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Abstract: This paper refers to some integral transforms of the generalised Mittag-Leffler type function. Using generalized
function ’;RZ"B ¥ (z) defined by Kapoor [7], various integral transform, including Euler transform, Laplace transform, Whittaker

transform, Mellin Transform and Hankel transform are derived. The results are expressed in the form of generalized Wright
function. Based on the new result some integral formula with different special functions established as special cases of main
results for different values of parameters.
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I. INTRODUCTION
The Mittag-Leffler function is connected with variety of problem in various areas of Engineering, Mathematics and Mathematical
Physics as in solving the fractional differential and integral equations, Mittag Leffler function play a vital role. In addition, from
exponential behavior, the deviations of physical phenomena could also be represented by physical laws via Mittag-Leffler functions.
The classical Mittag Leffler function E,(z) was introduced by G.M Mittag Leffler [8, 9] in the following form

E (2) = Y2 0r<ak+1> (1.1)

wherez € C; Re(a) > 0 and I represents the well-known gamma function. The generalization of this function was introduced by
Wiman [16] as

Eqp(2z) = Zﬁ:ol"(;T—lﬁ) (1.2)
where a, 8 € C,Re(a) > 0 and Re(B) > 0.
The Wiman function (1.2) was studied by Agrawal and others [1]. The generalization in terms of series was introduced by

Prabhakar [10] for complex zeC, a, B8,y € C and Re(a) > 0,Re(B) > 0,Re(y) > 0 in the following form
Bl p(2) = Timo st (L3)

n=0 T'(on+p) n!
Here (y),, is the Pochhammer symbol defined as
@), = __T(a+k) _ { 1, ifk=0
k7 r@ = la(a+1)... (a+k-1), ifk=12....
On taking y = 1, (1.3) converts to the classical Mittag Leffler function(1.1).
The further generalization of this function was introduced by Shukla and Prajapati [13] in the following form.

EV(2) = Sjmg it 2 (L5)

n=0 T'(on+p) n!

(1.4)

wherea, .y € C,k € R {Re(a), Re(8), Re(1)} > 0q € (01) UN and (1) =" & T T/ ).

Many further generalizations were studied and introduced by many researchers [2,3,12,15] also see [4]

Il. THE GENERALIZED MITTAG LEFFLER TYPE FUNCTION
In 2014 Kumar [7] introduced the generalized Mittag Leffler type function denoted as R function and defined as

SRZ’B;V(Z) = ’gRZ’ﬁ;y(al,...ap;bl,... bg:z)
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o @ ()
=ML, nif(an+p)’
Where a,B,y € C,Re(a) > max{0, Re(k) — 1}; Re(k) > 0; (a;),, and (b;), are the Pochhammer symbols. Under usual
conditions
1) The series is defined for the parameters b;'s >O0.
2) The series terminates to the polynomial if any a; is negative integer or zero.
3) The series (2.1)
e Convergesforallzifp<q+1.
e Converges insome cases ifp =g+ 1and|z| = 1

o Absolutely convergent for |z| = 1 if Re(y) > O andp = q + 1, where lety = X7_, a; — X9_, b;.

2.1)

e Divergent for |z] = 1 when 1 < Re(y).

1. WRIGHT HYPERGEOMETRIC FUNCTION
The generalized Wright Hypergeometric function ,y,(z) for z € C,a;,b; € Cand a;, §; € R/{0}, (i = 1.2,...,p;j = 12,..q), is
defined as [17]
(ai!ai)l,p

p¥q(2) = g (bivﬁi)quZ] = k=0

l_[?zll"(aﬁaik)zk

l_[].zll"(b]-+,8]-k)k! (3.1)
IV. INTEGRAL TRANSFORMS (SEE [5, 6, 11, 14])

e Euler Transform

The Euler transform of a function f(z) is defined as

B{f(2);lm} = [z (1 - 2)" ' f(2)dz, (4.1)
fori,meC,R(1)>0,R(m) >0

e Laplace Transform

The Laplace Transform of a function is defined as

F(s) = L{f(t);s} = [,"e~st f(t)dt, R(s) > 0 (4.2)
e  Whittaker Transform

The Whittaker transform of any function is defined as

W ,R(ﬁi()>—1/2 (4_3)

t
o7 61 =
Jy €2t W, 5 (t)dt ST

e  The Mellin Transform
The Mellin transform of f(t) denoted by M[f(t)] is defined as

