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Abstract: This study presents an analytical investigation of the transcendental equation

p2 —\/p4 + q4 - (pq)2 + ?/r2 + q2 = k5(n2 +1) and examines its structural properties using appropriate algebraic techniques.
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I. INTRODUCTION
A transcendental equation is an equation that involves transcendental functions whose values must be determined. These equations
are generally difficult to solve using elementary algebraic methods. Hence, numerical techniques and analytical approaches are
often employed to obtain approximate or exact solutions. From the perspective of number theory, transcendental equations also
show interesting connections with integer solutions and special numerical patterns. In certain cases the study of these equations
leads to the formulation of problems that are closely related to Diophantine equations, where solutions are restricted to integers. The
interaction between transcendental functions and integer-based equations provides deeper insights into the structural properties of
numbers and mathematical relations.
Transcendental functions arise frequently in mathematical analysis and appear in various applications across scientific disciplines. A
function is termed transcendental when it cannot be expressed as the root of a polynomial equation with finite operations such as
addition, subtraction, multiplication, and extraction of roots. Well-known transcendental functions include logarithmic, exponential,
trigonometric, hyperbolic, and inverse trigonometric functions. These functions play a crucial role in many areas of mathematics
and its applications.
In this study, the fundamental concepts of transcendental equations and their properties are explored. Special attention is given to
certain forms of transcendental equations and the methods used to analyze and solve them.

Il. METHODOLOGY FOR ANALYSIS
The equation to be solved is

pz—\/p4+q4—(pq)2 32 4s? =k5(n2+1) (1)

The  following  linear transformation, p = (u—v)®,q=(v-u),r =u®-10u%v? +5uv* s =5uv-10u%v3 +v° leads  to

pz—\/p4+q4—(pq)2 +§/r2+52 =u? +v2. Hence, pz—\/p4+q4—(pq)2 +§/r2+52 =u? +v2. reduces to,
u2 +v2 =k5(n2+1) 2

Now we find various patterns of solutions of (1) using (2).

A. Pattern 1
Let k=y2+22, for y,z>0

u2+v2=(y2+22)5(n2+1) 3)
Using factorization and equating real and imaginary parts we get,

u= n(y5 —1Oy3z2 +5yz4)— (5y4z —1Oy223 + 25)

V= (ys —1Oy3z2 +5yz4)+ n(5y4z —1Oy223 + 25)
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Therefore, u=nf(y,z)-g(y,z) and v= f(y,z)+ng(y,z)

where, f(y,z)=y®-10y322 +5yz* and g(y,z)=5y*z-10y?z% + 2°
Hence, for all n> 0the non-zero integral solutions are found to be,

p=((n-1)f(y.2)-(n+1)g(y,2)°
a=((n+1)g(y,2)-(n-1)f (y,2)°
r=(nf(y,2)- g(y, 2)P° =10(nf (y,2)- g(y, 2)]*(f (y,2) + ng(y, 2)* + 5(nf (¥, 2)- g (y, )X (v, 2)+ ng (y, 2))"*
s =5(nf (y,2)-g(y, 2)\*(F(y.2)+ ng(y, 2))-10(nf (y,2) - a(y, 2))*(f (y, 2)+ ng(y, 2)}* + (f (y, 2)+ ng(y, 2)°

Numerical examples satisfying the solution are listed below.

TABLE 1
n p q r S k | LHS=RHS
1 32768 -32768 0 -32768 2 64
2 33554432 -33554432 -1275068416 1375731712 4 5120

3 | -867624000000000 | 867624000000000 | -267743000000000 | -10167500000000 | 9 590490

4 | 1040650000000000 | -1040650000000000 | 1923350000000000 | 3240260000000000 | 10 | 1700000

B. Pattern 2
Equation (3) can be rewritten as,

u? +v2 =1.(y2 + 22)5(n2 +1)

2,42 2 2
Taking 1=(3 +24 ],weget u2+v2=(3 +24 ](y2+22)6(n2+1)
5 5

Using factorization and equating real and imaginary parts we get,

u= [n(3y5 —30y322 +15yz4 - 20y4z + 4Oy223 —425)— (15y4z —30y223 +32° + 4y5 —4Oy3z2 + 20yz4)]/5
V= [n(15y4z —30y223 +32° + 4y5 —4Oy3z2 + 20yz4)— (3y5 —30y322 +15yz4 - 20y4z + 4Oy223 —425)]/5

