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Abstract: This research examines the steady two-dimensional boundary-layer flow and thermal behavior of a Casson fluid over a
stretching surface, taking into account viscosity variations with temperature. Using suitable similarity transformations, the
governing momentum and energy equations are transformed into ordinary differential equations. These equations are then
solved numerically using the successive linearisation method. Special attention is given to the effects of the Casson parameter,
variable viscosity, and the Prandtl number on the velocity and temperature distributions. The results reveal that stronger non-
Newtonian effects tend to slow down the fluid motion and thicken the momentum boundary layer, while higher Prandtl numbers
lead to a reduction in the thermal boundary-layer thickness. Viscosity variation is also found to significantly influence both the
hydrodynamic and thermal behavior of the fluid. These findings contribute to a better understanding of transport phenomena in
non-Newtonian fluid flows over stretching surfaces and are relevant to various engineering and industrial processes.

Keywords: Casson fluid, stretching sheet, variable viscosity, heat transfer.

L. INTRODUCTION
Research involving flow over a radially stretching sheet has attracted considerable attention because of its wide relevance in
Chemical Engineering, Metallurgy, and Biomedical Engineering, as well as in applications such as paper manufacturing, polymer
processing, molten metal treatment, and glass fiber production. Owing to these practical applications, numerous studies have
investigated heat and mass transfer behavior in both Newtonian and non-Newtonian fluid flows, with emphasis on understanding
their thermal and flow characteristics under various physical conditions. Khan et al. [1]analyzed the axisymmetric flow behavior and
thermal transport of a Cross fluid induced by a radially stretching surface. The study emphasized how the stretching motion
influences transport processes and boundary-layer development, thereby affecting both momentum and thermal distributions.
Ahmed et al. [2] examined the combined influence of a tilted magnetic field and radiative heat transfer on the behavior of a Sisko
fluid flowing over a surface that stretches radially. The study demonstrates how these factors modify velocity distribution, heat
transfer behavior, and the development of momentum and thermal boundary layers. Sreelakshmi et al. [3]assessed the Jeffrey
nanofluid's time-dependent flow dynamics and temperature characteristics on a radially stretching surface while taking convective
boundary effects into account. The homotopy analysis method was used to solve the problem, enabling an examination of how time-
dependent effects and fluid parameters influence velocity, temperature distribution, and nanoparticle concentration profiles. Khan et
al. [4]examined how various slip conditions influence axisymmetric magnetohydrodynamic buoyancy-driven nanofluid flow over a
stretching surface, with particular emphasis on the impacts of thermal radiation and chemical reaction processes in modifying
velocity profiles, temperature distribution, concentration fields, and overall transport behavior within the fluid system. Nayak et al.
[5]examined the impact of a chemical reaction on mass transfer in a flow across a sheet that is stretching radially, showing that
reactive effects significantly modify concentration transport and boundary-layer behavior. Unlike many earlier investigations
focused on steady-state conditions, this study also emphasized unsteady flow characteristics, demonstrating the importance of time-
dependent behavior in engineering transport processes. Shahzad et al. [6]investigated transient Heat transfer and axisymmetric flow
on a radially extending surface with time-dependent characteristics.The analysis highlights the significance of unsteady effects in
influencing transport processes, including variations in velocity and temperature distributions within the boundary layer. The study
also highlighted the importance of analyzing Non-Newtonian fluid behavior in industrial applications, noting that unlike simple
Newtonian fluids, complex fluids exhibit diverse rheological properties that cannot be fully represented by a single universal
constitutive model. Nadeem et al. [7] examined the flow behavior of a Casson fluid over a porous linearly stretching sheet, showing
how a transverse magnetic field influences fluid motion, boundary-layer development, and associated transport characteristics.
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Mahanta and Shaw [8] analyzed the flow dynamics and heat transfer performance of a Casson fluid over a permeable sheet
stretching linearly, subject to convective boundary conditions, and demonstrates how permeability and thermal convection affect
boundary-layer structure and transport mechanisms. Raju [9]investigated heat and mass transport in Magnetohydrodynamics
propagation of a Casson fluid over a porous surface that is exponentially stretching, demonstrating the effects of magnetic forces
and permeability on thermal behavior, concentration distribution, and boundary-layer transport. Malik et al. [10] investigated the
flow behavior of a Casson fluid over a stretching surface in the presence of variable viscosity, non-uniform thickness, and an