M{f()}(s) = f(s) = [] =7 f(t)dt, R(s)>0 (4.4)
e The Hankel transform of f(x), denoted by H,{f (x)} is defined as
9iv) = [7(px0)7 J,px)f () dx; p >0 (4.5)

V. THE MAIN RESULTS: INTEGRAL TRANSFORMS OF R FUNCTION

Theorem 5.1 Leta, b, a, B,y € C,Re(a) > 0,R(a) > 0,R(b) > 0, then there holds the relation

. I'(m) [1°_, T(b; (a,1), (k). (L1)
B{sRIPY (Az);1m) = — ==~ (b) T )
1—‘(y) Hj=1 r(a]) (b]y 1)14]’ (ﬁ! a)(l + m, 1)

Proof: Using (4.1) on the left hand side
1
B{SRZ’B;V(/IZ); l,m} = f z-1(1 - z)m‘l’gRZ’B;y(/lz)dz
0
Following the definition of the R function as given in (2.1) we have
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1

B{RZPY (Az);1,m} = f 271 (1 - Z)mt H] 1(@)n @)nA2"

_ (B, nIT(an+p)’

0
On changing the order of integration and summation

Vo 71(‘11‘)11 P ent™ f n+l— 1(1—-z)™1dz
CEm=0NY (bn nir(an+p) o

Making use of the definition of Pochhammer symbol given in (1.4)
]_[] I(b; ) < Z I'(a, +n)..T(a, +n) T(y+kn)
P T(g) & T(b; +n)..T (b +n) T(I(an + B) n!

Using the relation of Beta and gamma functlon
p
H] T(b) = Z N(g+n) | I(y+kn) T@)I+n)an
L. F(a F(b- + n)q Ir'(y)I'(an + B) I'(m + L+ n) n!
J= ] j=1

B(m,l +n)

The required result follows on using (3.1).

Remarks : Special Cases of (5.1) are given below

e Ifweseta; =b; =1in (4.1), the R function convert into generalized Mittag Leffler function (see[7]) introduced by [15] and
the result (5.1)

CBY (1) (m) (k). (L1)
BUSRY"Y Qa)iim) = T G+ m 1) (5.2)

Which is a known result of [13] (5.1.1)
o Ifweputk =8 =y =1in(5.2), then the following relation hold true

B{%Rg,lzl(/lz); l,m} = I'(m) Y, (1(;:,)1()1 .(|.l73-l)1) /1]

Theorem 5.4 Let a, b, a, B,y € C,Re(a) > 0,R(a) > 0,R(b) > 0, then there holds the relation
s 1%, 1 (b, (¢1.1), (y, k), (11) ¢
{kRaﬁ V(t) S} ] 1 ( ) [ .

F( )H r(a) p+2 q+1 ’
Proof: In the context of (4.2) in left hand side

(5.3)

yBa) s

{kRaﬁ' V(t) f e—st SRZﬁ:V(t) dt
0
Using the definition of R function as given in (2.1) we have

:fwe—st © H?=1(a1‘)n Wknt™
"=, 0)n ni(an+p)

Changing the order of integration and summation
_ N H?:l(aj)n kn

=117, (b)), n!T(an+p) J
Making use of the definition of Pochhammer symbol given in (1.4) and simplifying the integral

b; [(a; + n)p

H] ny )Z j 1), Ty+kn) T(n+1)
7 T(a) Gr(s+n)]_ TG (@n+ ) nis™
On using the definition (3.1), directly approaches to the required result.
Remarks: Some special cases of (5.4) are
e If weseta =b;=1in the left side of (5.4) , the R function convert into generalized Mittag Leffler function (see[7])
introduced by [15] and the result (5.4)

a,ﬁ': . —_ s71 (y!k)!(lvl)l
L{’SRO V(t)’s} = Ty) 2P (ﬁ,a) N

which leads to a known result of Shukla and Prajapati [13] (5.2.1).

e sttndt

(5.5)
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Theorem 5.6 Whittaker transform of the generalized Mittag Leffler type function is given as the relation
f tP~le2 Wlu(nt)"Raﬁ Y(wt)dt

