀ଵ )                                                                                              
  Hence Aଵ is normal subgroup of Gଵ.                                                                                             

V. MAIN RESULT 
Proposition 5.1 : Let Aଵ, Cଵ be the fuzzy  subgroup of Gଵ if 
( i)         If ϕ is a homomorphism of Gଵ into itself, then Aଵ

ம is a fuzzy subgroup of  Gଵ 
 (ii)        If Aଵ is a fuzzy characteristic subgroup of Gଵ then Aଵ is a normal.           
PROOF : (i) ݀ଵ, ܿଵ ∈ Gଵ then                                                                                                                          
                            Aଵ

ம(݀ଵ  ܿଵ ) =  Aଵ (݀ଵ  ܿଵ )ம                                                                                                                                         
                                                 = Aଵ (݀ଵ 

மܿଵ 
ம)                                                                                                                                        

Subsequently ϕ is a homomorphism and Aଵ is a fuzzy  subgroup of Gଵ.                                                       
                        Aଵ ൫݀ଵ 

மܿଵ 
ம൯  ≥ Aଵ ൫݀ଵ 

ம൯ ∧ Aଵ (ܿଵ 
ம)                                                                                                          

                           Aଵ
ம(݀ଵ  ܿଵ ) =  Aଵ

ம(݀ଵ ) ∧ Aଵ
ம(ܿଵ )                                                                                                             

  Also,                      Aଵ
ம൫݀ଵ 

ିଵ൯ =  Aଵ൫݀ଵ 
ିଵ൯ம                                                                                                                 

                                               =  Aଵ൫݀ଵ 
ம൯

ିଵ
                                                                                                                                          

                                                     =  Aଵ൫݀ଵ 
ம൯                                                                                                                                                 

                                                     = Aଵ
ம(݀ଵ )                                                                                                      

 Hence,                    Aଵ
ம is a fuzzy  subgroup of Gଵ.                                                                         

Proposition 5.2 : Let Aଵ, Cଵ be the fuzzy subgroups of a group Gଵ. Then the following statement hold 
(i) If ϕ is a homomorphism of Gଵ into itself. Then Aଵ

ம & Cଵம  are fuzzy subgroup of        
           Gଵ. Then show that (a) (Aଵ ∪ Cଵ)ம  and (b) (Aଵ ∩ Cଵ)ம are fuzzy subgroup of Gଵ. 
(ii) If Aଵ, Cଵ are fuzzy characteristic subgroup of Gଵ, so Aଵ and Cଵ are normal then        
          we have to show that Aଵ ∪ Cଵ and Aଵ ∩ Cଵ are also normal. 
Proof:(i) Let Aଵ, Cଵ ∈ FଵPଵ (Gଵ) and ϕ is a homomorphism of Gଵ into itself. Let ݀ଵ  ܿଵ  ∈ Gଵ, we have  

  (Aଵ ∪ Cଵ)ம ൫(݀ଵ  ܿଵ )  ൯  =  (Aଵ ∪ Cଵ) ((݀ଵ  ܿଵ )ம) 
                           = (Aଵ ∪ Cଵ)൫݀ଵ 

மܿଵ 
ம൯                                                                                                                                   

                                   =  Aଵ൫݀ଵ 
மܿଵ 

ம൯ ∨ Cଵ ൫݀ଵ 
மܿଵ 

ம൯                                                                                                                      

                                       ≥ ቀAଵ൫݀ଵ 
ம൯ ∧ Aଵ(ܿଵ 

ம)ቁ ∨ ቀCଵ൫݀ଵ 
ம൯ ∧ Cଵ(ܿଵ 

ம)ቁ                                                                                             

                                  =  ቀAଵ൫݀ଵ 
ம൯ ∨ Cଵ൫݀ଵ 

ம൯ቁ ∧ ቀAଵ(ܿଵ 
ம) ∨ Cଵ(ܿଵ 

ம)ቁ                                                                                                  

                                  =  (Aଵ ∪ Cଵ) ݀ଵ 
ம ∧ (Aଵ ∪ Cଵ) ܿଵ 

ம                                                                                           
 (Aଵ ∪ Cଵ)ம(݀ଵ  ܿଵ )   ≥  (Aଵ ∪ Cଵ)ம(݀ଵ ) ∧ (Aଵ ∪ Cଵ)ம(ܿଵ 

