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L. INTRODUCTION
The advantage of a diagonalisable matrix lies in the simplicity of its description. We say a matrix is diagonalisable if it is similar to
a diagonal matrix (like, A is diagonalisable if it similar to a diagonal matrix D i.e. 3 a non-singular matrix P such that P-1AP=D). A
nxn matrix A is diagonalisable if and only if A has n linearly independent eigenvectors.
But we know that there exist non-diagonalisable matrices too (A nxn matrix A is non- diagonalisable if and only if A does not have
n linearly independent eigenvectors i.e. for at least one eigenvalue of A, its geometric multiplicity is strictly less than its algebraic
multiplicity).
However, we might still be curious to know the simplest form to which a non-diagonalisable matrixis similar?
Every matrix is similar to an upper triangular matrix over C. Therefore, we can atleast say that a non-diagonalisable matrix is
similar to an upper triangular matrix, may be of a special structure.
The answer to the question posed above is the Jordan Canonical Form (JCF) of a matrix. JCF ofa matrix is not only upper
triangular but it is very close to being a diagonal matrix except for the few ones above the main diagonal.
In this project, we shall take a closer look at the Jordan Canonical Form of a given matrix A. In particular, we shall be interested in
the following questions:
1) How to determine JCF of a matrix A
2) How to find a matrix P such that P-1AP=J, where J is the JCF of A.
In addition, we shall look at some applications of Jordan Canonical Form. We shall see how the special structure of J allows us to do
many of the nice computations we can do with the diagonal matrices.

1. JORDAN CANONICAL FORM OF A MATRIX
Before knowing Jordan Canonical Form (JCF) J of a matrix, we need to know what is called Jordan Block.

A. Jordan Block
The Jordan block of size n for eigen value A(real) is the nxn upper triangular matrix having A s on the principal diagonal,1s directly
above the principal diagonal (super diagonal) and zeroes elsewhere.

A 1 0 A1 0 O
Therefore, Jordan blocks of sizes 12345 are [l],[A 1]=[0 A 1]=[U o B U]=
0 0 0 A 1
0 0 A
0 0 0 A
A 2 0 0 O
Fo 2 1 0 of
0 0 A 1 O respectively.
I0 0 0 A 1I
[0 o o 0o 4]

And, for complex eigen value A=atib, the Jordan block is of the form [a _b]. Clearly, for
b @
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B. Structure of Jordan Canonical Form

The Jordan Canonical form, J of a nxn matrix A is a “block diagonal™ matrix

Ja(A1, my) 0
F 2 1

]=ll " J2(A2, m2) ' i where each Ji is a Jordan block of size m:
[ Ik mi) |

corresponding to eigen value A; (Ai's and mji's may not be all distinct), i =1,2,...k and

mi+mz+ms+.. . +mg=n.

Indeed, any diagonal matrix is in Jordan Canonical form where each Jordan block is of size 1.

Example:
-2 0 0 1 -3 3
e [0 -2 0]isJCFofmatrix A=[3 -5 3]
0 0 -+ 6 —6 4

(eigen values of A are — 2,—2,4) with J1=[—2], J=[—2]. ]z = [4].

3 3 0 0 2 1 0 0
0 3 0 Y]isJCFof___ . -1 4 0
® —
b 0 3 1 i Aty 1 2 i
0O 0 0 3 = & 3—11 <+
(eigen values of A are 3,3,3,3) with L= ]2=[ ]
0 3
1 1 0 0 O 1 0O 0 0 O
Fo 1 1 o ol F2 1 0 o ot
e 0 011 O isJCFofmatrixA=—1 3 1 0 O
I0 0 0 1 1I i—1: 3 2 1 0}
o o o o 1] [1 4 5 2 1]
1 4 0 0 ©O
fFo 1 1 0 ol
(eigen values of Aare1.1,1.1.1)with]s=0 0 1 1 O
I0 0 0 1 1l
[o o 0o o 1]
1 -1.0 0 1 -1 0 0
- [1 1 0 1is JCF Ofmatrix A=l1 1 0 0‘_]
0 0 2 -1 0 0 3 —2Z
0 0 1 2 0 s
(eigen valuesof A are 1 +i,2 + i) with J,=[ Li=L ]
1 x| 1 2
-3 0 0 —3: 0 0
e [0 2 —1]isJCFofmatrix A=[0 3 -—2]
0 1 2 0 1 1 B
(eigen values of Aare — 3,2 + i) with J1=[—3]. ]2=[£ j“]
2

The Jordan Canonical Form of a given nxn matrix A is unique except for the order of the elementaryJordan blocks.

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 3040




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 11 Issue VI Jun 2023- Available at www.ijraset.com

1. PROCEDURE TO FIND JORDAN CANONICAL FORM OF A MATRIX A
A. For Real Eigen Values of A
Algebraic multiplicity of eigen value A equals the number of times A is repeated along the diagonal of J. Geometric multiplicity of A
equals the number of Jordan blocks in J with eigen value A.
The order of the Jordan blocks in the matrix is not unique. Although, it is conventional to group blocks for the same eigen value
together, but no ordering is imposed among the eigen values, nor among the blocks for a given eigen value, but the blocks for instance
be ordered in descending manner of size for a particular eigen value.
Basically, in order to find JCF of A, we need to know the number and sizes of Jordan blocks corresponding to eigen values of A.

First, find §1.If §1=r good, otherwise find §2.1f §2=r good, otherwise find §3 and so on. We need
to continue the process till the kth step when §i=r.
Eventually, we get §1 < §2 < ... < 8 =1
The number k is the size of the largest Jordan block associated to A and &1 is the total number of
Jordan blocks associated to A.
If we define s1=01. s2=82-81. s3=83-02..... Sk=6x-0x—1. then s; is the number of Jordan blocks of
size at least i by i associated to A.
Finally put, vi=s1-s2=281-6>

V2=852-53=262-63-0;

Vj=S;-Sj+1 = 26;-6;,1-6;_y for 1<j<k
vi=sk where v; is the number of ixi Jordan blocks associated to A.
This procedure has been illustrated through examples in the later part.

B. For Complex Eigen Values of A

""""" '_'i'r'(ev\) —il'ﬁ('n;_a —b

Im(A) Re()) b a
Algebraic multiplicity of A (say atib) equals the number of times the Jordan block corresponding

to A is repeated along the diagonal of J.

(AVA GENERALISED EIGEN VECTORS

J1 0
F 1
i.e. 3 an invertible matrix P such that P~AP=] where J=I J2 I where each
10 I
[ Jiel
Jr is an elementary Jordan block of sizes ngz=1,2,.. .k and X¥_, nc=n.
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A. Motivation behind the concept

For nxn diagonalisable matrix A, we get n linearly independent eigenvectors of A to fill the columns of P such that P-1AP=D where
D is a diagonal matrix (diagonal entries are the eigen values of A). But for non-diagonalisable matrix A, there is at least one eigen
value with geometric multiplicity which is strictly less than its algebraic multiplicity. Thus, while writing P we are lacking by some
column entries of P. In order to make up for the deficiency of eigen vectors, the definition of eigenvectors is generalised and we get
the concept of generalised eigenvectors.

B. Definition

Let A be an eigen value of matrix Anxn of multiplicity m < n. Then for r =1, 2..., m any nonzero solution v of (A — ADrv=0 is called a
generalised eigenvector of A.

If (A — ADrv=0 and (A — ADr—1v#0 (v#0), then v is a generalised eigenvector of rank r. We note that a generalised eigenvector of
rank 1 is an ordinary eigenvector associated with A.

Basically, the definition of ordinary eigenvector is generalised to get the concept of generalised eigenvectors.

Ordinary eigen vectors are elements in Ker(A-Al) whereas generalised eigen vectors are elements in the kernel of some positive power
of (A-AD).

If X is an eigen value of A with algebraic multiplicity k, there are k linearly independent generalised eigen vectors for A.

V. JORDAN CHAINS
While filling the columns of P by generalised eigen vectors, we will find that any set of linearly independent generalised eigen vectors
will not do, but the set of linearly independent generalised eigen vectors are to be related by Jordan chains so that P—1AP=]J.
Definition: Given an eigen value A, we say that v1, v2,..., vr form a Jordan chain of generalised eigen vectors of length r if vl #0 and
vr—1=(A-Al) vr
vr—2=(A-Al) vr—1
0
V1=(A-AD) v2
0=(A-Al) vl
Using these relations, we get that (A — ADi—1vi=vl. Thus, (A — ADi—1v[J) # [J(since v1 # 0) and (A — AD)ivi= (A — Al)vl =[] .
Therefore, the element vi is a generalised eigenvector of rank i.
Formation of these Jordan chains of various lengths corresponding to Jordan blocks of different sizes have been clearly illustrated
through various examples in the later part.

VI. PROCEDURE FOR FINDING P SUCH THAT P-1AP=J OR EQUIVALENTLY AP=PJ
A. For real eigen values of A

Here we will just give a basic idea to find P and formation of Jordan chains.
Here we will just give a basic idea to find P and formation of Jordan chains.
J2 o

Now, P~1AP =J =r 32 L
10 I
[ Jied

n,r=12_ kand XX, n.=n.

Since P~1AP =J, we write this equation as AP=PJ.

where each | is an elementary Jordan block of sizes
R =3

Expressing P =[P; P> ...P;] where Pi,,, are the columns of P associated with the ith Jordan

So, vii, Vi2,..., Vin, forms a Jordan chain of length n..

By solving these set of equations, we will find v:, viz,..., Vin,and thus P.Following the
same method we can find P3, P2, ... P; and thus find P.
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B. For Complex Eigen Values of A

Complex eigenvalues appear in pairs. If A =a+ib is a complex eigenvalue of A, so as its conjugate A=a-ib. Now, we proceed to find the
corresponding eigen vectors. If v is an eigen vector associated with A, then [T,the conjugate of v is the eigen vector associated with A
,the conjugate of A.

Then, we need to pick the eigen vector in correspondence with the eigen value chosen for finding Jordan block. Suppose we chose A
=a+ib for finding Jordan block, then we will pick v, eigen vector corresponding to A for finding P.

We then write P=[Im(v) Re(Vv)].

VIL. LINEAR INDEPENDENCE OF GENERALISED EIGEN VECTORS

Proof: We consider the linear combination ¥ = AVi=0 ... (1)

From the definition of Jordan chain of length r, we get that vi=(A — Al)™~iyr
Putting the value of vi in (1), equation (1) reduces to 3.7 =1 & (A — A)r-iy=0...2)

We want to prove that all the ai 3are equalto zeroin order to prove the linear independence. We aregoing to use the fact

ar(A — A)r-tvr=avi=0.
Hence, 3:=0 because vi #0. Now, we know that 3;=0 so that (2) reduces to ¥ ™'aj (A —

Ar-iy=0 ... (5)

i=1

Applying (A — A~ to (5), we get $™-!a(A - ADP-i-2vr=a,_1(A — Ay-tvy=ar_1v1=0.

are linearly independent.
This result confirms us with the fact that P is invertible i.e., P-lexists. |

VIII.  ILLUSTRATIONS THROUGH EXAMPLES FOR FINDING J AND P
A. Real Eigen Values

8.1.1 2X2 matrix

Example 1:
.k 2
I I
0 1

Eigen values of A are 1.1

® Finding the Jordan Canonical Form of A

@hb=- -
0 0
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Rank(A — I)2=0
5>=dim Ker(A — I)2=n-rank(A — 1)2=2-0=2

v1=281-62=2-2=0
v2=52-61=2-1=1

So,there will be 1 Jordan block of size 2 (say Ji)correspondingtoA =1
SJIJUCE O ALJ=
L) = )
0o 1

. Finding a matrix P such that P"1AP=]J or equivalently AP=PJ

LetP =[vi V2] where vyv, € R2

AP=[Av: Avz] . PI=[vi wvoJ[} 1!
0

Fiv: 3+ Ve

Since AP=PJ. we want to choose viyv2 € R2 such that Avi=vi Av>=vi+vz where
vi1.v2#0 and vi,v2 are linearly independent since P is invertible.