external magnetic field while employing the Cattaneo—Christov heat flux formulation to evaluate their influence on momentum and
heat transfer characteristics. Nawaz et al. [11] investigated the consequences of varying thermal conductivity, Joule heating, and
viscous dissipation on a Casson fluid's flow along a stretched surface, highlighting their strong impact on temperature distribution,
fluid dynamics, and overall transport behavior. Awais et al. [12]examined the thermal and concentration transport behavior of a
Casson fluid flowing through a porous medium over a shrinking surface, accounting for internal heat source or sink effects along
with an applied transverse magnetic field. The results reveal how these parameters modify boundary-layer formation and influence
temperature and concentration distributions within the flow. Sohail et al. [13]investigated This study investigates entropy generation
in Casson fluid flow over a nonlinear bidirectionally stretching surface, incorporating the effects of variable thermal conductivity
and heat transfer properties. The analysis highlights how these factors influence irreversibility and thermal performance within the
flow system and demonstrated their influence on irreversibility and transport behavior. The study also emphasized the industrial
significance of radially stretching surfaces while noting the comparatively limited research available for Casson fluid flow in such
configurations. Faraz et al. [14]examined axisymmetric Casson fluid flow over an unsteady radially stretching sheet, highlighting
the combined effects of Soret effect, multiple slip conditions, chemical reaction, and magnetic forces on transport behavior. The
study further showed that simultaneous heat and mass transfer leads to complex coupling between temperature and concentration
gradients, significantly influencing energy and species transport mechanisms. Hayat et al. [15] investigated the characteristics of
MHD Casson fluid flow over a stretching sheet under the influence of Soret and Dufour effects, highlighting their significant role in
coupling heat and mass transfer processes and shaping the overall transport behavior. Kameswaran et al. [16] examined the behavior
of a Casson fluid near the stagnation region over a stretching surface, emphasizing its effect on boundary-layer formation and
overall transport processes. Sharada [17] analyzed mixed convection magnetohydrodynamic flow of a Casson fluid over a surface
undergoing exponential stretching, taking into account the combined effects of Soret and Dufour diffusion, chemical reactions, and
thermal radiation. The findings illustrate how these factors influence velocity profiles, heat transfer rates, and mass transport within
the boundary layer. Oyelakin et al. [18] examined the flow of a Casson nanofluid over an unsteady stretching sheet, focusing on the
roles of Soret and Dufour effects, while also accounting for thermal radiation and internal heat generation, highlighting their
influence on velocity distribution, temperature field, and coupled mass transfer mechanisms within the boundary layer. Vinod Y et
al. [19] analyzed the heat transfer characteristics and magnetohydrodynamic boundary-layer behavior of a non-Newtonian Casson
fluid over a surface undergoing exponential stretching. The study further considers the effects of thermal radiation along with
internal heat generation or absorption. Sarma Ak et al. [20] examined the unsteady, two dimensional free convective Darcy
Forchheimer Casson fluid flow under magnetohydrodynamic (MHD) effects over a vertically stretching sheet, taking into account
the influence of gyrotactic microorganisms as a key feature of the analysis. Subhashini et al. [21]examined the coupled influence of
thermal and mass Biot numbers on the behavior of two-dimensional steady incompressible viscous Powell Eyring model flow, and
found that variations in these parameters significantly modify velocity, temperature, and concentration distributions, with
corresponding changes in heat and mass transfer characteristics. Triveni B et al. [22] examined the combined roles of chemical
reaction, spatially varying heat source, viscous dissipation, Brownian diffusion, and thermophoresis in MHD Casson nanofluid flow,
revealing notable changes in transport characteristics and boundary layer behavior over the nonlinear stretching sheet. MinZ et al.
[23] examined magnetohydrodynamic (MHD) flow and bioconvection in nanofluids for their important contribution to improving
heat transfer characteristics. In hydrogen energy technologies, particularly fuel cells, efficient thermal management is essential
because it strongly impacts system performance, stability, and long-term durability. Upreti H et al. [24] examined the combined
flow dynamics and thermal efficiency of a water-based hybrid nanofluid with single-walled and multi-walled carbon nanotubes over
a stretching sheet, with emphasis on how these components affect heat transfer and fluid motion within the boundary layer. Awati
VB et al. [25] explored magnetohydrodynamic Studied heat and mass transfer behavior in an upper-convected Maxwell nanofluid
flowing over a porous stretching surface under the influence of gyrotactic microorganisms. Both numerical and semi-analytical
approaches are employed to examine the resulting flow, thermal, and concentration characteristics.
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1. MODEL FORMULATION AND GEOMETRICAL SETUP