ம) 

         (Aଵ ∪ Cଵ)ம൫݀ଵ 
ିଵ൯ =  (Aଵ ∪ Cଵ)ம൫݀ଵ 

ିଵ൯ம                                                                                           

                                        =  (Aଵ ∪ Cଵ)ቀ൫݀ଵ 
ம൯

ିଵ
ቁ                                                                                                                      

                                        =  Aଵ ൫݀ଵ 
ம൯

ିଵ
∧ Cଵ൫݀ଵ 

ம൯
ିଵ

  since  Aଵ , Cଵ ∈  Fଵ (Gଵ)                                                                          
                                        =  Aଵ ൫݀ଵ 

ம൯ ∧ Cଵ൫݀ଵ 
ம൯                                                                                                                                

                                        =  (Aଵ ∪ Cଵ) ൫݀ଵ 
ம൯                                                                                                                                      

                                        =  (Aଵ ∪ Cଵ)ம(݀ଵ )                                                                               
   Hence,              (Aଵ ∪ Cଵ) ∈  Fଵ (Gଵ)                                                      

Similarly,                                                                              
i (b) we have                                                                                               
          (Aଵ ∩ Cଵ)ம(݀ଵ  ܿଵ )  =  (Aଵ ∩ Cଵ) ((݀ଵ  ܿଵ )ம)                                                                                                      
                                           = (Aଵ ∩ Cଵ)൫݀ଵ 

மܿଵ 
ம൯                                                                                                                                   

                                           =  Aଵ൫݀ଵ 
மܿଵ 

ம൯ ∧ Cଵ ൫݀ଵ 
மܿଵ 

ம൯                                                                                                                      
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                                                ≥ ቀAଵ൫݀ଵ 
ம൯ ∧ Aଵ(ܿଵ 

ம)ቁ ∧ ቀCଵ൫݀ଵ 
ம൯ ∧ Cଵ(ܿଵ 

ம)ቁ                                                                                             

                                          =  ቀAଵ൫݀ଵ 
ம൯ ∧ Cଵ൫݀ଵ 

ம൯ቁ ∧ ቀAଵ(ܿଵ 
ம) ∧ Cଵ(ܿଵ 

ம)ቁ                                                                                                  

                                           =  (Aଵ ∩ Cଵ) ݀ଵ 
ம ∧ (Aଵ ∩ Cଵ) ܿଵ 

ம                                                                                                                  
                                           =  (Aଵ ∩ Cଵ)ம(݀ଵ ) ∧ (Aଵ ∩ Cଵ)மܿଵ                                                           
   i.e.,   (Aଵ ∩ Cଵ)ம(݀ଵ  ܿଵ )   ≥  (Aଵ ∩ Cଵ)ம(݀ଵ )  ∧ (Aଵ ∩ Cଵ)ம(ܿଵ ) 

 Also , (Aଵ ∩ Cଵ)ம൫݀ଵ 
ିଵ൯ =  (Aଵ ∩ Cଵ)ம൫݀ଵ 

ିଵ൯ம                                                                                          

                                           =  (Aଵ ∩ Cଵ)ቀ൫݀ଵ 
ம൯

ିଵ
ቁ                                                                                                                      

                                          =  Aଵ ൫݀ଵ 
ம൯

ିଵ
∧ Cଵ൫݀ଵ 

ம൯
ିଵ

  since Aଵ , Cଵ ∈ Fଵ (Gଵ)                                                                         
                                          =  Aଵ ൫݀ଵ 

ம൯ ∧ Cଵ൫݀ଵ 
ம൯                                                                                                                                

                                          =  (Aଵ ∩ Cଵ) ൫݀ଵ 
ம൯                                                                                                                                      

                                          =  (Aଵ ∩ Cଵ)ம(݀ଵ )                                                                              
    Hence,                                (Aଵ ∩ Cଵ) ∈  Fଵ (Gଵ)                                                                                  
(ii)   Let ݀ଵ , ܿଵ  ∈ Gଵ to prove that Aଵ is normal we have to show                                                   
                      Aଵ (݀ଵ  ܿଵ ) = Aଵ (ܿଵ  ݀ଵ )                                                                                                                               
  Let ϕ be function from Gଵ into itself definition by                                                                          
      ϕ(z) = ݀ଵ 