The equations can be written in the form: (A-I)vy;=0 ... (1)
A-Dve=vi... )
~. vi1, v2 form a Jordan chain of length 2.
Equation (1) implies vi € Ker(A-I)
Equation (2) implies vz € Ker(A-I). since vi = 0

Again (A — I)2vo=(A-I)vi=0 = (A — I)2v2=0
~.v2e Ker(A — I)2.v2 € Ker (A-I)

Finding Ker(A — 1)2

Since (A — I)?2=0, therefore, Ker(A — I)?=span - ) (0)
0" 1

Finding Ker(A-I)Let
v e ker(A-I)
wdA-DHIv=0 where v£0 ,v=(°)

v Z a v
=( Y(X=( )= 2b=0=b=0
0 0 b 0

.v=a_a_ {]
- (b,j (o“f (0) y

So.KextA-D = span ()

4
Now, since vz € Ker(A — I)2,v2 &€ Ker(A-I), we consider v2=( )

Putting the value of v2 in equation (2).1 =<(A-Dvz=( 5 O=A
o 0 1 o

7=1.Thus, there are 2 linearly independent generalised eigen vectors corresponding to 72=1.
Thus, our desired matrix P=[V1 V2] = [ l

" .
Check: ¥ | ) Il i
0o 1 0 1 0 1 O 1 0 1 0o 1
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8.1.2 3X3 matrix

Example 1:
i 2 B8
A=[0 1 2]
0 0 3

Eigen values of A are 1,1.3

e Finding the Jordan Canonical Form of A

0 1 0
A-D=[0 o 2]
0 0 2
Rank(A-I)=2
§1=dim Ker(A-I) =n-rank(A-I) =3-2 =1 (geometric multiplicity of A=1 is 1 < algebraic
multiplicity of 2=1 is 2)

0 0 2

(A—-D2=[0 o0 4]
0 0 4

Rank(A —1)2=1

v1=261-62=2-2=0

12=62-61=2-1=1

So, there will be 1 Jordan block of size 2 (say Ji)comesponding to 2=1 and there will be 1 Jordan block of
size 1(say J2) comresponding to 2=3(since algebraic multiplicity of 2=3 is 1, no need to go by computational
procedure)

Jt: O 1 1 0 L.
~JCF of A, J=[.. ]1=[0 1 0] where]y=[ 1. 12=[3]
2 o0 0 3 - &

¢  Finding a matrnix P such that P-1AP=] or equivalently AP=PJ

Let P=[V1 v2 V3] where vy,vy,v3 € R?

1 1 0
AP=[Avy Avy  Avz] PIe[V1 v2 Vv3][0 1 O0]=[vi vi+v2 3v3]
0 0 3

Since, AP=PJ, we want to choose v1.v2,v3 € R3, such that Avi=vi, Avi=vi+v2, Avi=3v3

The equations canbe written in the form: (A-Iyv1=0 ... (1)

ADv=vi ... )
(A-3Dy3=0 ... (3)
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- vi, v2 form a Jordan chain of length 2 comresponding to block J1 and v3 form a Jordanchain oflength
comresponding to block J2.

Equation(2) implies v2 € KerLAI) since vi¥ OEquation
(3) implies v3 € Ker(A-31)

Now,(A — I)2vo=(A-I)v1=0

Finding Ker(A-T)
Let v e Ker(A-I)
3
~AA-Dv=0 where v£0,v=(b)
C
0 1 0 a 0 b 0
20 0 2)®=(0) = (2)=(0) *>b=0c=0
0 0 3 c 0 3c 0
a 3 1
~v=(b) =(0) =a(0)
c 0 0
1

E)
(A — D2v=0 where v=0, v=(b)
<
0 0 2 a 0 2c 0
= (0 0 4) 0)=(0) = (4c)=(0) = =0
0 0 4 c 0 4c 0
a ] 1 0
= v=(b)=(b)=a(0)+b(1)
c 0 0 0
1 0
So, Ker (A — I)2=span (0).(1)
0 0
0
Now, sincevy; € Ker(A — I)2,v; & Ker (A-I), we consider v2=(1)
0

0 1 0 0 1
Putting the value of v; in equation(2).vi=(A-I)v>=(0 0 2) (1)=(0)
g v 3 0 0

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 3046



International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 11 Issue VI Jun 2023- Available at www.ijraset.com

a
(A-31)v=0 where v£0,v=(b)
<
-2 1 0 a 0 0 0
= (0 -2 2) ()=(0 0 0)=-2a+b=0, -2b+2c=0 = 2a=b=c

0o 0 0 ¢ 0 O0 O

E 3 1
~v=(b)=(2a)=a(2)
[ 2a 2
1
So, Ker(A-3I) =span (2)
2
1
Since v3 € Ker (A-3I), we consider vi=(2)
2
1 0 1
~vi=(0), v2=(1), v3=(2).v1,v2,v3 arelinearly independent asrequired.
0 0 2

to 2=1.

v3 is the ordinary eigen vector comresponding to 2=3.

1 0 1
Thus, our desired matrix P=[V1 vz wv3|=[0 1 2]
0 0 2
10 % 11 0101 11 =3 101 110
Check: P-1AP=[0 1 -1]J[0 1 2][0o 1 2]=[0 1 -1J[0 1 2]=[0 1 0]=
00 ! 003002 00 & 00732 00 3
Example 2:
2 1 0
A=[0 2 0]
0o -1 2

Eigen values of A are 2.2,2

. Finding the Jordan Canonical Form of A

0 1 o0
A2Dp=[0 o 0]
0 -1 0
Rank(A-2D)=1
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v1=261-62=4-3=1
v2=62-61=3-2=1

J: O 2 1 0 = s
~.JCF of A, J=[ . .1=I[0 2 0] where J; = [ 1. 12=12]
e 0 0 2 . K

o Finding a matrix P such that P-1AP=]J or equivalently AP=PJ

LetP=[vi Vz v3] where vy, v, v € R3
Z 1 0
AP=[V vz v =[v Vo WV = ’ ;
¥4 ﬂr’:lt)tjolhl - 3J£ s 2 . 0l=[2v1_ vi+2vz  2vs)

Since, AP=PJ, we w 00se V1, V2,V chthat Avi=2vi, Av2=v1+2v2 Avi=2v3 where vi,v2,v3
# 0 and vi, v2, v3 are linearly independent since P is invertible.

The equations canbe written in the form: (A-2Dwv1=0 ... (1)
(A-2Dw2=v1 ... (2)
(A-2Dw3=0 ... (3)
. vi, v2 forms a Jordan chain of length 2 coresponding to block J1 and v3 form a Jordanchain oflength 1
comresponding to block J2.

(3) implies v3 € Ker(A-2I)

Now, (A — 2D)2v2=(A-2I)vi =0
~v2 € Ker(A — 21)2, vz € Ker(A-21)

1 0 0
Since (A — 2I)2=0, therefore, Ker(A — I)2=span (0).(1).(0)
0 0 1 |
Finding Ker(A-2)1Let
v € Ker(A-21)
a
< MA-2I) v=0 where v=0, v=(b)
<
o i | o a o b o
= (© o 0) (P)=(0) = ( 0)=(0) = b =0
o -1 o < o —b o
2 2 1 o
v=(b) = (0) = a(0)+<c(0)
< < o s |
1 o
So. Ker(A-2I) =span (0). (0)
o 1
o
Now., since vy € Ker(A — 2I)2.vz & Ker (A-2I), we consider v2=(1)
o
o 1 o o 1
Putting the value of vz in equation(2). vi=(A-2Dv2=(0 o 0) (1)>=C 0 )
o —1 o o iy

Also. we findthatvi € Ker(A-2I) asper our condition.

x|
Since, vz € Ker(A-2I). we consider v3z=(0)
o
1l o 1
~vi=( 0 ).v2=(1). v3=(0). vi.Vv2. vz are inearly independent as required.
-1 o o

corresponding to 2=2
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1 0 1
Thus, our desired matnx P=[V1 V2 v3]=[ 0 1 0]
-1 0 0
o 0 -1 2 1 0 1 0 1
Check: P-!AP=[0 1 o]0 2 0r0 1 0
1 0 1 0 -1 2 -1 0 0
01 -2 1 01 2 1 0 _
=[0 2 o01]1[ o0 1 0]=[o 2 0]=7
2 0 2 -1 0 0 0 0 2
Example 3:
2 0 O
A=s[1 2 0]
-3 5 2

Eigen values of A are 2.2,2

e  Finding the Jor onical formof A
0 0 o0
(A2D) =[ 1 o ol
-3 5 0
Rank(A-2I)=2
61=dim Ker(A-2I) =n-rank(A-2I)=3-2 = 1 (geometric multiplicity = 1 < algebraic multiplicity=3)
0o 0 0 _
(A-2D=[0 0 0]
5 0 0

62=dim Ker(A — 2I)?>=n-rank(A — 21)?=3-1=2

00 0 _
(A-203=[0 0 0]
0 0 0
Rank(A— 2I)*= 0

63=dim Ker(A — 2I)*=n-rank(A — 2I)3=3-0=3
v1=261-62=2-2=0

12=262-63-61=4-3-1=0

v3=63-62=3-2=1

So, there will be 1 Jordanblock ofsize 3 (say]J1) comesponding to 7=2.

2 1 0
~JCFofA [l =[0 2 1]
0 0 2

¢  Finding a matrix P such that P-1AP=] or equivalently AP=PJ

LetP=[V1 V2 V3] where vi,vzvs € RS
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2 1 0
AP=[Avi Avz  Avsz],PFE[V1 v2 Vv3][0 2 1]=[2v: vi+ 2v2 v3 +2v3]
0 0 2

Since, AP=PJ, we want to choose vi, v2, vi € R? such that Avi=2vi Avi=vi+2v2.Avi=vi+2v3 where vy, v2,
v3#0 and vy, v2, v3 are linearly independent since P is invertible.

