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Abstract: The Ternary cubic Diophantine Equation represented by6(x? + y*) — 11xy = 28823 is analyzed for its infinite
number of non-zero integral solutions. A few interesting among the solutions are also discussed.
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L. INTRODUCTION
Mathematics is the language of patterns and relationships and is used to describe anything that can be quantified.Diophantine
equations have stimulated the interest of various mathematicians. Diophantine equations with higher degree greater than three can
be reduced in to equations of degree 2 or 3 and it can be easily solved.In [1-3], theory of numbers is discussed. In [4-5], quadratic
Diophantine equations are discussed. In [6-11], cubic, biquadratic and higher order equations are considered for its integral
solutions. In this communication the non-homogeneous cubic equation with three unknowns represented by the equation 6(x? +
y?2) — 11xy = 288z3is considered and in particular a few interesting relations among the solutions are presented.

A. Notations

Ten = n(2n — 1) = Hexagonal number of rank n
Ts » = n(3n — 2) = Octagonal number of rank n

Ty0, = n(4n — 3) = Decagonal number of rank n
Ty, , = n(5n —4) = Dodecagonal number of rank n
Ty4, = n(6n — 5) = Tetradecagonal number of rank n
Ty6.n = n(7n — 6) = Hexadecagonal number of rank n
Tyg,, = n(8n — 7) = Octadecagonal number of rank n
Ty0n = n(9n — 8) = Icosagonal number of rank n
Ty, » = n(10n — 9) = Icosidigonal number of rank n

Ty4n = n(11n — 10) = Icositetragonal number of rank n
Ty6n = n(12n — 11) = Icosihexagonal number of rank n
Ty = n(13n — 12) = Icosioctagonal number of rank n
T30, = n(14n — 13) = Triacontagonal number of rank n
Thn=n [1 + ("_l)zﬂ] = polygonal number of rank n

0, = §(2n3 + n) = Octahedral number of rank n

Gno,, = (2n — 1) =Gnomonic number of rank n
Przn — n(n6+1)

[(m — 2)n + (5 — n)] =Pyramidal number of rank n

1. METHOD OF ANALYSIS
The ternary cubic Diophantine equation to be solved for its non-zero integral solutions is

6(x? +y2) —11xy = 28823 (1)

The substitution of linear transformations
Let x=u+v and y=u-—v 2
In (1) leads to,
u? + 23v% = 28823 (3)
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A. Pattern: 1
Assume,

z = z(a,b) = a? + 23b? 4
wherea and b are non-zero integers.
288 = (14 + 2iv/23)(14 — 2i/23) (5)
Using (4) and (5) in (3), and employing the method of factorization
(u+iv23v)(u— ivV23v) = (14 + 2iV23)(14 — 2iV23) (a + V23 b)3(a — iV23D)? (6)
Equating the like terms and comparing the rational and irrational parts, we get
u =u(a,b) = 14a® — 966ab? — 138a?b + 1058h3
v =7v(a,b) = 2a® — 138ab? + 42a?b — 322b3
Substituting the above values of u & v in equation (2), the corresponding integer solutions of (1) are given by
x = x(a,b) = 16a® — 1104ab? — 96a?b + 736b3
y = y(a,b) = 12a3 — 828ab? — 180a?b + 1380b3
z=2z(a,b) = a® + 23b?

Observations

1) 6z(a, a) is perfect square.

2) 9z(a,a) is a cubical integer

3) 6z(a,a) is nasty number.