In order to get integer solutions, take y=5A and z =5B we get,

u =n(1875A° —18750A3B2 + 9375AB* —12500A*B + 25000A2B3 — 25008°)
— (9374A*B -18750A2B3 +1875B° + 2500 A% — 25000A%B2 +12500AB %)
v=n(9375A*B —-18750A2B3 +1875B° + 2500 A° — 25000 A3B 2 +12500AB %)

+(1875A5 ~18750A3B2 + 9375AB* —12500A*B + 25000A2B3 — 25008°)
Therefore, u=nf(A B)-g(A B) and v=ng(A B)+ f(A B)
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where, f(A,B)=(1875A° -18750A%B? +9375AB* ~12500A%B + 25000 A%B* — 2500B°)
g(A B)=(9375A%B 18750 A%B° +1875B° + 2500A° — 25000A°B? +12500AB%)

Hence, for all n> 0, the non-zero integral solutions are found to be,

p=((n-Dt(AB)-(n+1g(AB)>

q=((n+)o(AB)-(-1)f (A B)P

r = (nf (A B)-g(A,B)P -10(nf (A, B)—g(A, B))*(f (A B)+ng(A B)Y +5(nf (A, B)- g(A,B)) f (A,B)+ng(A,B))
s=5(nf(A,B)—g(A B)*(f(A B)+ng(A B))-10(nf (A B)- g(A B)Y(f (A B)+ng(A B)? +(f(AB)+ng(A B)P

Numeric examples satisfying the solution are listed below.

TABLE 2

p q r S k LHS=RHS

525210%%%00000000000 52521900000000000 | 9737500000000000000 740625000000000000000 50 625000000
000000 00
1889570000000000 18893;88888880000 43763%%%0000000000000000 740625000000000000000 100 50000000000
0000000000
50008080800000000000000000O 50088800000000000 | 4146350000000000000 3045%10000000000000000000000 125 305(1)32000
0000000000 0000000000

) 45916500000000000 | 4878530000000000000 | 1087130000000000000 170000000

4591650000000000 100
0000000000000 0000000000000 000000000 0000000000 000

C. Pattern 3

62 + 82 ) 62 +82 ) 2
Taking (3) as in pattern (2) and replacing 1 as 5 | we get uc +v< = (y +2 )5(” +1)
10

102

Using factorization and equating real and imaginary parts we get,
u= [n(6y5 - 60y3z2 + 30yz4 - 4Oy4z + 80y223 - 825) - (30y4z - 60y223 +62° + 8y5 —80y3z2 + 4Oyz4)]/10

V= [n(30y4z - 60y223 +62° +8y5 —80y3z2 + 40yz4)+ (6y5 —60y3z2 + 30yz4 —4Oy4z +80y223 —825)]/10

In order to get integer solutions, take y =10A and z=10B we get,

u = n(60000A° — 600000A%B2 + 300000AB* — 400000A*B +800000A%B — 80000B°)
— (300000A*B — 600000A?B> + 60000B° +80000A° —800000A°B2 + 800000AB*)

v = n(300000A*B — 600000 A2B2 + 60000B° + 80000 A°> — 800000 A3B2 + 400000AB*)

+ (60000A° — 600000A%B2 + 3000000AB* — 4000000A*B + 800000A%B2 —80000B°)
Therefore, u=nf(A B)-g(A B) and v=ng(A B)+ f(A B)

where, f(A,B)=(60000A° —600000A°B? +300000AB* — 400000A*B +800000A%B* —~80000B°)
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g(A, B)=(300000A*B — 600000AB* + 60000B° + 80000A° —800000A°B? + 400000AB*)

Hence, for all n> 0, the non-zero integral solutions are found to be,

p=((n-Dt(AB)-(n+1g(AB)>

q=((n+1)o(AB)-(-1)f (A B)P

r=(nf(A B)-g(A B)® —10(nf (A, B)- g(A, B))*(f (A, B)+ng(A B)) +5(nf (A B)— g(A B))f(A B)+ng(A B
s=5(nf(A,B)—g(A B)*(f(A B)+ng(A B))-10(nf (A B)- g(A B)Y(f (A B)+ng(A B)? +(f(A B)+ng(A B)P

Numeric examples satisfying the solution are listed below.