The equations canbe written in the form: (A-2I)y1=0 ... (1)
(A-2Dw2=v1 ... 2)
(A-2Dwz=v2 ... 3)
. vi,v2,v3 forms a Jordan chain oflength 3 comresponding to [1(=J) Equation(1)
implies vi € Ker(A-2I)

(3) implies v3 € Ker(A-2I), since v2#0

Now,(A — 2I)2v2=(A-2I)v1 =0

Again (A — 21)2vi=(A-2Iwv2 =vi = (A — 21)3vi=(A-2)v1 =0
~vi € Ker(A — 2I)3,v3 &€ Ker(A — 21)2, v3 € Ker(A-2])

| 0 0
Since (A — 2I)3=0, therefore, Ker(A — I)®=span (0),(1).(0)
0 0 1
Finding Ker(A — 21
Let v € Ker(A — 21)?
3
(A — 2I)2v=0 where v£0, v=(b)
<
0 0 O a 0 0 0
=@ 0 0)®=0) =(0)=(0) =a=0

> 0 0 c 0 S5a 0

a 0 0 0
~vE(b) =(b) =b(1)+(0)

& c 0 1

0 0
So, Kex(A — 2I)?=span (1), (0)
0 1
Finding Ker(A-21)Let
v e Ker(A-2I)
3
< JA-2I)v=0 where v=0,v=(b)
c
0 0 0 a 0 0 0
=1 0 0)(d)=(0) =( a =(0) =a=0b=0
-3 5 0 c 0 —3a+5b 0
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a 0 0
~v=(b) =(0) = <(0)
c c 1
0

feees

1

Now, sinceyvs € Ker(A —2I)3vz € Ker (A—2I)2, v3 e Ker(A — 2I), we consider

0
v3=(0)
1

0 0 0 1 0

Putting the value of v3 in equation(3),v;=(A-2I)vs=( 1 0 0)()=( 1)

-3 5 0 0 -3
Also, we find thatvz € Ker(A — 21)? , v2 € Ker(A — 2I) asper our condition.

0 0 0 0 0
Putting the value of v; in equation(2),vi=(A-2I)vo=( 1 0 0)(1))

o 3 5 0 -3 5

0 0 1
~v1=(0), v2=( 1 ), v3=(0). vi,V2, Vs are linearly independent as required.
> -3 0

0 0 1
Thus, our desired matrix P=[V1 vz wv3l=fo 1 ]
5 -3 0

0 5 ! 2 1 0 0 o0 1

Check: P-1AP=[o 1 0]t 2 o0 1 0]

1 @0 1 -3 5 2 8 =32 @0

0 & 20 0 1 2 1 0
=[1 2 00 1 O0]=0 2 1=J
2 0 05 -3 0 0 0 2

8.1.3 4X4 matrix
Example 1:
2 1 0 0
A=—-1 4 0
[—1 i 2 (1)]
-1 1 -1 4

Eigen values of A are 3,333
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¢  Finding the Jordan Canonical Form of A

(A3D) =] -1 1 0 0
-1 1 -1 1
Rank(A-31)=2

0O 0 0 O
0 0 0 O
(A - 3D2=[ ]
0 0 O
0 0 O

v1=261-62=4-4=0
v2=62-61=4-2=2
So, there will be 2 Jordan blocks of size 2(say Jiand J2) comresponding to 2=3.

3100
.‘.JCFOfA,Jf[Il 0 0 3 0 U_where_ .3 1
0 ,l=fu 0 3 1 0 3

U iy B =

¢  Finding a matrix P such that P-!AP=] or equivalently AP=PJLet P=[V]
v2 v3 V4] where vy,vy,vi,vs € R*

AP=[Av; Avy Avz Avy]

31 0 0

0 3 00
Pl=[vi V2 V3 V4 =[vi v1+3v2 3v3 v3+3v4q
g it 0 0 3 ] & :

Since, AP=PJ, we Q‘anto 9) 3choose Vi, v, V3, V4 E€E R* such that
Avi=3vi Av2=vi+3v2,Avi=3v3,Avs=vi+3vawhere v, v2, v3, v4# 0 and vy, v2, v3, v4 are linearly independent
since Pis invertible.
The equations can be written in the form: (A-31)yv1=0 ... (1)

(A-3Dw2=v1 ... (2)

(A-3Dw3=0 ... (3)

(A-3Dws=v3 ... (4)
. vi, v2 forms a Jordan chain of length 2 comesponding to J1 and also v3, vs4 forms aJordanchamof
length 2 comresponding to J2.

(3) implies v3 € Ker(A-3I)
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Similarly, (A — 31)2vs=(A-3I)v3z =0
~vs € Ker(A — 31)%,vs € Ker(A-31)

1 0 0

(O

0
Findin -31 0

Il
~
o ovoo

a a 1 0
8] d A § v
cove( J=( Y)=a( )+c( )
0 1

d c 0 1

—
oo

1
So, Ker(A-3I) =span ( ), ()
0

0

1
o and.v2,vs € Ker(A-3I), we consider v2=( 0) o |
Now, since,vz, vs € Ker(A — 3120 > . s
; 0
v,=()
4
1
0
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-1 1 0 0 1 -1
) ) ) ~1 1 0 0 0 -1
Putting the value of v2 in equation(2), vi=(A-3I)v2= )C)=( )
-1 1 -1 1 0 -1
-1 1 -1 1 0 -1
-1 1 0 O 0 0
Putting the value of v4 in equation(4), va=(A-3I)vs =( -1.1 0 O) ( 9=( 0 )
-1 1 -1 1 1 -1
-1 1 -1 1 0 -1
Also, we find that vy, vi € Ker(A-31) asper our condition.
-1 1 0 0
-1 v v U
svis( ), ve=( ), vs=( ). va=( ).
-1 0 -1 1
-1 0 -1 0

V1,V2,v3, V4 are linearly independent as required.

............

vectors of rank 2 comesponding to 2=3.Thus, there are 4 linearlyindependent generalised eigen vectors
comresponding to 2=3.

-1 1 0 0
Our desired matxix,P= [Vl v2 v3 v4l=i[_1 0 0 0]
il i =3 4
=N =
0o -1 0 0 2 1 0 0 -11 0 0
1
~1AP = -1 0 0 -1 4 0 -1 0 0 O
Check: P~*AP=[ ) 0
© 0 1 -1 -1 1 -1 4 -1 0 -1 0
1 4 0 0 -1 1 0 0 3 1 0 0
=F _ _
o 3 1 —ell3 o 3 11719 o 3 4
© 0 3 -3 3 0 -1 0 0 0 0 3
Example 2:
0 -2 -1 -1
0 2 1 9
'\"[o 1 1 o]

F.igenovalugs of Agre 1,1],'1 % 8

. Finding the Jordan Canonical Form of A

-1 -2 -1 -1
@ g 1 8 8
0

0 0 0
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Rank (A-3I)=2
S1=dimKex(A-3I) =n-rank(A-3I) =4-2=2 (geometric multiplicity=2<algebraic multiplicity=4)

=3 =4 =1 =1

a-p=f £ 0 0 O

2=dim Ker(A — I)?=4rank(A — I)>=4-1=3

0 0
(A - =]
0 0 O 0:|
0 0 0 O
Rapk(A— D=0

3=dim Ker(A — I)*=4-rank(A — I)3=4-0=4

v1=261-62=4-3=1

v2=262-63-61=6-4-2=0

v3=63-62=4-3=1

So, there will be 1 Jordanblock of size 3 (say]1) and 1 Jordanblock of'size 1 corespondingto 2=1(say J2)

i 1 0 0
1 1 0 -
~JCF of A, J=[ "]=[° Lo U.Iwhere] s 3 Sveay o0
o 2 0o 01 0 ! 0 o 1 2
0 0 0 1
¢  Finding a matrix P suchthat P-!AP=]J or equivalently AP=PJ
LetP=[Vv1l V2 V3 V4] where vi,vo,v3,vs € R*
AP=[Av; Avy Avz Awvyg]
1 1 0 0
PI=[V v = et b ¥ U g v +vV v +v A §
1 g 49010 11 2 2 3 4
0 0 0 1

Since, AP=PJ, we want to choose vi, v2, v3, v4 € R* such that Avi=vi Av=vi+v2, Avi=v2+v3 Avsi=viwhere
vy, v2,v3, va#0and vy, v2, v3, v4 are linearly independent since P is invertible.
The equations can be written in the form: (A-I)v1=0 ... (1)

(A-Dy2=v1 ... 2)

(A-Dyz=v2 ...(3)

(A-Dvs=0 ... (@)
. vi, v2,vi form a Jordan chain of length 3 correspondingto block J1 and v4 forms a Jordanchain oflength 1
comresponding to block J2.
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(3) implies v3 € Ker(A-I), since v2# 0 Equation (4)
immplies v € Ker(A-I)

Now,(A — I)2v2=(A-I)v1 =0

""" 1 0 0 0
.. 3 0 1 0 0
Since (A—1) =0,Ker(A-D =span( )-€ ). & ). ()l
0 J 0 1
Findin —1)?
Letv e Ker(A —1)2
a
B b
A -1)  v=0 where v=0, v=(c)
d
:(—1 -1 -1 -1 a 0
0 0 0 o0 b o
1 1 1 a I L
0 0 0 0 d 0
—a—b-c—-d 0
p 0
= )=C )
a+b+c+d 0
0 0
=a7b#crd=0 = a=-b-c-d
a —b—-—c—d -1 -1 -1
D L v v
ve® (€ )=b( * )re( V(Y
C C 0 1 0
wu a v v .
-1 -1 -1
So,Ker(A—D2=span ( " ). (Y ), -0 )
0 1 0
0 0 1

Finding Ker(A-I)

Let v € Ker(A-I)
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a
g -I)v=0 where v;'-iO,v=( L,)

~

d
-1 -2 -1 -1 a 0
=¢c1 1 1 1 b 0
0 1 0 ~J)(CI=(A

Q204 0 od 0

wat+b+c+d 0
= )=C)
b 0

0 0

.....................

a " =i -
4 v v v
o O - | J=c(  DHHA( )

¢ 1 0
d d 0 1

=4 =4

0 0
Ker(A —D=span (  ).( )
1 0
0 1

Putting the value of v3 in equation(3),

-1 -2 -1 -1 1 -1
e .1 1 1 ) MH=C"
vEADESC 5 1 o o0 0 0’

Putting the value of v2 in equation(3),

1} " _12 _11 _11 .l_ - 0 Y
vi=AT)vz =( L L O L S
0 1 0 0 0 1
0 0 0 0 0 0
Also, we findthatvy € Ker(A-I) asper our condition.
-1
Again, since, v4 € Ker(A-I), we consider va=( )
0
1
—1 i | 1 e |
~vis( ) V.=( 0 ) V,—( § Y =( ). v1,v2,v3, v4 are linearly independent as
1 2 3 0 =
0 0 1
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Our desired matrix, P=[Vy V2 V3 Vi]=[

0 e 0 o
o o 1 o0 0 -2 -1 -1 -1 -1 1 -1
P-1AP=[ 1 2 1 i 0 1 0 o0,
Check: 10
1 2 12 170 1 1 0 1| 0O 0 O
0 0 01 0 O 0 at 0 0O 0 1
o 1 1 0 -1 -1 1 -1 1 1 v 0
1 2 1 g0 1 0 0 - 1 1 D0
1111“1 0 0 o0 I000101'
0 0 1 o 0 0 1 0 0 O 1
Example 3:
5 1 -2 4
I0 S 2 2I
0 0 5 3
0 0 0 S5
Eigen values of A are 5,5.5.5
o Finding the Jordan Canonical Form of A
0 1 -2 4
(A-5Dh= I0 0 2 2|
0 0 o0 3
0 0 0 O
Rank(A-3)=3
61=dim Ker(A-51) =n-rank(A-5I) =4-3=1(geometric multiplicity=1<algebraic
multiplicity=4)
- 0 0 2 —4
@-50T 9 00 6
0 0 O
Rank(A-5D'2 o o
62=dim Ker(A — I)’=4-rank(A — 51)3=4-2=2
0 6
(A-Ds=
0 0 O 0]
0 0 0 O
Rapk(A - I)*=1
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53=dim Ker(A — I)3=4-rank(A — 1)*=4-1=3

3 A
(A-D=
0 00 o
0 0 0 0
Rank(A—1)*=0

v1=261-62=2-2=0

v2=262-63-61=4-3-1=0

v3=203-65-62=6-4-2=0

vs=64-63=4-3=1

So, there will be 1 Jordan block of size 4(say J1)conesponding to 2=5.