ିଵ z ݀ଵ   ,    ∀   z ∈ Gଵ                                                                                     
     Since Aଵ is a fuzzy  characteristic subgroup of Gଵ,                                                                              
 
                                       ∴ Aଵ

ம = Aଵ                                                                                                
                  Thus     Aଵ (݀ଵ  ܿଵ ) = Aଵ

ம(݀ଵ  ܿଵ )                                                                                            
                                                 = Aଵ (݀ଵ  ܿଵ )ம                                                                                                     
                                                 = Aଵ (ϕ (݀ଵ  ܿଵ ))                                                                                                       
                                                 = Aଵ (݀ଵ 

ିଵ(݀ଵ  ܿଵ )݀ଵ )                                                                                          
                                                 = Aଵ (ܿଵ   ݀ଵ )                                                                                               
 Hence Aଵ is normal subgroup of Gଵ.                                                                                                                         
 Again,  Suppose  ݀ଵ, ܿଵ ∈  Fଵ(Gଵ) to prove that (Aଵ ∩ Cଵ) is a normal fuzzy subgroup of Gଵ it is necessary to show 

         (Aଵ ∩ Cଵ)(݀ଵ ܿଵ ) =  (Aଵ ∩ Cଵ)(ܿଵ ݀ଵ ) 
Let ϕ be the function of group Gଵ into itself defined by               
                                                   ϕ (z) =  ݀ଵ 

ିଵ z ݀ଵ    ∀  ݀ଵ ∈ Gଵ                                                                                                                                      
Since Aଵ and Cଵ are fuzzy characteristic subgroup of Gଵ, hence be normal as we prove         
 (Aଵ ∩ Cଵ)ம = (Aଵ ∩ Cଵ) 

             (Aଵ ∩ Cଵ)(݀ଵ ܿଵ )  =  (Aଵ ∩ Cଵ)ம(݀ଵ ܿଵ ) 
=  (Aଵ ∩ Cଵ ) (݀ଵ ܿଵ )ம 
= (Aଵ ∩ Cଵ) ൫݀ଵ 

ିଵ(݀ଵ ܿଵ )݀ଵ ൯ 

= (Aଵ ∩ Cଵ) ቀ(݀ଵ 
ିଵ݀ଵ ) (ܿଵ ݀ଵ )ቁ 

= (Aଵ ∩ Cଵ) (ܿଵ ݀ଵ ) 
Hence (Aଵ ∩ Cଵ)  ∈ Fଵ(Gଵ) is normal.   
Similarly, 
                                                               (Aଵ ∪ Cଵ)ம = (Aଵ ∪ Cଵ) 

(Aଵ ∪ Cଵ) (ܿଵ ݀ଵ ) = (Aଵ ∪ Cଵ)ம(ܿଵ ݀ଵ ) 
                                    =  (Aଵ ∪ Cଵ )(ܿଵ ݀ଵ )ம 
                                    = (Aଵ ∪ Cଵ)൫݀ଵ 

ିଵ(ܿଵ ݀ଵ )݀ଵ ൯ 

                      = (Aଵ ∪ Cଵ)ቀ݀ଵ 
ିଵ݀ଵ ) (ܿଵ ݀ଵ )ቁ 

                      = (Aଵ ∪ Cଵ)(ܿଵ ݀ଵ ) 
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Hence (Aଵ ∪ Cଵ)  ∈ Fଵ(Gଵ) is also normal. 
 PROPOSITION 5.3: Let Aଵ is a normal fuzzy subgroup of Gଵ and let ϕ be a homomorphism of Gଵ into itself. Then ϕ  induces a 
homomorphism ϕഥ of  ୋభ

୅భ
 into itself defined by  

          ϕഥ(݀ଵ Aଵ) = ϕ (݀ଵ )Aଵ           For all ݀ଵ   ∈ (Gଵ) 
Proof : Let ݀ଵ, ܿଵ  ∈ Gଵ we have  