TABLE 3
LHS=RH
p q r S k
S
1706340000000000000 ) 3267360006000000000 75812000000000000 64600200
1706340000000000000 200 0000
000000000000 000000000000 00000000000 000000000000
- 14677880000000000
3986730000000000000 | 1167060000000000000 51194100
3986730000000000000 00000000000000000 | 400
0000000000000000 0000000000000000 0000000000000000 00 000000
) 5277320000000000000 | 9135790000000000000 | 14233300000000000 30994700
5277320000000000000 500
0000000000000000 0000000000000000 00000000000000000 | 00000000000000000 0000000
000
4365510000000000000 | 5o0nrticocnnonoono | anooooocanoooooonn | 7500508000000 | g | G
0000000000000000000 0 00 00000000000000000 0
0 0000000

D. Pattern 4

Taking (3) as in pattern (2) and replacing 1 as {

2 2
u2 +v2 ={ﬂ](y2 +22)5(n2 +1)

52+122J
132

132

Using factorization and equating real and imaginary parts we get,
u=[n(y> —50y322 + 25yz% — 60y*z +120y223 ~1225) - (25y*z - 50y223 + 52° +12y° 120322 + 60yz*)]/13

v=[n(25y%z -50y223 + 525 +12y° ~120y322 + 60yz*) + (5y° —50y322 + 25yz% — 60y*z +120y223 ~122°))/13

In order to get integer solutions, take y =13A and z =13B we get,

u = n(142805A° —1428050A%B? + 714025AB* —1713660AB + 3427320A%B> — 342732B°)

— (714025A*B —1428050AB® +142805B° +342732A° — 3427320A%B? +1713660AB%)

v =n(714025A%B —1428050AB> +142805B° + 342732A% — 3427320A°B2 +1713660AB*)
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+(142805A° —1428050A%B? + 714025AB* —1713660A*B + 3427320A%B° — 342732B°)
Therefore, u=nf(A B)-g(A B) and v=ng(A B)+ f(A B)

where, f(A, B)=(142805A° —1428050A°B? + 714025AB* —1713660A"B + 3427320A%B> — 342732B°)
g(A B)=(714025A%B —1428050A%B*> +142805B° + 342732A° — 3427320A°B? +1713660AB%)

Hence, for all n> 0, the non-zero integral solutions are found to be,

p=((n-Dt(AB)-(n+1g(AB)>

q=(n+)o(AB)-(-1)f (A B)P

r=(nf(A B)-g(A B)® —10(nf (A, B)- g(A, B))*(f (A, B)+ng(A B)) +5(nf (A B)— g(A B))f(A B)+ng(A B
s=5(nf(A,B)—g(A B)*(f(A B)+ng(A B))-10(nf (A B)- g(A B)Y(f (A B)+ng(A B)? +(f(AB)+ng(A B)P

Numeric examples satisfying the solution are listed below.

TABLE 4
LHS=RH
p q r S k
S
88i§i§§§i§§§§§§§?00 8842230000000000000 9071?;322333333?0000 12686000000000000 | 338 S?iiiifo
000000000000 0000000000000
- 216651000000000000
7909070000000000000 11942700000000000000 22769400
7909070000000000000 000000000000000000 | 845
0000000000000 000000000000 0000000000000000000 000 0000000
2201840000000000000 Zzoiiiiiiiiigiigooo 22018400000000000000 0 169 1i;§iifo
000000000000 0000000000
- 100290000000000000
7388160000000000000 | 35519300000000000000 16246700
7388160000000000000 000000000000000000 | 676
0000000000000000000 0000000000000000000 00000000000000000 0 00000000
1. CONCLUSION

In this post, we have explained the essential solutions to the transcendental equation p2 —\/p4 + q4 —(pq)2 +§/r2 +s2 = k5(n2 +1)

under complex patterns utilizing various numerical examples. Additionally, one could look for detailed answers to these similar
types of equations.
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