5 1.0 0

0 5 1 0

~JCFofA F=[1] = ]
0 0 5 1

0 0 0 5

¢  Finding a matrix P such that P-1AP=] or equivalently AP=PJLet P=[V]
V2 V3 V4] where vy,vy,v3,vs € R*

AP=[Av; Avy Avz Avy]

S 1 0 0
0 5 4 ©0
PIo[vi v2 V3 v4][ ]=[Svi vi+5vz v2+5vi  v3+5v4)
0 0 5 1
0 0 0 5

Since, AP=PJ, we want to choose vi, v2, v3, v4 € R* such that Avi=5v1, Avi=vi+5v2, Avi=va+ovs, Avi=v3
+ Svi where vi, v2, v3, v4 # 0 and vy, v2, v3, v4 are linearly independent since P is invertible.
The equations can be written in the form: (A-5I)v1=0 ... (1)

(A-5Dz=v1 ... (2)

(A-5Dvz=v2 ... 3)

(A-5Dws=vi... 4)

- vi, v2, v3, v4 forms a Jordan chain of length 4 comresponding to J3(=J) Equation (1)

implies vi € Ker(A-51)

(3) implies v3 € Ker(A-5I), since v2# 0 Equation (4)
implies v4 € Ker(A-5I), since vi=0

Now,(A — 5I)2v2=(A-5Tv1 =0
~v2 € Ker(A — 5I)2,v2 € Ker(A-51)

Again (A — SD)2vi=(A-5I)v2 =vi = (A — 5I)3vi=(A-5I)v1 =0
~vi € Ker(A — 5I)3,v: € Ker(A — 51)?, v3 € Ker(A-5])
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1 0 0 0

- - v i} V) V)

Since (A—5I) =0, Ker(A—S5I) =span (0)= ( o), ( 1), (0)
0 0 0 1

Finding Ker(A — 5I)3

b}

d
6 a 0 6d 0
0 U=\J U=U
%) (=7 = (V=(Y) m40
0

0 0

= (

occOo
© oo ©
m O 00 ©

8 0 8
sov=(=()=a( )+b( )+e( )
0 1

d 0

0

So, Ker(A—51) =span ( ). ( ), ()

o o
o o
o =

Finding Ker(A — 5I)2

b

B — 51) v=0 where v£0, v:(c)

d

—4 a 0 2c— 4d 0
D V) oda

6 v
0"”)* (c)=( 0) =( 3 =( ()) =2¢-4d=0,6d=0 =c=0, d=0
0

© O
oo co

d 0 0 0

o

1
)+b( )
0

0

)

oo OO0 CwN

i
N, e
)
1
I
[
P
o o ek

-0

So, Ker(A —5I) =span ( ). ()

0
0

o O~Ck
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a
b
:-:.;.(A'S I)"=0 where \‘:‘05\'=(C)
d
01 -2 4 a 0 b—2c+4d 0
2 g g 2.5 .0 2c+2d __ 0
=l 0 & SMATCIT T D)
d
=b=8, c=%, d=% - Y 0 0
a 1
U
cov=(=( )=a( )
0 0
d 0 0
0
So. Kex(A-5I) =span ( )
0
0
Now, since, vs € Ker(A — SI)%,vs € Ker(A— 5I)3, vs € Ker(A — 5I)2, vs € Ker(A-5D),
1
U
we consider v =( ).
0
0
01 -2 4 0 4
Putting the value of vs in equation(4).vs=(A-5I)vs= /0- (_) ? ;) . g}=( ;)

0O 0 0 O 1 0
Also, we find that vs € Ker(A — 5I)3, vz € Ker(A — 5I)2, vz € Ker(A-5I) as per our

condition.
0O 1 -2 4 - —4
U V) Z Z Z (o]
Putting the value of v in equation(3).v2=(A-31)vz= 0 0 0 YCOI=C _)
3 3
0 0 0 0 0 0
Also, we find that v2 € Ker(A — 5I)2,v2 € Ker(A-5I) as per our condition.
0 1 -2 4 —4 6
Putting the value of v2 in gggﬁavt__i_gﬁq(Z)rv_l:(A-SI)VZ=(U " S 4) ( © )=(U)
0O 0 O 3 0 0
0 0 0O O 0 0
Also, we find that vi € Ker(A-51) as per our condition.
6 —4 B 0
. - = o . .
Svis( ), ve=( ). va=( ), va=( ). vi,vz v3 vs are linearly independent as
0 0 3 0
0 0 0 g |
required.
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6 —4 4 0
vur desired matnx, Y= |vy V2 V3 Vi|T|
0O 0 3 oJ
: O 0 0 1
t 7 2051 -2 46 —4 40
- v = —_— v v o J < < v Lo < v
Check: ' AP= 6 9 I I |
0 0 & pno 0 O 5 3 O 0 S iU
r 100U U 5 U U U 1
0 0 0 1
5 ”
F§1T2:473°16—4405100
no2 = U2 U (] Z VU Uu 5 1 U
=l 6 9 I 1=I 1=
10 0 § 1I O 0 3 0 0 05 1
O o 0 5]0 0 01 00 0S5
8.1.4 5 X 5 matrix
Example 1:
2 5 0 0 1
'o 2 0 o of
A=0 0 -1 O 0
I0 0 0 -1 O0I
o 0 0 o —1]
Eigen values of Aare2.2. -1, -1, -1
. Finding the Jordan Canonical Form of A
e Finding the Jordan block corresponding to A=2(J1)
0 5 0 0 1
0 0 0 o
(A2)=0 0 -3 0 O
I0 0 0 -3 01
o 0 0 o0 -—3]
Rank(A-21)=4
&81=dim Ker(A-2I) =n-rank(A-2I) =5-4=1(geometric multiplicity=1<algebraic multiplicity=2)
0O 0 0 0 -3
'h 0 0 0 o
(A-2D270 0 9 0 O
10 0 0 9 OI
[o 0 0 0 9]
Rank(A — 21)>=3 :
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§2=dim Ker(A — 2I)2=n-rank(A — 2I)2=5-3=2
v1=281-62=2-2=0

v2=02-61=2-1=1

._Sp,Lb,c;ZQ will be 1 Jordan block of size 2 corresponding to A=2.

) N
0o 2
e Finding the Jordan block corresponding to A= -1
3 5 0 0 1
Fo 3 0 o ol
(A+tDh= 0 0 0 0 O
I0 0 0 0 oI
[o o o 0o o]
Rank(A+I)=2

§1=dim Ker(A+I) =n-rank(A+I) =5-2=3(geometric multiplicity=algebraic multiplicity)

So,there will be 3 Jordan blocks of size 1 corresponding to A=-1(say J2.]s, J2)

J2=]3=]s=[—1]
1 0,.2 1 0 0 0
) 02 0 0 O©
- JCFof A, J=1 = =00 -1 0 o 3gh£§g]1=[2 1].I:=Is=l4=[—1]
I Ja. 1o o o -1 ol 0 2
[o JJdo o o o -1l

¢ Finding a matrix P such that P~*AP=] or equivalently AP=PJ
LetP=[vy v2 V3 Vi Vs]where vi,va,vs,vs vs €RS

AP=[Avy Av> Avsz Avy Avg]

2 1. 0 0 0
‘o 2 0 o ol

PlI=[vi v2 v3 V4 V] 0 0 —1 0 0 =[2vi vi+2v: —-vi —Vi ~Vsg]
I0 0 0 -1 O0I
[oo o o -1]

Since, AP=PJ, we want to choose wvi, vz, v3 vsi vs € RS such that
V1, V2, V3, Vs Vs are linearly independent since P is invertible.
The equations can be written in the form: (A-2D)y1=0 ....... (1)
(A-2Dve=vy ...... ()
(A D0 ... 3)
(A+Dvs=0............ 4
(A+Dvs=0............. 3)
.. v1, v2 form a Jordan chain of length 2 corresponding to J1.v3, vs, vs form 3 Jordan chains
each of length 1 corresponding to ]2, |3, J4 respectively.
Equation (1) implies vi € Ker(A-2I)
Equation (2) implies v2 & Ker(A-2I), since vi# 0
Equations (3). (4). (5) imply vs3, vs, vs € Ker(A+I) respectively.
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. 1P
(A-21) v=0 where v#0, v=ycy
he)
05 0 0 1 a 0 S5b+e 0
30 0 0 0 0 4b 1Y 1 Y 10
=30 0 -3 0 O0xIXIrI=1I0r=731 —3c =101 =b=0, c=0, d=0, e=0
0 0 0 -3 0O d 0 —3d 0
hO 0 0 0 —3)he) hO) h —3e) hO)
1

a a
= 3%
~v=gcy=y0y=a y0y
d 0 0
he) h0) hO0)

1
10

0
hO)

Finding Ker(A — 2I)2

1P
—-(A—20)4%v=0 where v#0, v=yqCcy
d
he)
0 0 0 0 -3 a 0 —3e 0
30 00 0 0 b 22 10 10
=30 0 9 0 0 yxyxcr=10y1 =71 9c =10y =c=0,d=0,e=0
0 0 0 9 0 d 0 9d 0
hO 0 0 0 9)he) hO) h9e) hO)

a 1 0

3 I 3F 3t

Sv=gcy=y0y=ayOy+by0y
d 0 0 0

h;) hO) hO) hO)
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LIt
So, Ker (A - 2I)2=span 70y, 101
0 0
h0) hO)
Findin +1
Let v e Ker(A+I)
a1®
" (A+I) v=0 where v£0, v=qc
d
h®)
3 5 0 0 1 a 0 3a+5b+e 0
30 300 05k 22 1 0 ® 1”
= 10 0 0 0 Orx°r=10r =1 0 1 =101 =b=0. e=3a
0 0 0 0 O d 0 0 0
hO 0 0 0 0)hey hO) h 0 2..h0)
3 3 1 0 0
B 1" 3% 2 P
V=T CT™Y C 1731 0 I‘CIII‘dIOI
d d 0 0 1
he) pKp—3a, h—=3)1 hO) 00 h0)
a2 a¥ af
So, Ker(A+I) =span y 0 y.yly .01
0 0 1
h—3) h0) h0) .
0
11
Now, since, v2 € Ker(A — Zl)z:vz € Ker(A-2I), we consider vo=70¢
0
hO)
0 5 0 0 1 0 b
30 0 0 0o o0 41 1°
Putting the value of v; in equation(2),vi=(A-2I)v;=g0 0 -3 0 0 yy0xr=101
0O 0 0 -3 0 0 0
hO 0 0 0 —3)h0) hO)

1 0 0

10 10 10

Now, since, v3,vs, vs € Ker(A+I), we consider vi=y 0 y.vs=yly.Vvs=y0g
0 0 1

h—3) hO) hO)
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5 0 1 0 0
vi=y0x. v2=y0x1. v3=p.0 x. Vvs=yly. V5=y0].V1,V2, V3, Vs V;are linearly
0 0 0 0 1
h0) h0) h—3) h0) h0)
independent as required.

eigen vector of rank 2 cormresponding to A=2.Thus, there are 2 linearly independent
generalised eigen vectors corresponding to A=2.

sed eigen vectors corresponding to A=-1.