                                            ݀ଵ  Aଵ = ܿଵ  Aଵ 
Then we have to show that 
                        ϕ (݀ଵ )Aଵ = ϕ (ܿଵ )Aଵ        
        Since                                                                                                                                      
                             ݀ଵ  Aଵ = ܿଵ Aଵ                                                                                                                        
    we have 

                           ݀ଵ  Aଵ (݀ଵ ) = ܿଵ Aଵ (݀ଵ )                                                                                                        
                               ⇒ Aଵ (e) = Aଵ (ܿଵ 

ିଵ݀ଵ ) 
                           ݀ଵ  Aଵ (ܿଵ ) = ܿଵ Aଵ (ܿଵ )                                                                                                               
                   ⇒  Aଵ (݀ଵ 

ିଵܿଵ ) = Aଵ (e) 
                        Aଵ (ܿଵ 

ିଵ݀ଵ ) = Aଵ (݀ଵ 
ିଵܿଵ ) = Aଵ (e) 

Implies that                                                                                                                                                                             
                   ( ܿଵ 

ିଵ݀ଵ ) , (݀ଵ 
ିଵܿଵ ) ∈ Aଵ∗ 

Since we have                                                                                                                                        
                                 ϕ (Aଵ∗) = Aଵ∗                                                                                                     
   Therefore ϕ(ܿଵ 

ିଵ݀ଵ ) and ϕ( ݀ଵ 
ିଵܿଵ ) also belong to Aଵ∗ 

Which implies that                                                                                                                                                            
                Aଵ (ϕ(ܿଵ 

ିଵ݀ଵ )) = Aଵ (ϕ( ݀ଵ 
ିଵܿଵ )) = Aଵ (e) 

Let g ∈ G, Then 
                    ϕ (݀ଵ )Aଵ(gଵ) = Aଵ (ϕ ( ݀ଵ 

ିଵ) gଵ) 
                 = Aଵ (ϕ( ݀ଵ 

ିଵ) ϕ (ܿଵ ) ϕ ( ܿଵ 
ିଵ) gଵ) 

                                           ≥ Aଵ (ϕ( ݀ଵ 
ିଵ) ϕ (ܿଵ ) ∧ Aଵ (ϕ( ܿଵ 

ିଵ) gଵ ) 
                                           = Aଵ (ϕ( ݀ଵ 

ିଵܿଵ )) ∧ ) ϕ (ܿଵ ) Aଵ (gଵ ) 
                                          = Aଵ (e) ∧ ϕ (ܿଵ ) ∧ Aଵ (gଵ ) 
                                          =  ϕ (ܿଵ ) Aଵ (gଵ ) 
Finally, 
                    ϕ (݀ଵ ) Aଵ (gଵ ) ≥ ϕ (ܿଵ ) Aଵ (gଵ )    …………. (i) 
Similarly, we can prove that  
                    ϕ (݀ଵ ) Aଵ (gଵ ) ≤ ϕ (ܿଵ ) Aଵ (gଵ )   ……………(ii) 
Since gଵ  ∈ Gଵ  is arbitrary 
Hence, 
                                          ϕ (݀ଵ ) Aଵ = ϕ (ܿଵ ) Aଵ 
Therefore,                                                                                                                                    
   we find that  ϕഥ is well defined                                                                                                
 Now we have only to show that  ϕഥ is a homomorphism                                                              
  Let ݀ଵ  , ܿଵ  ∈ Gଵ . 
 Since ϕ is homomorphism                                                                                                                    
                                            ϕ (݀ଵ ܿଵ ) = ϕ (݀ଵ ) ϕ (ܿଵ )                                                                                                                                                                                                                 
                                        ϕ (݀ଵ ܿଵ ) Aଵ = ϕ (݀ଵ ) ϕ (ܿଵ ) Aଵ.                                                                                                                                                                                                  
                                       ϕഥ (݀ଵ ܿଵ ) Aଵ = ϕ (݀ଵ )Aଵ .ϕ (ܿଵ )Aଵ.                                                                                                                                                                 
                                                            =  ϕഥ(݀ଵ  Aଵ . ܿଵ  Aଵ)  
                                                            = ϕഥ(݀ଵ  Aଵ) .ϕഥ  (ܿଵ  Aଵ).                                                            
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 Hence ϕഥ is a homomorphism. 
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