_n*r H71F(b) (a;, ) (Vk)( +/1+p0) w

¥ s
T T T(e) P27 |y, )lq, B.a),A-2+p0) T
Wherea,b,a,B,y,p,0 € C,Re(a) > 0,R(a) >0,R(b) > 0.
Proof: Substituting nt = § in the LHS of (5 6) and using (2 1) reduces to

[ oY qee s () 5

0

H] 1(a )Tl (V)kn 1 Y

— oy 8

B H;I_l(b])n n!T(an + B) nPton fdﬂ on-1, ZWM((S) ds
n=0 = 5

['e]

Using (4.3)
O IL@ et 1 TGretpron)r(G-utpton)
415, (b)), n!T(an +p) neron I'(L—2A+p+on)
On using the definition of Pochhammer symbol (1.4) it reduces to
F(b )Z I'(a; +n) ... F(ap +n) I(y+kn)
r(a T(b, +n) ... T(b, +n) TG (an + B)

1 F(;+u+p+0n) w\"
><n' r@Q—aA+p+on) ( )

This directly reaches to the required result of (5.6) on using (3.1).

Special Case: If we set a; = b; = 1 in the left side of (5.6), the R function convert into generalized Mittag Leffler function (see[7])

introduced by [15] and the result (5.6) leads to the known result of Shukla and Prajapati [13] (5.4.1).

o nt aB - + "
J; tp-1p7% W, () 5REFY (wt)de = LA (. k), ( HLtp, ”) —a] (5.7)
B0, (1 -2+p0) "
Theorem 5.8 The Mellin Transform of the generalized Mlttag Leffler type function is glven by the relation
- 1. (a)n n
{kRaﬁ V(t)}( ) é 1( ) (y)k
— I1;_, (b)), n'I(an+p) .
Proof: From the definition (2.1) and the definition of Mellm transform (4.4)

el—mtge

M{EREEY (1) }(s) = f £5=L KRB (1) de

0

['e]

N I1_.(2)x (Nin n
ok ZH‘]’ B, T (an+ )

0

since by the relation

[’e]

M)W =FIf(e™)I(-w) = F(W) = fe”tf(e‘t)dt

—00

1(a')n 62
ap; — st kn et
MRS ) = f H; o Ty

Hj=1(a]')n (y)kn = e
7=1(bj)n n!T'(an + B) J e dt

M{sREET ()} (s) = {ka;ﬁ”(t)}(s) =
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Theorem 5.9 The Henkel Transform of the generalized Mittag Leffler type function defined by (2.1) is given by the following

l[( ) Vk)(JrHUZ) 2 ]

ol

(00, .0, (22 g)(;)J

Proof: On using Henkel Transform (4.5) on the R functlon and making use of (2 1) it reduces to

[ j= 1( )TL (y)kn

2\T 1 H;I 1F(b1)

relatlonf x"1(px)2z ],,(px)"RaBy(x“)dx _T (—) T, T(a) p+21,bq+2|l

()7 ], () SR (e dx = f <1 ()2 ), (p) Z X dx
Of J [T, (5))n 1T (an + )
on changing the order of summation and integration the right hand side
1 0
H?:l(a]')n (y)knpE 1

+no+7t-1 d
— I17_, (b)) n!T(an+p) J x2 J»(px)dx

In the context of (1.11) of [6]

%+na+‘r+v
[ e e ——

['e]

1
Hi;l(aj)n (V)knpz 2no+r—l —l—‘r—on

2p2

nzon?zl(bj)n nlr(an+ﬁ) v_%_no'_‘[

Further using the formula (1.4) and (3.1) arrives at the required result.

VI. CONCLUSION
The outcome of the current study is the computation of a few integral transformations employing a generalized Mittag-Leffler type
function in terms of the Fox-Wright function. As a result, I've tried to compute the integrals using various kinds of special functions
by appropriately replacing the parameters. Some special cases are also noted hare as known results. Additionally, defining the Fox-
Wright function in terms of the Fox H-function, Meijer G-function, etc. can add a lot of work to the literature. The findings appear
to be intriguing and could possibly be helpful in a variety of practical problems.
Conflict of Interest: The author declares no conflict of interest.
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