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Abstract: The development of water management and land reclamation require qualitatively new theoretical and methodological 
levels of research, in particular, the search for effective mechanisms for solving the associated mass transfer by interconnected 
flows of surface, groundwater and infiltration moisture of the soil, which causes the need to develop more advanced 
hydrodynamic models of the dynamics of groundwater and surface water, allowing to describe the processes of mass transfer 
taking into account hydraulic, hydrogeological, physico-chemical processes in systems – open watercourse and upper layers of 
soil. 
By solving scientific and technical problems of water management and reclamation practice, special attention should be paid to 
the interrelated processes of water movement and mass transfer of various physical nature, namely along furrows, in the 
humidification zone - infiltration. The article describes comprehensively study the processes of interconnected surface and 
groundwater. The solution of these problems can be obtained by creating mathematical models of interconnected surface water 
and moisture changes in the soil moisture zone 
Keywords: mass transfer, hydrodynamic models, interconnected surface water and moisture, soil moisture, mass transfer 
coefficient, Reynolds criterion, Peclet criterion. 

 
I.      INTRODUCTION 

The development of hydrodynamic models of the movement of surface and groundwater requires taking into account the complex 
nature of the phenomena under study, the real spatial and temporal scales of the considered hydrological reclamation objects and 
processes. By using the hydraulic approximation in the hydrodynamic description of the movement of both groundwater and surface 
water, it is necessary to take into account the ratio of the vertical dimensions of currents with horizontal measurements of 
hydrological and reclamation facilities. 
The creation of a hydrodynamic model of interconnected surface and groundwater is based on the equations of Richards, 
Boussinesq and Saint-Venant. That is, to describe the movement of vertical infiltration water in the zone of incomplete saturation of 
soil, the one-dimensional Richards model is used and the change in the groundwater level. 
Despite this, to date, the problems of mass transfer in interconnected groundwater and surface water flows using spatial formulation 
have not been fully studied. In this regard, a joint approach to constructing such models is usually used, based on the coupling of 
surface and groundwater models, which are complex hydraulic and geohydrodynamic processes. 
By studying the dynamics of soil moisture, in which a complex geo-hydro dynamic process of transformation and transpiration of 
moisture by plant roots takes place, it is especially necessary to pay attention to modeling infiltration runoff based on hydraulic 
methods. 

 
II.      GENERAL PROVISIONS 

For modeling the process of mass transfer by interacting currents of surface and groundwater, taking into account the migration of 
moisture in the humidification zone, the dimensional analysis method is used. 
To carry out the basic analysis of dimensions, equations are used that express the relationship between the parameters and variables 
of the process and the quantities included in them must be adequate and commensurate. Also, all terms of the equations must have 
the same dimensions. When solving the problems of mass transfer by interacting surface water currents of moisture dynamics in the 
humidification zone, the method of dimensional analysis is of particular importance. 
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The main content of the theory of dimension is the π- theorem, when there is some functional dependence between various quantities 
f(X

1 
,X

2
,...X

n
)=0, and it is assumed that m will be equal to the maximum number of these dimensional quantities with independent 

dimensions. In this case, the relationship between the dimensional quantities can be represented as (n–m) and, each of them will have 
the form of a power-law monomial. Then, the numbers of the basic units of measurement used to measure all variables will look like 
this: 

ܲ߂ = ଵܶିଶିܮܯ = ଶ݉/ܪ =  ,ଶ݉ݏ/݃݇
ܸ = ଵିܶܮ = ݉ଶ/ݏ, 
ߩ = ଷିܮܯ =  ,ଷ݉/ܪ
ݒ = ଶܶିଵܮ = ݉ଶ/ݏ. 

Let's assume that some parameters of the mass transfer process   are related to other process parameters A, B, C, D by the 
following dependence: 

 ∏ = (ܦ,ܥ,ܤ,ܣ)݂ =  ௗ (1)ܦ௖ܥ௕ܤ௔ܣ݇
Where k, f, c, d- unknown coefficients that we can determine based on experimental studies. It is assumed that the process 
parameters A, B, C, D depend on the hydraulic parameters of the water flow through the irrigation channel, viscosity, density, 
velocity, temperature, which in the notation of dimensions are expressed as: 