5 0 1 0 0
Fo1 0o o of
Our desired matrix, P=[V1 V2 V3 Vi Vs]=0 0 0 1 0
10 0 0 0 1I
o o =3 o o]
£ 0 00 £ 25 0 1 5 0 1 0
F5 1c 1F 1
© 1 0 0 070 2 0 0 01 0 0O
Qheck:P'lAPﬁ:Ioooo-Tloo—l 0 0 00 0 1 0
0o 0o 1 0 oIl0 O 0 -1 o110 0 0 o 1l
o 001 oj]loo o o -1]lo o -3 0 o]
)
21 0 0 25 0 1 00 21 0 0 O
0 2 0 0 pfo 1 o o0 o0o'fo 2 o o o
=0 0 0 0o 100 0 10=00 -1 0 0=J
0 o -1 o ©O0Il0 0 o0 o0 110 0 0 -1 OI
[o 0 0 —1 ollo o =3 0 ollo 0 0o o -—1]
Example 2:
1 0 0 0 O
F2 1 0 o ol
A=—1 3 1 0 O
-1 3 2 1 0l
[1 4 5 2 1]
Eigen values of Aare 1.1.1.1.1
. Finding the Jordan Canonical Form of A
0 0 0 0 O
5 F2 0 0o o ot
A)= -1 3 0 0 O
-1 3 2 0 Ol
[1 4 5 2 o]
=)
Rank(A-I)=4
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0 0 0 0 O
Fo 0 0O 0 01
(A-D2>=6 0 0 0 O
4 6 0 0 Ol
[1 21 4 0 o]
Rank(A —1)3=3
82=dim Ker(A — I)2=n-rank(A — I)2=5-3=2
0O 0 0 0 O
Fo o o o o!
(A-—)3=0 0 0 0 O
112 0 0 0 Ol
[38 12 0 0 0]
Rank(A —I)3=2
83=dim Ker(A — I)3=n-rank(A — I)3=5-2=3
0 0 0 0 O
Fo o0 o o ol
(A-D=0 0 0 0 O
I0 0 0 0 Ol
[24 0 0o 0 q]
Rank(A —I)*=1

6s=dim Ker(A — I)*=n-rank(A — I)%=5-1=4
0 0 0 0 O

o 0 0 0 0%
(A-—D)S=0 0 0 0 O

10 0 0 0 OI

[o o o o o]
Rank(A — I)5=0

6s=dim Ker(A — I)5=n-rank(A — I)5=5-0=5
v1=281-62=2-2=0

v2=282-63-61=4-3-1=0
v3=203-04-02=6-4-2=0
v,=208,4-85-6;=8-5-3=0

vs=0s5-05=35-4=1

So there will be 1 Jordan block of size 5(say J1) corresponding to A=1

2 a1 0 O 0
Fp 1. 1 0 9l
~JCFof A J=[Ji]=0 0 1 1 0
I0 0 0 1 1I

[o o 0o o 1]
e Finding a matrix P such that P~*AP=]J or equivalently AP=PJ

LetP=[vy vz V3 Vi Vs]where vi,v2,v3,vs, vs € RS
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AP=[Avi Av> Av; Avy; Avs]

1 1 0 0 0
fo1 1 0 ot
Pl=[vi v2 v3 V4 V5] 0 0 1 1 0=
100 0 O 1 M
o o 0o o 1]
[vi yva+vz y2+v3s vi+vy vatvs)
Since, AP=PJ, we want to choose wvi,v2,v3 Vs vs € RS such that

Avi=vi Ave=vitve, Avs = v2+v3,Avs= vatvs, Avs = vs + vs where vy, vz, v3, v, vs # 0
and vy, v2,v3, v4 ,vs are linearly independent since P is invertible.
The equations can be written in the form: (A-I)yv1=0 ....... @b
AT s @
R o T 3)
(A-Dvs=vs . (€))
A-Dvs=vs (&)

". V1, V2, v3,vs,vs forms a Jordan chain of length 5 corresponding to J1(=])

Equation (1) implies vi € Ker(A-I)

Equation (2) implies v2 € Ker(A-I), since vi# 0
Equation (3) implies vz € Ker(A-I), since vo# 0
Equation (4) implies vs € Ker(A-I), since vs= 0
Equation (5) implies vs € Ker(A-I). since vs= 0

Now (A — I)2v2=(A-I)vi1 =0
~.v2 € Ker(A —1)2.v2 € Ker(A-I)

Again (A — I)%vs=(A-I)vz =v1 = (A — I)3vs=(A-I)v1 =0
vz EKer(A —I)3,vs € Ker(A —1)2, v € Ker(A-I)

Again. (A — )2vs&=(A-Dvz =v2 = (A —)3vs=(A-D)v2 =v1 = (A — *vs=(A-I)v1 =0

Again, (A — )2vs=(A-Ivs =vz = (A — I)3vs=(A-D)vz =v2 = (A — )*vs=(A-I)v2 =v3
= (A— DSvs=(A-Dvi =0
~.vs EKer(A —I)5,vs € Ker(A—1)% vs € Ker(A—1)3,vs € Ker(A —1)2, vs € Ker(A-I)

Finding Ker(A — )5

1 0 0 0 0

3T 3+ a2 3¢

Since (A—1)5=0, Ker(A —I)*=span yOy. 30y yly 101 10T
0 0 0 1 0

hO) hO) hO) hO) h1)

Finding Ker(A — I)#

Letv e Ker(A—1)*
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a
lb
(A —1)*v=0 where v£0, v=yCcy
d
he)
0 0 00 0 a 0
20 0 0 0 0 3b 1°
=3y0 0 0 0 Oyycy=y0y=a=0
0 0 0 O d o
h24 0 0 O 0) he) hO)
a 0 0 0 0 0

2 32 1t v 1v 1V
Sv=ycy=y cy=byOytcyly+tdyOy+eyOy
d d 0 0 1 0

he) he) hO) hO) hO) hil)

0O 0 o0 o0
11 1t 10 50

hO) hO) hO) h1)

Finding Ker(A — I)3

1b
—-(A—1)*v=0 where v#0, v=y Cy
he)
0 0O 0 0 O a 0
20 0 0 0 0 yb 19
=310 0 0 0 Oyxcx=y0r=a=0b=0
12 0 0 0 O d 0
h38 12 0 O 0) he) hO)

a 0 0 0 0
32 v v v v
'S L b 65 G | 1I+dIOI+eIOI
d d 0 1 0
he) he) hO) hO) h1l)

0 0 o0
1Y 10 v

hO) hO) h1)
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a
lb
—-(A—1)?v=0 where v#0, v=ycy
d
he)
0O 0 0 0 O a 0
30 0 0 0 0_3b 1°
=6 0 0 0 Oyxcy=y0r=a=0b=0,c=0
4 6 0 0 O d 0
hi 21 4 0 0) he) hO)

a 0 0 0
12} 3v 1Y 1Y

d 1
he) he) hO) hil)

0 0
10 10
So, Ker(A — I)*=span y0y. 30y
1 0
hO) h1l)
Finding Ker(A-I)
Letve Ker(A-I)
1b
(A-1)v=0 where vF0,v=ycy
he)
0O O O o O a 0
2.2 0 0 0 0 3b 1©
=3x—1 3 0 0 Oyxcxr=y0x =a=0, b=0, c=0, d=0
—1 3 2 0 0 d 0
hl1 4 S5 2 0) he) hO)
a 0 0
ID\ lU IU
V=I°I=Igl—elol
he) he) hl)
o)
10
So, Ker(A-I) =span yOy
0
h1)
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Now,since, vs € Ker(A—1)5,vs €Ker(A—1)%, vs €Ker(A—1)3,vs €Ker(A—1)2,vs €

|
10
»KC;I(A -I), we consider vs=1 0y
0
hO)
0 0O 0 0 O 1 0
12 00 0 0 1Y 42
Putting thevalueofvr.ing@jﬁg&(S),qu_])vS:I"_1 3 o 0w IOI=I_1~I¥
-1 3 2 0 O 0 o
hi 4 5 2 0YhO) h1l)

Also, we find that v4 € Ker(A — I)*.vs € Ker(A —I)3, vs € Ker(A —I)2, vs € Ker(A-I) as
per our condition.

0 00 0O O 0

12 00 0 0 1< 40

Putting the value of vs in equation(4).vi=A-vs=y -1 3 0 0 Oy y—1y=761
-1 3200 -1 4

hli 4 5 2 0)h1) hl)

0 0O 0 0 O 0 0
2.2 0 0 0 0 30109

Putting the value of v; in equation(3).vo=A-I)vsz=gy—1 3 0 0 Oy y6y=y 07
-1 3 2 0 O B3 12

hl 4 5 2 0)hl) h38)

Putting the value of v2 in equation (2),

0 0O 0 0 O 0 0
.2 000 040 10
i=A-Ivo=y— 3 0 0 O0xyx0x=y07x
-1 3 2 0 O 12 0
hl 4 5 2 0)h38) h24)
Also, we find that vi € Ker(A-I) as per our condition.
0 0 0 0 i}
10 10 10 12 10
vi=y 0 y. V2=y O y. V3=y6y. Vs=y—1y. Vs=y0y.V1,V2,V3,Vs.V5are linearly
0 12 -+ -1 0

h24) h38) h1l) hil.l) hO)

generalised eigen vector of rank 3, vs is the generalised eigen vector of rank 4, vs is the
generalised eigen vector of rank 5 cormresponding to A=1.Thus, there are 5 linearly

et e A A

independent generalised eigen vectors corresponding to A=1.