An incompressible Casson fluid's ongoing, two-dimensional laminar boundary-layer flow is measured across a stretching sheet
situated at y = 0. The sheet swings with a velocity in the x-direction defined as U,,(x) = ax where a > 0 represents a constant
rate of stretching. The fluid domain is limited to the area y > 0. The x-axis is placed down the sheet using a Cartesian coordinate
system, while the y-axis is perpendicular to it. The corresponding velocity components are denoted by u3(x, y),in the x-direction
and v¢(x,y) in the y-direction. The temperatures of the sheet and the ambient fluid are given by T,,(x),T,, respectively. It is
expected that the fluid's dynamic viscosity fluctuates with temperature and is expressed as u = u(T)The flow is induced purely by
the stretching action of the surface. Under the boundary-layer assumptions, the velocity gradients in the direction normal to the sheet
are considered significantly larger than those along the sheet.
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Figure 1. Flow domain structure

1. GOVERNING MATHEMATICAL FRAMEWORK
To reflect the consequences of temperature on fluid properties, the kinematic viscosity is represented as v(T) =

(ﬁ) v, Where & has a viscosity of variation parameter.Based regarding the boundary-layer theory, the equations governing

mass, The following is how momentum and energy conservation are defined and expressed
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Similarity variables are introduced following the standard stretching sheet transformation:

rld — (vio)z v, u9gd = aXf'(T]), v9 = — (a\/o)%f(n), ed(n)(Tw _ Too) + Too — Td (5)
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Substituting these expressions into Egs. (2)- (3) yields
(1+g)wr e @y + i - (32 =0 (®)
0" +Prfe’' =0 ©)
The corresponding Boundary conditions are constraints applied at the boundaries of a problem:
n =0:f*(0)=0,f(0) =0,060) = 1} ®)

n-o: f(c0) =0,6(0) =0
Critical engineering quantities are the wall shear stress, typically characterized by the skin-friction coefficient at a point and the
corresponding Nusselt number which quantifies the surface warmth transfer rate. The skin-friction coefficient throughout its
nondimensional form is given by(Cf) and the Nusselt factor (Nu) are
C/" = f"(0) and Nu* =— 6'(0)

V. METHOD OF SOLUTION
The described nonlinear boundary value distribute by Egs. (6) — (8) is addressed numerically implementing the method of
successive linear treatment (SLM).The resulting linear subproblems are then solved through the Chebyshev collocation technique.
Within the SLM framework, the unknown functions are initially assumed in an iterative form.

F(p) = [f(rl),a(_rl)] can be taken as
Fa) = Fi) + ) Fu(), ©

Here, Fim) ¢ = 1,2, ....) denote the unknown functions, while F(n) represents an approximate solution. This approximation is
obtained by solving the linearized system of equations formed by substituting. By inserting Eq. (8) into Egs. (6) — (7) and omitting
the nonlinear terms associated with fj and 6; the resulting set of linear equations can be written as follows

a.fi" + axfi" + asfi=ry (10)
blf]' + bzej" + b39]-' =TI, (11)
where

a; = 2n[1 + 1/],

i-1
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m=0
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The computations are carried out iteratively until convergence is achieved within a tolerance of 107¢.The set of linearized equations
(10) - (11) The problem is solved using the Chebyshev collocation method. Since the physical domain extends over [0, ], it is
truncated to a finite interval [0, B], where B is chosen sufficiently large to satisfy the far-field boundary conditions. For
computational convenience, this interval is further mapped onto [-1, 1] through an appropriate coordinate transformation.
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r1*=(a+B)—(a—B)g, -1<§<1 (12)
The Gauss-Lobato collocation points, on [-1 1] are given by:
& = Cos(3), i=0123....... N (13)

and f; and ©; are estimated at the above points as:
i@ = ’;¥=oﬁ-*(€k)Tk(€i)}
0/() = Xik=06] (€)Ti(€))
where T, (¢) is the Chebyshev polynomial at order K™
Likewise, the rt® differentials of f;, and 6;are estimated as follows
dfi _

14

T = Tieo D £i%0)

e i =012..Nj=012..N (15)
Jj — N D17." 0.

drlT k=0 "ki ](Zk)

where D! = %D with D is the Chebyshev derivatives matrix.
Using the derivative approximations in Eq. (15) within Egs. (10)- (11) leads to the matrix form given by Eq. (16).