∏ =  ௡బܯ௞బߠ௔బܶ௠బܮ
ܣ =  ௡భܯ௞భߠ௔భܶ௠భܮ
ܤ =  ௡మܯ௞మߠ௔మܶ௠మܮ
ܥ =  ௡యܯ௞యߠ௔యܶ௠యܮ
ܦ =  ௡రܯ௞రߠ௔రܶ௠రܮ

Then equation (1) takes the following form: 
௡బܯ௞బߠ௔బܶ௠బܮ =  ௗ  (2)(௡రܯ௞రߠ௔రܶ௠రܮ)(௡యܯ௞యߠ௔యܶ௠యܮ)(௡మܯ௞మߠ௔మܶ௠మܮ)(௡భܯ௞భߠ௔భܶ௠భܮ)݇

Comparing the degrees at the same dimensions, we get: 
ܽ଴ = ଵߙܽ + ଶߙܾ + ଷߙܿ +  ସߙ݀
݉଴ = ܽ݉ଵ + ܾ݉ଶ + ܿ݉ଷ + ݀݉ସ 
݇଴ = ܽ݇ଵ + ܾ݇ଶ + ܿ݇ଷ + ݀݇ସ 
݊଴ = ܽ݊ଵ + ܾ݊ଶ + ܿ݊ଷ + ݀݊ସ 

In the numerical implementation of the equation system with regarding to a, b, c, d and k, we accept the coefficient n-m (n- the 
number of unknown coefficients, m- the number of equations).  To solve the equation (2) it is necessary to determine the mass transfer 
coefficient.  By using the dimension method, we define an empirical expression for the mass transfer coefficient β [LT

-1
], for the 

function of the characteristic body size r[L], flow rates V[LT-1], viscosity η[MT
-1

L
-1

], flow density ρ[ML
-3

] and the diffusion 

coefficient D[L
2
T

–1
].  

The mass transfer coefficient takes the following form: 
௅ߚ =  ௖ܦௗߟ௖ߩ௔ܸ௕ݎ݇

Substituting the dimension values, we get: 
ଵିܶܮ =  г(ଶܶିଵܮ)ௗ(ଵିܮଵିܶܯ)௖(ଷିܮܯ)௕(ଵିܶܮ)௔ܮ݇

Comparing the degrees for the corresponding dimensions, we obtain: 
:ܮ 1 = а + ܾ − 3ܿ − ݀ + 2݁ 

 ܶ:−1 = −ܾ − ݀ − ݁ (3) 
:ܯ 0 = ܿ + ݀ 

Here the number of equations is equal to m=3, and the number of unknown coefficients is equal to n=5. The number of key 
parameters is equal to n-m=2. The key parameters are used b, d, and the rest of the coefficients are expressed in terms of 
these coefficients. From the last equation (3) there is c=-d, from the second equation -e=1-b-d. Then, from the first equation it will take 
the form a=b-1. Taking into account these values, we get: 

௅ߚ =  ଵି௕ିௗܦௗߟௗିߩ௕ିଵܸ௕ݎ݇
After that, this equation is transformed into: 

  ఉಽ௥
஽

= ݇ ௥್௏್ఎ೏

஽್ఘ೏஽೏
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ܵℎ =
ݎ௅ߚ
ܦ ,Ре =

ݎܸ
ܦ , ܵܿ =

ߟ
 ܦߩ

By entering the criteria into the equation for calculating the mass transfer coefficient, we obtain the following: 
ܵℎ = ݇ܲ݁௕ܵ݁ௗ 

If Pe=ReSc, then we may write it down: 
ܵℎ = ݇ܲ݁௕ܵܿ௕ାௗ 

Coefficients (k, b, d) for any mass transfer process, we can determine using experimental data. 
In the sequel, the dimensionality method is used to calculate the heat transfer coefficient ܽ = ஻௠

мమ௄
= кг

секయ௄
=  depending ,[ଵିߠଷିܶܯ]

on the flow rate V[LT
–1

], body size r[L], viscosity of the medium η[MT
–1

L
–1

], the density of the medium ρ[ML
–3

], thermal 
conductivity of the medium and heat capacity of the flow λ[LMT 

–3
θ

–1
], т.е. 