0 O 0 0 21

Fo 0 0 2 ol

Our desired matrix, P=[vy V2 Vi Vi vg]= 0 0 6 -1 0
10 12 4 -1 0I

[24 38 1 1 o]
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c =19
N £ H ™ %1 00000 00 0 1
a2 M 3 5% 5 %' 1 00 0fo 0 0 2 o
Check:P AP=0 { L 0 o0 -13 100 0 0 6 -1 0
0 £ 0 o0 oI-1 3 2 1 0110 12 4 —1 Ol
'1 o 0 o o'*‘"’“ 4 5 2 1][24 38 1 1 o]
O e A o5, 0 0 0 0 1 11000
YV % 5 F ofo o o 2 olth 1 1 0 o
=0 % ¢ 0 00 0 6 -1 0=0 0 1 1 0=]
1 { o o o110 12 4 -1 0110 0 0 1 1I
[1 o o o o]l24 38 1 1 ollo 0 0o o 1]
8.1.5 6X6 matrix
Example 1:
2 00000
F1 2 0 0 0o ol
10 4 10 2 0 0]
I1 111 2 ol
[o 0 0 0 1 2]

¢ Finding the Jordan Canonical Form of A

O o o o O O

F1 0o o o o o!
@a2m=1"1 1 0 0o 0 0

[0 1 1 0 0 O0f

1 1 1 1 0 ol

[0 0 0 0 1 ol
Rank(A-21)=5

61=dim Ker(A-2I) =n-rank(A-2I) =6-3=1(geometric multiplicity =1<
algebraic multiplicity =6)

0 000 0 O
0 0 0 0 of
(A-21)_2=11 0 0 0 0 0
“10 1 0 0 0 0

0 2 1 0 o ol

[1 1 1 1 0 o]

62=dim Ker(A — 2I)>=n-rank(A — 2I)%=6-4=2

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 3072



International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 11 Issue VI Jun 2023- Available at www.ijraset.com

0000 0O

Fo 0 0 o o o!

(A— 2[)3—10 0 0 0 0 O
I1 1 0 0o o ol

o 2 1 0 0 o]

Rank(A — 2I)3=3

63=dim Ker(A — 2I)3=n-rank(A — 2I)3=6-3=3

0 o o0 0O
(a—2n+=1° 0 0 0 0 0
[0 0 0 0 0 O
I1 0 0 0 0 Ol
[1 17 0 0 ©° o]

0 00 0 0 O

Yo 0 0 0o o ot
e RO 0B N,
10 0 0 0 0 0
I0 o o 0o o ol
[t o 0 0 0 0]

Rank(A — 21)5=1
8s=dim Ker(A — 2I)5=n-rank(A — 2I)5=6-1=5
0O 0 0 0 0 O

Yo 0 0 0 o ol
(A—2[)6=IO 0 0 0 0 0
10 0 0 0 0 0

0o o o o o ol

o o o 0o 0 0

v1=261-62=2-2=0
v2=282-03-61=4-3-1=0
v3=283-04-62=6-4-2=0
v4=2064-05-63=8-5-3=0
vs=2085-06-04=10-6-4=0

ve=06-05=6-5=1
So.there will be 1 Jordan block of size 6 (say ]J1)corresponding to A=2
2 1 0 0 0 O
~JCFofA,J=[j;]=1° 0 2 1 0 0
0 o o 0 2 1I
o o o o 0 2]
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e Finding a matrix P such that P"1AP=J or equivalently AP=P]J

LetP=[vi vz vVv3 Vs V5 Vg] where vi,v2,v3,vs, vs,ve € R®

AP=[Avi Avz> Avs Avy Avs Avg]

2 1 0 0 0 O
Fo 2 1 0 o ol
PJflVl v, V3 Vi Vs VS] IO 0 2 1 0 OI
0 0 0 2 1 o0f
I0 o 0 0 2 1I
[o o o o o 2]
=[2vi vi+2vy v2+2vy vi+2vs vs+2vs vs+ 2ve)
Since, AP=PJ. we want to choose vi,v2, V3 Vs vs,ve € R® such that

Avi=2vi Avo=vi+2vz, Avs = v2+2v3,Ave=vit+2vs, Avs = vi + 2vs, Ave = vs +
2ve where vi, v2,v3, vs, vs, ve = 0 and vi,v2,v3, v4 Vs, veare linearly independent since P
is invertible.

The equations can be written in the form: (A-2Dy1=0..........__. (1)
A-2Dva=vy ... .. 2)
A-2Dvz=v2 ... (3)
A-2D)vsg=vs @
A-2D)vs=vs (®)
(A-2Dwve=vs 6)

. V1, V2, V3, Vs, Vs, Ve forms a Jordan chain of length 6 corresponding to J1(=J)

Equation (1) implies v1 € Ker(A-2I)

Equation (2) implies v2 € Ker(A-2I), since vi# 0
Equation (3) implies vz € Ker(A-2I), since v2# 0
Equation (4) implies vs € Ker(A-2I), since vs= 0
Equation (5) implies vs € Ker(A-2I), since vs# 0
Equation (6) implies ve € Ker(A-2I), since vs= 0

Now (A — 2I)2v2=(A-2l)vi =0
vz € Ker(A — 2I)2,v2 € Ker(A-2I)

Again (A — 2I)2vs=(A-2I)v2 =vi = (A — 2I)3vs=(A-2I)v1 =0
vz € Ker(A — 2I)3,vs € Ker(A — 2I)2, v € Ker(A-2I)

Again (A — 21)2vs=(A-2D)vz =v2 = (A — 21)3vs=(A-2D)v2 =vi = (A — 2I)%vs=(A-2D)vy
=0
~.vs € Ker(A — 2I)%,vs € Ker(A — 21)3, v4 € Ker(A — 21)2, v4 € Ker(A-2I)

Again. (A — 21)2vs=(A-2l)vs =vi = (A — 2I)3vs=(A-2I)vz =v2 = (A — 2I)*vs=(A-2D)v2
=v1 = (A — 2I)5vs=(A-2I)v1 =0

~.vs € Ker(A — 2I)5.vs € Ker(A — 21)%, vs € Ker(A — 2I)3, vs € Ker(A—20)2, vs €
Ker(A-2D)

Again, (A — 2I)2ve=(A-2l)vs =vs = (A — 2I)3ve=(A-2)vs =v3 = (A — 2I)*ve=(A-2I)vs
=v2 = (A — 2I)5ve=(A-2l)v2 =vi = (A — 2I)Sve=(A-2I)v1 =0
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Finding Ker(A — 21)¢

Since (A — 21)¢=0, Ker(A — 2I)®=span '-1‘-0 ------------- L R S 0.,.0.

I0I X0X I0I I1I I0I IOI
o 0 0 0 1 0

ho) ho) ho) ho) ho) h1)

a
b
e
.. (A= 2I)5v=0 where v£0, v=
IqL

- .
= o0 OCoo

=
OO0 ocoo
OO0 ocoo
OO0 ocoo
o
=
¢ i
a.
i
—
o
o
|}
}5]
o

........

OO0 OO0
o

a
b b 1 0 0 0
1-,». 1, ~ 1 n l 1 l n l lv

0
— — — - - — +4
L 141 V101 ror Y111 101 101

e e 0 0 0 1 0
hf) hg) ho) ho) hg) ho) hi)
0 0 0 0 0
1 0 0o 0 0
ho) ho) ho) ho) h1)
Finding Ker(A — 21)#

b

.. (A= 2I)*=0 where v£0, v=
Il

e
hf)
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0 000 0O 0 a 0
13 8 8 8 8 § 12 18
X0 0 0 0 0 oLXdI gor ~23=b=0
1 0 0 0 0 0 e 0
hi 1 0 0 0 0)hf) hg)
a 0 0 0 0 0
b 0 0 0 0 0
.. & | 1a 4. Ve
v='l’.l7_v ‘I’—cv v+dv v+e 0 -Iv E 2
0 1 I0I O
e e 0 0 1 0
h£) hg) ho) ho) ho) hi)
0 0 0 0
0 0 0 0

So, Kexr(A — 2I)%=span 1y dg.. g 1o

I0XI I1X XIOoX 1I0IX
0 0 1 0

ho) ho) ho) h1)

a
b
. , e -
. (A —2I)3*v=0 where v£0, v=
I4X .
-
he)
0 00 00 O a 0
0 00 00 0 b 0
0 00 0 0 0_"c ™0
X1 0 0 0 0 oXXdI yoxr ~2=b=c=
1100 0 0 e 0
ho 2 1 0 0o 0)Pf) ho)
a 0 0 0 0
b 0 0 0 0
1. 1. 1. & %
— — — - -
VLA 141 9111 10 101
e e 0 1 | 0
h£) hg) ho) ho) hi1)
o o0 o
o o0 o
So, Ker(A — 2I)%=span , 20~ Lo §
I1XI I0XI XOX
0o 1 0

ho) ho) h1)

Finding Ker(A — 21)2
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b
(A —2I)2v=0 where v£0, v= g
I4dL
e
he)
0 00 0 0 0 a 0
0 0 0 0 0 O b 0
2 B 889 98 - ™0
210 1 0 0 0 0EXdI gor ®a=b=c=d=0
0 21000 e 0
h1 1 1 1 0o 0)hf) hp)
a 0 0 0
b 0 0 0
1_0_ lr\ ‘6’ “\l:‘
IdI 10X "I0OI IOI
B e 1 0
he€) hf) hg) h1)
0 0
0 0
So, Ker(A — 2I)*=span, -1-0-----~ I)
101 I0X
| 0
ho) h1)
Finding Ker(A-2I)
Let v € Ker(A-21)
b
¥a Ao
(A-21) v=0 where v£0, kb ) §
e
he)
0 00 0 O a
11 0 000 0 b 0
*-1 1.0 0 0 , %c_14 T T
X4 4 1 6 0 OfXaY mox 3 BoE=d=es
1 1.1 1 0 0 e 0
ho o o o 1 0)hf) ho)
a 0 0
b 0 0

b [ | [ ) 1A
V=I4ITIOX . XoI
e 0 0

he£) hg) bhi)
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0
0
LV
So, Ker(A-2I) =span
I0X
0
h1)
Now, since, ve € Ker(A — 21)¢6,ve € Ker(A — 2I)5, ve € Ker(A — 21)%, ve € Ker(A—
1
0
21)3, ve € Ker(A — 2I)2, vs € Ker(A-2I), we consider V6=101
0
ho)
Putting the value of ve in equation (6),
0O 0 0 0 0 O 1 0
1 0 0 0 0 O 0 1
41 1 98509 8.8 & .,
Vs=(A-L1)Ve= —
I0 1 1 0 0 0OXIIoIrI Iox
1 1 1 1 0 O 0 1
ho o0 o o 1 0)ho) hod

Also, we find that vs € Ker(A— 2I)5,vs € Ker(A—2I)%, vs € Ker(A—2I)3, vs €
Ker(A — 2I)2, vs € Ker(A-2I) as per our condition.