Aj-1Xj = Rj (16)
where Aj-1 represents order 2(N + 1) square matrix and Xj and Rj-1 represents order 2(N + 1) column matrices given by
_ [A11 A _ Fi] _ [
A1 = [A21 Azz] X = [G)j R= [rz] an

Here

F=[ff Go). £ (), - [T B 7 ()] T,

0; = [0} (80), 8 (§1), .. 6] (6a-1), 6 ()] = T,

A = aD"" +a,D" +azl,A, = O,
Az1 = bil, Ay = [b3D" + b3D]

r1 = [ri(€1), r1(2), r1(&3), -, r1(€ns)]”

2 = [12(81),72(82), m2(&3), -+ T2 (€nen)],
where the [ ]" stands for transpose, O denotes the zero, | denote the identity matrix.By applying the boundary conditions at the
selected collocation points, the solution can be obtained as

X = AR (18)

V. ANALYSIS AND DISCUSSION OF RESULTS
The present study computes Prandtl number Pr, the velocity(f'), temperature(6), skinfriction coefficient (Cf) and Nusselt number
(Nu), and depicted graphically.
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Figure 2. “Effect of Prandtl number Pr on the velocity”
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As the Prandtl number Pr increases, the velocity profile f’ tends to decrease, as illustrated in Figure 2(a). This decline in velocity is
attributed to the fact that larger Pr values indicate reduced thermal diffusivity, which limits the rate of heat transfer within the fluid.
Consequently, the thermal boundary layer becomes thinner, diminishing energy transport and slowing down fluid motion. This
reduction in thermal effects also influences the momentum boundary layer, resulting in a lower velocity distribution. Overall, this
trend demonstrates the strong dependence of both thermal behavior and fluid flow on the Prandtl number.
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Figure 3. “Effect of Prandtl number Pr on the Temperature”

As the Prandtl number Pr rises, the temperature © shows a decreasing trend, as observed in Figure 3(a). This effect occurs because
higher Pr values correspond to lower thermal diffusivity, which limits the ability of heat to diffuse through the fluid. As a
consequence, the thermal boundary layer becomes thinner, resulting in reduced temperature levels throughout the flow domain. The
overall distribution of thermal energy within the fluid is therefore weakened. This behavior indicates that an increase in the Prandtl
number plays a crucial role in lowering the temperature field.
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Figure 4. “Effect of skinfriction coefficient”
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Figure 4(a). illustrates how the dimensionless skin friction coefficient changes with the parameter ¢ It can be observed that the skin
friction increases as & becomes larger. This trend suggests a rise in surface shear stress, likely caused by a steeper velocity gradient
in the region close to the boundary layer. As ¢ increases, the interaction between fluid layers and the surface becomes more
significant, leading to higher resistance to flow. The upward trend observed in Figure 4(a) clearly supports this finding and
demonstrates the influence of & on the flow characteristics.
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Figure 5. “Effect of Nusselt number”

Figure 5(a) presents the relationship between the Nusselt number and the parameter & It is evident that the Nusselt number declines
as & increases, reflecting a decrease in heat transfer efficiency. This trend may be explained by the formation of a thicker thermal
boundary layer, which hinders the transfer of heat from the surface into the surrounding fluid. As a result, the temperature gradient
at the surface diminishes, leading to lower heat transfer efficiency. The downward trend shown in Figure 5(a) clearly supports this
observation and highlights the influence of ¢ on the thermal characteristics of the system.

VI. CONCLUSION

In conclusion, the Prandtl number Pr plays a crucial role in shaping both the temperature © and velocity profile f' within the flow
field. As Pr increases, a consistent reduction is observed in the temperature distribution due to the weakening of thermal diffusion.
This results in a thinner thermal boundary layer, limiting the spread of heat across the fluid. The decline in temperature directly
influences the flow behavior, since reduced thermal energy leads to weaker buoyancy forces. Consequently, the velocity profile f’
also exhibits a decreasing tendency with higher values of Pr This indicates that fluids with larger Prandtl numbers tend to resist both
heat transfer and fluid motion more strongly. In contrast, lower Pr values promote greater thermal diffusion, resulting in higher
temperature levels and enhanced flow velocity. Overall, the interaction between thermal and momentum transport becomes more
restricted as Pr rises, significantly affecting the overall dynamics of the system. Therefore, the Prandtl number serves as an
important controlling parameter in determining the combined thermal and hydrodynamic behavior of the fluid.The results indicate
that increasing ¢ leads to a rise in dimensionless skin friction, reflecting stronger surface shear effects. This trend highlights the
sensitivity of flow behavior to changes in &, suggesting that the parameter plays a significant role in controlling boundary layer
characteristics and overall fluid resistance. The findings show that increasing ¢ leads to a decline in the Nusselt number, indicating
reduced heat transfer performance. This behavior reflects the impact of ¢ on thermal boundary layer development, demonstrating its
important role in governing temperature distribution and overall heat transfer characteristics of the system.
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