ܽ = ௣ܥ௘ߣௗߟ௖ߩ௔ܸ௕ݎ݇
௙ (4) 

Taking into account the dimensions of the corresponding quantities when comparing the degrees of the same dimensions, we 
obtain: 

ଵିߠଷିܶܯ =  ௙(ଵିߠଶܶିଶܮ)г(ଵିߠଷିܶܮܯ)ௗ(ଵିܮଵିܶܯ)௖(ଷିܮܯ)௕(ଵିܶܮ)௔ܮ݇
:ܮ 0 = а+ ܾ − 3ܿ + ݀ + ݁ + 2݂ 
ܶ:−3 = −ܾ − ݀ − 3݁ − 2݂ 

:ܯ 1 = ܿ + ݀ + ݁ 
1−:ߠ = −݁ − ݂ 

In this system m=4 equations and n-6 unknown coefficients. Taking as key coefficients c and f, we express the remaining 
coefficients in terms of them. From the last equation we have e=1-f, from the second equation -b=c, from the third equation d=f-c, 
then from the first equation we have a=c-1. Substituting these coefficient values into the above equation and grouping the corresponding 
variables, we obtain: 

ݎܽ
ߣ = ݇ ൬

ߩܸݎ
ߟ
൰
௖

൬
௣ܥߟ
ߣ
൰
௙

 

ݑܰ =
ݎܽ
ߣ ,ܴе =

ߩܸݎ
ߟ =

ܸݎ
ݒ ݎܲ, =

௣ܥߟ
ߣ  

ݑܰ =  ௙(ݎܲ)௖(еܴ)ܭ
In this expression, the coefficients c, k and f defined based on the experimental values of the measured values. From the 

modeling conditions, it becomes necessary to determine the coefficient of resistance of solid particles. At the same time, the 
resistance force of solid particles F [MLT

–2
] depends on: particle diameter a[L], flow rates V [LT –1

], densities ρ[ML
–3

] and 

dynamic viscosity η[ML
–1

T
–1

]. The general expression for the resistance forces we may write as: 
஽ܨ = ݇݀௣௔ܸ௕ߩ௖ߟௗ 

Moving on to the dimensional values and comparing the same degrees, we have: 
ଶିܶܮܯ =  (ଵܶିଵିܮܯ)௖(ଷିܮܯ)௕(ଵିܶܮ)௔ܮ݇

:ܮ 1 = а+ ܾ − 3ܿ − ݀ 
ܶ:−2 = −ܾ − ݀ 
:ܯ 1 = ܿ + ݀ 

Taking the coefficient d as the key, we write down the remaining coefficients as ܽ = 2− ݀,ܾ = 2 − ݀, ܿ = 1− ݀. 
Then we may write: 

஽ܨ = ݇݀௣ଶିௗܸଶିௗߩଵିௗߟௗ 

ܴеௗ =
ߩܸܽ
ߟ  

஽ܨ = ݇݀௣ଶܸଶܴеௗିௗ  

஽ܨ = ௗܵܥ
ଶܸߩ

2  

By entering a dimensionless number, we get: ܵ = గௗ೛మ

ସ
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Expressing the strength of resistance asܥ஽ = ଶସ
ோ௘೏

, we will get: 

஽ܥ  = ଼
గ
൬ ிವ
ௗ೛మ௏మ

൰ = ଼௄
గோ௘೏

ష೏ = ௗିௗܴ݁ܣ =݂(ܴ݁ௗ) 

where A- some experimentally determined coefficient. As noted above, for small values Re<<1, value d=1 and A=24. 
Similarly, the resistance force for a particle in a non-Newtonian fluid is determined by assuming F =f(ρ, k, d, V), n- the 
indicator of the degree and k- the coefficient of consistency, as well as the following dimensions will be introduced: k=[ML

–1
T

n–2
], 

n=[M
0
L

0
T

0
]. Further, similar to the above calculation for the coefficient or resistance force, we obtain: 

஽ܥ =
ௗܨ

ଶ݀௣ଶܸߩ
= ݂ ቆ

ଶି௡݀௣௡ܸߩ

݇ , ݊ቇ = ݂(ܴ݁ௗ, ݊) 

Derivation of the equation (1) assumes that the probabilistic process under consideration obeys a nonlinear law:  
(ݐ)ܽ݀
ݐ݀ = ,(ݐ)ܽ)݂ (ݐ +  (5)  (ݐ)ߞܩ

It can be seen from this that the function describes the dynamics of particle sizes depending on convective mass transfer:  
[(ݐ)ߞ]ܯ = 0 

[(߬)ߞ(ݐ)ߞ]ݒ݋ܥ      = ݐ)ߜܤ − ݐ)ߜ(߬ − ߬) 
,(ݐ)ܽ)݂  (ݐ

(6) 

where ݂(ܽ(ݐ), ,(ݐ)ܽ)݂  .describes the growth of particle sizes in moisture transfer processes ,(ݐ (ݐ > ,(ݐ)ܽ)݂ ,0 (ݐ < 0,  
describes the dynamics of particle sizes in mass transfer processes.   