Putting the value of vs in equation (5),

0O 0 0 0 0 O 0 0
1 ! 0 00 0O 1 0

~ #*-1 1 00 0 o 1_4 ™1
v,«—(A-2I)v.,—I 0 1 1 0 0 0IXLOIXI IXIoOX
1 1.1 1 00 1 0
ho 0001 0ho) hy)

Also, we find that vs € Ker(A — 2I)%, vs € K&(A 20)3,vs € Ker(A — 21)2, vs € Ker(A-
2I)

0 000 0O O 0

l1 0 00 00 O 0

Putting the value of v in equation(4). vs=(A-2ljve= —1 1 0 0 0 Q,.} - 8
I0 1 1 0 0 OIXOXI I1iX

1 11100 0 1
ho ooo1o)h1) ho)

Also, we find that vz € Ker(A — 21)3, vz € Ker(A — 21)2, vz € Ker(A-2I)

0 00 0 0 O O 0

. 1 00 0 0 O lo 1o

Putting the value of v3 in equation(3), v2=(A-2I)jve= -1 1 0 0 0 0 _"0 _"0
VI..W.Q 1 1 0 0 0XIXI1XI XoIX

1 14 3 19000 1 1
ho 0 0 01 0)ho) h1)
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0 000 0O O O
g1 00000 0 o0
Putting the value of vz in equation(2), vi=(A-2v.=, 1 1 0 0 0 o 0 _ 0
e Io 1 10 0 OIXoX IoI
1 11100 1 0
ho o o o 1 0)h1) h1)
Also, we find that vy € Ker(A-2I) as per our condition.
0 0 0 0 0 1
0 0 0 0 1 0
1 1 1, 1 1, 1,
vi=_ . V2= Vs R ,Ve = .
I0I ~ XIoX  I1X  XIoI  IOX 101
0 1 1 0 1 0

h1) h1) ho) h1) ho) ho)

V1, V2, V3, V4, Vs , Veare linearly independent as required.

eigen vector of rank 4, vs is the generalised eigen vector of rank 3, ve is the generalised

eigen vector of rank 6 comresponding to A=2.Thus, there are 6 linearly independent
generalised eigen vectors corresponding to A=2.

0000 O 1
0 0 0 1 ol
Our desired matrix, P=[V1 V2 V3 Vi Vg Vslilo ° 01 -1 ¢
0 01 0 0 O0p
I0 1 1 0 1 ol
[t 1 01 0o o]
Check:
0 0 -1 1 -1 1 2 0O0O0UO0O0O0O0TO0TGO0 0 1
Fo -1 0 -1 1 of1 2 0 0 0 ofo 0 0 0 1 of
p-iapzl0 0 0 1 0 0 -1 1 2 0 0 00 0 0 1 -1 0
o 1 1 o0 0 o010 1 1 2 0 0110 0 1 0 O Op
0 1 0 o o0 oI1 1 1 1 2 O0llo 1 1 0 1 ol
[t o o o o ol][o o0 o0 o0 1 2][1 1 01 o o]
0 -1 =2 1 -1 20000 O 1 2 10 0 0 0
Fo -2 0 -1 2 0’00 0 0 1 0°'0 2 1 0 0 ol
0 1 1 2 0 030 00 1 -1 0_0 0 2 1 0 O
0 3 2 0 0 00 01 0 0 0[10 0 0 2 1 0
1 2 o o0 o0 olo 110 1 O0llo oo o 2 1l
[2 o o o o0 ol[1t 1 01 o ollo oo o o 2]
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B. Complex Eigen values

8.2.1 2 X 2 matrix

Example 1:
A= 1 1]
-1 1

Eigen values of Aare 1 +1i

¢ Finding Jordan Canonical Form of A

We consider the eigen value A=1+i

-JCF of A, )=fX*(® ~Im()_1 -1

Im() Re(®) 1 1]

¢ Finding a matrix P such that P~*AP=] or equivalently AP=P]
Finding eigen vector corresponding to A=1+i

(A-AD)v=0 where A=1+iv# 0xv=(")
i—a—8 4 a  —ai+b 0
= ) ()= )=( ) Da=-h
-1 1-1—-i b —a—jbh O

a

=P
G ==Ly, 9%,

~.An gigen vector corresponding to A=l is v= (_l) g .. -4
1 =
Separating thereal and imaginary part of the gigen vector v, v=( 1)= 0
1 ( 1) ()

~Re(w)=( 2)-.1&(")= (;1)

Thus, our desired matrix P=[Im(v) Re(v)]:[—1 0]
0 1
Check: P-1AP= _* Yi1.t ‘”—1 01@—1 —1”—1 0’“’11 —1I_,
0 1 -11 0 1 -1 1 0 1 1 1
Example 2:

._0 —4
| |
1 0

Eigen values of A are+2i.
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e Finding Jordan Canonical Form of A

We consider the eigen value A=2i

~JCF of A, J=[X°) ~Im(d), _0 -2
m@®) Re() 2 o]

e Finding a matrix P such that P~1AP=]J or equivalently AP=PJ
Finding eigen vector corresponding to A=2i

—2i —4 a 0
= J4 =K. -}
1 —-2i b o
—2ai —4b 0 e
= ( )=( ) =a=2ib
a— 2ib 0
a g .
Rl 2ib 1=pt 2])
b b 1
".An eigen vector corresponding to A=2i is |, _ LZl)
\1\ . )
Separating the real and imaginary part of the gigen vector v, v= - )= (U )—+—i (z ,
g | 1 | 0

S Re(v)= (0) Im(v)= (2)

i 1 0
Thus. our desired matrix P=[Im(Vv) Re(v)]:l “ UI
0 1

0O 0 4 2 0_0 —2 2 0_0 -2

—
I I Il I

Check: P

I

L
o 11 o0 01 1 0 01 2 O

8.2.2 4 X 4 matrix

Example 1:
1 —1 0 O
1 1 0 0
A=
w[‘o 0 3 —:Z ]
0O o0 1 1

Eigen values of A are 1=£i_2+i

® Finding the Jordan Canonical Form of A

. Finding the Jordan block corresponding to A1=1+i(J1)

Considering the eigen value A1=1+i, we separate the real and imaginary part,
Re(A1)=1.Im(Q1)=1

. —-Re(A1) —Im(21) I1 —1
' Im(i) Re(w) 1 1

° Finding the Jordan block corresponding to A2=2+i(]2)
Considering the eigen value A>=2+i. we separate the real and imaginary part. Re(A2)=2.
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. —-Re(A2) —Im(2A2), .2 -1
2 lm(lg) Re()\g) i | 2

] 0 1 -1 0 9 _
~JCFof A, J=[ ! Nl 1@ ] where ] =[ 1J ]f‘-&z —1I
2 0 0 2 -1 i 53 1™ 3 =
0O 0 1 2

e Finding a matrix P such t at P"*AP=] or equivalently AP=PJ]
Finding eigen vector corresponding to A=1+

h
(A-A)v=0.where v=,—i0,\=(c) . A=14
d
=3 =l 0 0 a 0
,‘...l | U U D 0]
0 0 2-i ) ( L)=( )= a=bi, c=0, d=0
-2 0
0 0 1 —i d 0
a bi
o b
'.'V.=(C)-.-=.\( o )
d 0
i
-.An eigen vector corresponding to A=1+i is v =1)
0
0
i 0 1 0 1
1 1§ U 1 v
Separating the real and mimaginary part of vi=( )=( )+i( ).Re(vi)= ( )Im(vi)= ( )
0 0 0 0 0
0 0 0 0 0
Finding eigen vector corresponding to A=2+i
a
h
(A-AD) v=0, where v£0, v=( c)’ A=2+H
d
-1-i -1 0 0 a 0
¢ 1 -1-1 0 ° (h)=( 0) = a=0, b=0, c=d(1+)
0 0 l—1 —2 c 0
0 0 1 -1-i d o
a 0
cv=(P)=d ( 0 )
11
d 1
0
~.An eigen vector corresponding to A=2+i is v:»\,—j_(1 2\
i
1
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0 0 0 0
Separating the real and imaginary part of vo =" . i) =( $+i( Re(vz)j (0),
1 1 1
1 1 0 1
0
Im. (%)= (‘1’)
0

From J, it is clear that the 15t 22¢ columns of P will correspond to J1 and the 34 and 4%
columns of P will correspond to J2.

Thus, 15tand 22¢ columns will be the imaginary and real part of eigen vector corresponding
to A=1+i respectively and 3% and 4% columns will be the imaginary and real part of eigen
vector corresponding to A=2+i respectively.

10 0 0
Thus, our desired matrix P=[Im(vy) Re(v;) Im(vy) Re(VZ)J=[0 = & OJ
0 0 1 1
0 0 0 1
1 0 1 -1 0 0 1 00 0
|rrarsy . .11 0 0 0100
Check: 10 0 3 —200 1 1
000 1 0 0 1 1 00 0 1
1 -1 0 0 1000 1 -1 0 0
= 1 0 090 1 0 01 1 0 0|
0 0 2 -30011 0 0 2 -1
0 0 1 1 0001 0 0 1 2

C. Real and Complex Eigen Values

8.3.1 3 X 3 matrix

Example 1:
-3 0 O
A=[0 3 -=2]
0o 1 1

Eigen values of A are -3_2+i

. Finding the Jordan Canonical Form of A

. Finding the Jordan Block corresponding to A= -3(J1)
Since algebraic multiplicity of A=3 is 1, clearly, there will be 1 Jordan block J1 of size 1
corresponding to A=-3.

~J=[-3]
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. Finding the Jordan block corresponding to complex eigen value (J2)

Considering the eigen value, A=2+i, we separate thereal and imaginary part

Thus, Re(A)=2, Im(L)=1
. —Re(A) —Im(A). 2 -1
m®) Re@ !l 2]

. 0 -3 0 O z —1
~JCFofA.J=[, .l=[0 2 —1]where]:=[-3].]=[ 1
2 0 1 2 1 Z

° Finding a matrix P such that P"1AP=]

From J, it is clear that the 1%t column of P will correspond to J1 and the 27¢ and 3¢ columns
will correspond to Ja.
Thus_ 15! column will be the eigen vector corresponding to 2=-3. 224 and 3% column will be

Finding eigen vector corresponding to A=-3
a

(A-3I) v=0, where v#0, \E(b)
C
0 0 O a 0
= (0 6 —2)(b)=(0)=b=0,c=0
0 1 4 C 0
a 1
~.v=(b)=a(0)
c 0
1
".An eigen vector corresponding toA=-3 is v; = (0)
0
Finding eigen vector corresponding to A=2+i
(A-AD v=0, where v#0, v=(b), A=2+
C

—5—i 0 0 a 0
=(C o 1—i —2_)(b)=(0) =a=0, b=c(1+i)
0 1 -1—i ¢ 0
a 0
Sov=(b)=c(1 +1)
(o] 1
0
.. An eigen vector corresponding to A=2+i is vz = (1 + i)
1
0 0 0
Separating the real and imaginary part of vy = (1 + 1)=(1)+i (1)
1 1 0
0 0

S.Re (v2)= (1) .Im(v2)= (1)
1 0
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1 0 O
Thus, our desired matrix P=[v; Im(vz2) Re(v2)]=[0 1 1]
0 0 1
i1 0 0 -3 0 0 1 0 0
Check: P-1AP=[0 1 -1][0 3 -2]J[0 1 1]
0 0 | 0 1 1 0 0 1
-3 0 O 1 0 O -3 0 O
=sfo 2 -=-3][0 1 1]=[0 2 -1]=]
0 1 1 0 0 1 0o 1 2

8.3.2 5X5 matrix

Example 1.
—F -5 -3 0 D
F2 2 —3 0o ol
A= 0 1 0 0 o0
10 0o o0 3 =2l

lo 0 o 1 1]
Eigen values of A are -3, -3, -3, 2=i

Finding the Jordan Canonical Form of A

Finding the Jordan Block corresponding to 2A=-3(J1)
—4 -5 —3 0 0

F2 1 —3 0 ol
10 0 0 6 —21
Rank(A+3I)=4

6 12 18 0 0
Fe6 —12 —-18 0 ol

(A+302= 2 4 6 0 O
10 0 0 34 —20I
[0 0 0 10 14]

5>=dim Ker(A + 3I)2=n-rank(A + 31)2=5-3=2

0 00 O 0
10 0 0 O o !

