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Abstract: The Biquadratic Diophantine equation with five unknowns has non-zero unique intrinsic integral solutions obtained. 
The recurrence relation between the solutions is also obtained. 
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I. INTRODUCTION 
The reigning princess of mathematics is number theory. For Diophantine problems, when the number of equations is less than the 
number of unknowns, the objective is to find numbers that concurrently answer every equation. Due to its variety, the Biquadratic 

Diophantine equation provides an infinite field of study. The five unknown biquadratic equation   22244 65 pwzyx  is 
taken into consideration for its non-zero unique integer solutions. The recurrence relation is also found. 
 

II. METHOD OF ANALYSIS 
The non-zero distinct integral solution of the homogeneous Biquadratic Diophantine equations with five unknowns is 

   22244 65 pwzyx          (1) 

Introducing the linear transformations 
vuwvuzvuyvux  2,2,,   (2) 

Equation )1(  becomes 

  
222 65pvu          (3)

 
Equation (3) can be solved in the following two methods. 
 
A. Method I 
The non-zero distinct integer solutions of the equation (3) are derived in the following three patterns. 
1) Pattern I 
Assume 
    ii  8865  (4) 

and    ibaibabap  22         (5) 
Using (4) and (5) in (3) and employing the method of factorization, we get, 

          2288 ibaibaiiivuivu   
Equating the like factors, we get, 
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Equating real and imaginary part, we get, 
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The non-zero unique integer solution to equation (2) after substituting u and v are:  

  

 
 
 
 
  22

22

22

22

22

,
201515,

121717,
1877,
1499,

babapp
abbabaww

abbabazz
abbabayy
abbabaxx




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Observations: 

1.        6mod0721,1,1, ,3  aGnoTawayax aa . 

2.      0,11,122,2 pzx   is a perfect square. 

3.  1,12z  is a Nasty number. 

4.  1,1p  is a Palindrome number. 

5.  1,13x  is a Harshad number. 
 
2) Pattern II 
The number 65 may also be expressed as follows: 
    ii 818165          (6) 
By applying factorization and using (5) and (6) in (3), we obtain, 

          228181 ibaibaiiivuivu   
Applying the methodology of pattern I, the non-zero distinct integer solutions of (1) are 
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Observations: 
1.        5mod04221,1,1, ,3,3  naaa GnoTTStarawayax . 

2.    1,11,110 wp   is a Nasty number. 

3.    1,14,6 zp   is a Happy number. 

4.    1,131,15  yp  is a perfect cube. 

5.    1,11,1 zw   is a perfect square. 
 

3) Pattern III 
Rewriting equation (3) as  

  222 651 vpu          (7) 
Assume 

    bababau  656565 22
      (8) 
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Write 1 as, 

    8658651           (9) 
Using (8) and (9) in (7) and employing the method of factorization, we get, 

           vpvpbaba  65656565865865
22

 
Equating the like factors, we get, 

      vpba  6565865
2

       vpba  6565865
2

 
Equating rational and irrational part, we get, 
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The non-zero unique integer solution to equation (2) after substituting u  and v are: 
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Observations: 
1.        586mod066,1,1,1 ,10  bGnoTbzbybx bb  

2.    1,11,1 xz   is a perfect cube. 

3.    1,11,1 wz   is a perfect square. 

4.    1,11,18 wp   is a Niven number. 

5.  1,1p  is a Happy number. 
 
B. Method II 

Here a new method is used to solve (3) in order to require the integer solutions of (1). Let vpvu  00 ,8  be the least positive 

integer solution of (3). To derive the remaining solutions for equation (3), the Pell equation taken into consideration. 

165 22  pu  

whose initial solution  

  nn fu
2
1

    

  nn gp
652

1
  

where 

  11 )6516129()6516129(   nn
nf and 

  11 )6516129()6516129(   nn
ng  
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Brahmaguptalemma is applied between ),( 00 pu and ( nn pu , ) to yield the series of non-zero unique integer solutions of(1). 

}1)]658()6516129()658()6516129[(
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The solutions to equation (1) satisfy the following recurrence relations 

vxxx nnn 256258 321    

  vyyy nnn 256258 321    

  vzzz nnn 256258 321    

  vwww nnn 256258 321    

 
III. CONCLUSION 

Other non-zero unique integer solutions to the Biquadratic equations with multiple variables under consideration can be found. To 
conclude, one can search for biquadratic Diophantine equations for various numbers with the corresponding properties. 
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