If we linearize the function in the neighborhood of some mean: 
,(ݐ)ܽ)݂  (ݐ ≈ ,(ݐ)௔ߤ)݂ (ݐ + డ௙(ఓೌ(௧),௧)

డఓೌ(௧)
(ݐ)ܽ) −   ((ݐ)௔ߤ

then the system of differential equations for the normal distribution is represented as:                                     
 (ܽ)௔ߤ

(ܽ)௔ߤ݀
ݐ݀ = ,(ݐ)௔ߤ)݂  (ݐ

ௗఙ೙మ

ௗ௧
= డ௙(ఓೌ(௧),௧)

డఓೌ
௡ଶߪ + ௡ଶߪ

డ௙೅(ఓೌ(௧),௧)
డఓೌ

+ ,(ݐ)௔ߤ)ܩ ,(ݐ)௔ߤ)்ܩܤ(ݐ  (7)       (ݐ

Decision (7) it is implemented using initial conditions in the form of: 
௔(0)ߤ) = ௡ଶ(0)ߪ,௔଴ߤ = ௡଴ଶߪ . 

It is assumed that the distribution function obeys the normal law: 

ܲ(ܽ, (ݐ =
1

ߨ௡√2ߪ
݌ݔ݁ ቈ

(ܽ − ௔)ଶߤ

௡ଶߪ2
቉   (8) 

and the change of coordinates is described by a linear equation: 
 ݀(ܽ) = ܽܣ− +  (9) (ݐ)ߞ

This equation describes changes in the size of capillaries, where the values of particles change monotonously over time. 
To determine the law of variation of varianceߤ௔(ܽ) and ߪ௡ଶ(ݐ) we get the equation in the form: 

 డ௉(௔)
డ௧

= డ
డ௔
ቀௗ௔
ௗ௧
ܲ(ܽ)ቁ + ஻డమ௉(௔)

ଶడ௔మ
 (10) 

After the appropriate conversion, it turns out ܽ௦ =  :௔ߤ
ௗఙೌమ

ௗ௧
= ௔ଶߪܣ2− + ௧ୀ଴|(ݐ)௔ଶߪ ,ܤ = ௔଴ଶߪ  
ௗఓೌ
ௗ௧

= ௧ୀ଴|(ݐ)௔ߤ ,௔ߤܣ− =  ௔଴ߤ

By solving this system of equations with initial values, we obtain 2
0

2
aa      

௔ߤ  = ௔଴ߤ −)݌ݔ݁ (ݐܣ + ஻
ଶ஺

[1− −)݌ݔ݁  (11) [(ݐܣ2

Taking into account the following assumptions, there is:  
a) the nature of the distribution function is constant; 
b) the number of particles per unit volume is determined by the formula: 
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௔଴ߤ = 2; ∏∫ ܲ(ܽ)݀ܽ௔
଴  

By integrating (10) within the range of 0 to r, we obtain an expression representing the equation of convective mass transfer:  

 డ∏
డ௧

= ܦ ቀడ
మ∏
డ௥మ

+ ଶడ∏
௥డ௥

ቁ+߱(ݎ,  (12)  (|ݐ

 
Fig. 1. Results of the numerical experiment of convective mass transfer equation 

 
III.      CONCLUSION 

Effective mechanisms have been developed for the numerical implementation of the shallow water and Richard’s equations, which 
allow numerical experiments of the obtained hydrodynamic models with a high degree of accuracy, and an effective hydraulic 
model of convective mass transfer has been developed, which allows describing the processes of surface runoff and infiltration with 
varying degrees of accuracy and detail 
Based on the developed hydraulic model of convective mass transfer the interacting with surface water flows along a furrow with a 
non-stationary bottom and between the dynamics of moisture in the soil-humidification zone, it can be used to develop devices and 
algorithms for controlling the state of the soil humidification zone 
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