4) x(a,a) —y(a,a) + az(a, a) + 80p; — 4T,, , = 0(mod 9)

5) y(a,a) —6z(a,a) + 150, + 55T, , — 50Gno, = 0(mod 260)
6) x(a,a)+y(a,a)+ 4z(a,a) — 480, + 16Gno, = 0(mod 16)
7) y(a,a) +x(a,a) + z(a, a) + 80p; — 4T,, , = 0(mod 36)

8) x(a,a)+y(a,a)+ 11z(a,a) — 1007, , = O(mod 100)

9) y(a,a)+z(a,a) — 51T;5, = 0(mod 357)

10) x(a,a) + y(a,a) + 11z(a, a) — 20T;, , — 26T , — 12T, , = O(mod 142)

B. Pattern: 2
Instead of (5), we write 288 as

288 = (9 + 3iv/23)(9 — 3iV/23) (7

Using (4) and (7) in (3), and employing the method of factorization,
(u+iv23v)(u— iv23v) = (9 + 3ivV/23)(9 — 3iV23) (a + ivV23 b)3(a — iV23b)? (8)

Equating the like terms and comparing the rational and irrational parts, we get
u =u(a,b) = 9a® — 621ab? — 207a?b + 1587b3
v =7v(a,b) = 3a® — 207ab? + 27a?*b — 207b3

Substituting the above values of u & v in equation (2), the corresponding integer solutions of (1) are given by
x = x(a,b) = 12a3 — 828ab? — 180a?bh + 1380h3
y = y(a,b) = 6a® — 414ab? — 234a%b + 1794b3
z=2z(a,b) = a® + 23b?
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Observations

1) 6z(a,a) is a perfect square.

2) 6z(a,a) is a nasty number.

3) 9z(a,a) is a cubical integer.

4) x(a,a) —y(a,a) — 58Ty, , = 0(mod 174)

5) y(a,a) —z(a,a) — 64T, , = O(mod 1)

6) x(b,b)+y(b,b)+ z(b,b) — 2807, = O(mod 1)

7 x(a,a) + y(a,a) + z(a,a) — 8400, + 140Gno, = 0(mod 140)
8) 48x(a,a) — 19y(a,a) + 24z(a,a) — 360, + 6Gno, = 0(mod 6)
9) x(a,1) —6z(a,1) + 150, + 55T, , — 50Gno, = 0(mod 260)
10) y(a,a) + x(a,a) + az(a,a) + 416p; — 26T,5, = O(mod 182)

C. Pattern: 3
288 in (3) can be written as

(50+2iv23)(50—2iv/23)
9

288 =

©9)
Using (4) & (9) in (3),
(u + iV23v) (u — iv23v) = £ (50 + 2i/23) (50 — 2iv23) (a + (V23 b)? (a + V23 b)* (10)

Equating the like terms and comparing the real and imaginary parts, we get
u=u(a,a) = %(150613 — 3450ab? — 138a?b + 1058b3)

1
v=v(a,a) = §(2a3 — 138ab? + 150a2b — 1150b3)

As our intension is to find integer solutions, we suitably choosea = 34 and b = 3B,then the values of
x = x(a,a) = 45043 — 31050482 — 1242A%B + 952283
y = y(a,a) = 1843 — 1242AB? + 13504?B — 1035083
z =z(a,a) = 94% + 207B?

Observations

1) z(a,a) isa cubical integer.

2) z(a,a) is a nasty number.

3) x(a,a) —y(a,a) + az(a, a) + 23760p; — 990T,, , = O(mod 10890)

4) 155x(b, 1) — 71y(b, 1) — 216(b, 1) — 5S0, — 19Ty, , + 25Gno, = O(mod 215)
5) 60z(a,a) +y(a,a) +x(a,a) — 12960, + 216Gno, = 0(mod 216)

6) z(a,a) —x(a,a)—y(a a) — 1026T,; , = 0(mod 11)

7 x(a,a) —y(a,a) + z(a,a) — 178200, — 2970Gno, = 0(mod 2970)

1. CONCLUSION
In this paper we have presented three different patterns of non-zero distinct integers solutions of the non-homogeneous cone given
by6(x? + y?2) — 11xy = 288z3.To conclude one may search for other patterns of non-zero integer distinct solutions and their
corresponding properties for other choices of cubic Diophantine equations.
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