(A—D3=0 0 0 O 0
I0 0 0 184 —148I
[o 0O 0 74 36 ]

Rank(A — I)3=2

v1=281-62=2-2=0

v2=282-63-61=4-3-1=0

v3=83-62=3-2=1

So, there will be 1 Jordan block of size 3 corresponding to A=-3.

-3 1 0
~h=L0 -3 1]
0 0 -3
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¢ Finding the Jordan Block corresponding to complex eigen value (]J2)

Considering the eigen value, A=2+i, we separate thereal and imaginary part
Thus, Re(A)=2, Im(1)=1

. ~Re(A) =Im(A) 2 -1
2 m@e) Re)! L 2!
-3 1 0 0 0

F 1
v.fo -3 1 0 o0 -3 T @ _
S JCFof A, J= [h' = 0 0 -3..0 0 swmen—1v -3 1 pgz—10",
0 12 10 0 o0 2 -1 0 0 -3 1 2
f[o O 0 1 2]

® Finding a matrix P such that P~1AP=]

rAr R A AT

et A A 2 - A

the 15,224 37 columns of P. 4% and 5% columns will be the imaginary and real part of eigen
vector corresponding to A=2-+i respectively.

Finding ordinarv eigen vector and generalised eigen vectors corresponding to A= -3
Since geometric multiplicity of A=-3 is 1, there will be one ordinary eigen vector (say vi)

A

By careful observation (Example 3 of 8.1.2), it is clearly understood that fora 3 X 3 Jordan
Block, (here Ji)generalised eigen vectors corresponding to A=-3 are related by Jordan
chains in the following manner:

(A+3I)v;=0 ...(1)
(A+3D)ve=v1 ... (2)
(A+3Dvs=v2 ...(3)

vi, v2, vi form a Jordan chain oflength 3 corresponding to J1.
Equation (1) implies vi € Ker(A+3I)

Rt

Equation (3) implies vi € Ker(A+3I), since v2# 0

Now, (A + 3I)2v2=(A+3I)v1 =0
~.v2 € Ker(A + 31)2,v2 € Ker(A+3I)

Again (A + 31)2vs=(A+3D)v2 =vi = (A + 31)3vs=(A+3I)v1 =0
~.vz € Ker(A + 3I)3,vs € Ker(A + 31)2, v € Ker(A+3I)
Finding Ker(A + 31)3

R

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 3086



International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 11 Issue VI Jun 2023- Available at www.ijraset.com

a
lb
(A + 31)3v=0 where v£0, v=yC
d
he)
000 O 0 a 0 0 0
000 0o o 21° 10 1 O 1Y
=40 0 0 0 0 I1X°1°101 = 1 0 =707 =d=0, e=0
0 0 0 184 —148 d 0 184d—148¢ 0
hO 0 0 74 ,3.6...6)~he)0h0) h 74d —36e.) hO)
a 1

.1%“.’ ) LA T R L

~v=gcyp=ycr=ay0yr+by0yr+cyly
d 0 0 0 0
he) hO) h0) hO) hO)
10 0

) S R L
So, Ker (A +3Ip3=span yO0y. O 11y
0 0 0
hO) h0) hO)
Findin + 3I)2
Let v € Ker(A + 31)2
1P

(A + 31)%v=0 where v20, v=yCg
d

he)
6 12 18 0 0 a 0

-6 -12 -18 0 o0 1Y 1V

2352 4 6 0 0 yycy=y0y =a=-2b-3c, d=0,e=0
0 0 0 34 -20 d

ho 0 0 10 14)he) hO)

a —2b—3c -2 =5
1 1 ® | 1Y
SV=ECI=Y ¢ y=bp 0 yteyl gy
d 0 0 0
he) h 0 ) h0) hQ)

- 5
11 19

So,Ker (A+3D%=span y 0 y.7 1
0

Finding Ker(A+31)
Let v € Ker(A+3I)
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a
1P
.(A+31) v=0 where v£0, v=y c
he)
-4 -5 -3 0 O a 0
22 1 -3 0 0 b 120
=230 1 3 0 O0xxcy=y0y =a=3c. b=-3c,d=0,e=0
0 0 0 6 -2 d 0
hO 0 0 1 4)he) ho)
a 3c

' 1—-3c 713

SR

d 0 0
he) h 0. ) h0)
3
7—3
So, Ker (A+3I) =span 1
0
h 0)
Now, since,yz € Ker(A+ 31)3vs € Ker (A+31)2, vs € Ker(A + 3I),we consider
2 |
10
va=gO0x
0
hO)
Putting the value of v3 in equation (3),
—4 -5 -3 O 0 i —4
2.2 1 -3 0 0 0 12

vy =(A+30)vy =y O 1 3 0 0O yx0xy=x 0 1
0 0 0 6 —2 0 0

h O O O i 1 4 HYhO) h 0)
Also. we find that v2 € Ker(A + 3I)2.v2 € Ker(A+3I) as per our condition.

Putting the value of v2 in equation (2),

—4 -5 -3
L WA 1 ] -3

0 —4 6
0O ¢ 2 1—6
vi=A+3Dv,=1 0 1 3 OYxx0x=xr2rx
0 0 0 —2 0 0
h O 0 0 1 4535h 0) hQO)
Also, we find that_y; € Ker(A+3I) as per our condition.

a0 OO0

6 —4 1
_— 12 10
vi=g 2 y.Vv2=y 0 y.V3=ygO0yx-Vi1,Vz V3 are linearly independent a5 required.
0 0 0

h0) hoO) hO)
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Finding eigen vector corresponding to A=2+i

a
o
(A-LI)v=0,where v#0,v=gcy, A=2+
he)
-9 —i -5 -3 0 0 a 0
1 2 —4—-i -3 0 g 3 1Y
=1 O 1 —2—i 0 0 1xr=101
0 0 0 1—i =2 d 0
h O 0 0 1 —1 —i)he) hO)
=a=0, b=0, c=0, d=¢(1+1)
a 0
e ="
i Gt g 9 ' 8
d 1+i
he) h_1 )
0
3 O
An eigen vector corresponding to A=2+iis va=y O
141
h 1)
0 0 0

pe 1¢ 3
Separating the real and imaginary partofvs = 0 y=yOy+iyOy

d I o 1 1
h_ 1 ) hl) hO)

0 0
10 10
Re (v4)= yO0y.Im(vs)= 50y
1 1
h1) hO)
6 —4 1 0 O
Fe 2 0o o ol
Thus, our desired matrix P=[v; v2 vz Im(vs) Re(vy)]= 2 0O 0 o0 O
I0 o o 1 1I
[0 o o 1 o]
- 6 4 1 0 0
F o, 3 -7 =5 =3 0 M - .
iap.,? 3 0 0F> —2 -3 0 0 -6 2 000
Check: " @Y= > 2 0 o o0 1 0o o o 2 0 000
0 o o o ¢110 0 o0 3 —2110 0 O 1 1I
oo o1 -nloe o o 1 1]J[o o o 1 ol
.0 3 0 0 0,;6 -4 1 00 -3 1 0 0 O
1 T+ 3 0 0,-6 2 0 0 O0fF0o -3 1 0 o1l
=I-3 —6 —9 0 0] 2 0O 0 0 0=0 0 -3 0o o0 =
Io0 o o 1 1Ilo0 o o0 1 1110 O O 2 -—1I
[o 0 0 2 _3][0 0 0 1 ol O 0 0 | 2]
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8.3.3 6 X 6 matrix

Example 1:
2 -1 0 00 O
F1 4 0 o0 o0 ol
0 0 3 1 0 07
o 0 -1 1 0 07
Io o o o 3 -2I
[o o o 0o 1 1]

Eigen values of A are 3,3.2.2.2=i

o Finding the Jordan Canonical Form of A

. Finding thell ordaln Block corres%ondmg to 2=3(J1)
F1 1 o o o ol
10 0 -1 -2 0 0
10 0 0 0 0 -2I
[o 0 0 0 1 21
Rank(A-31) =
§1=dim 1_(_e_x(A-3I) =n-rank(A-31) =6-5 =1
oo o o 0 O
o0 o o o ol
210 0 -1 -2 0 O
A 3I)“110 0o 2 3 0 O{
Io 0 O 0 -2 4l
oo o o -2 2]
Rank(A — 31)2=4

§2=dim Ker(A — 3I)2=n-rank(A — 31)2=6-4=2

v1=281-62=2-2=0

v2=02-61=2-1=1

So, there will be 1 Jordan block of size 2 correspondingto A = 3

1
S :[ ]
=
° Finding the Jordan Block correspondjng to 2=2(J2)
0 =1 0 0 O
T 2 @ o a a*
@a2n=1° o 1 1 o0 oI
10 0 -1 -1 O 0]
I0 o 0 0o 1 -=-2I
o o o o 1 -1]
Rank(A-2I)=5
§1=dim Ker(A-2I) =n-rank(A-2I) =6-5 =1
-1 -2 0 O 0 0
F2 3 0 0o o o
(0 0 0 0 0 0
[0 0 0 0 —1 01
[o0 o o o o -1]
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Rank(A — 2I)2=4

62=dim Ker(A — 2I)2=n-rank(A — 21)2=6-4=2

v1=281-62=2-2=0

v2=02-61=2-1=1

So,there will be 1 Jordan block of size 2 correspondingto A = 2

2
5 5= ) g
0 2

° Finding the Jordan Block corresponding to A=2+i(]3)

Considering the eigen value, A=2+i, we separate thereal and imaginary part
Thus, Re(1)=2. Im(»)=1
- weiR(A) —=Im(A). .2 -1

® Im(A) Re(d 1 2

3100 0 0
I 0 Fo 3 0 0 o ol

v v Z i v v

~JCFofA.J=[ |2 1=l I
0 J- ‘0 0 0 2 0 0[

3 000 0 2 —1

oo oo 1 2]

. Finding a matrix P such that P~1AP=]

From J, it is clear that the 15t 224 columns of P will correspond to J1 and the 3% and 4t

rm AT s

columns of P will correspond to J2,5% and 6% columns of P will correspond to Js.

b A

15tand 2%4columns of P, eigen vector and generalised eigen vectors corresponding to 2=2

will fill the 37 and 4 columns of P ,5% and 6% columns will be the imaginary and real part
of eigen vector corresponding to A=2-+i respectively.

Finding eigen vector and generalised eigen vectors corresponding to A=3

Since geometric multiplicity of 2=3 is 2, there will be one ordinary eigen vector (say vi)
By careful observation ( Example 1 of 8.1.1) it is clearly understood that for a 2X2 Jordan
Block (here J1) .the eigen vectors and generalised eigen vectors corresponding to A=3 are
related by Jordan chains in the following manner: (A-3I)vi=0 ... (1)
(A-3Dy2=vi... (2)

. vi1, v2 form a Jordan chain of length 2 corresponding to Ji.
Equation (1) implies vi € Ker(A-31)
Equation (2) implies v2 € Ker(A-3I). since vi = 0

Again (A — 31)2v2=(A-3I)vi=0 = (A — 3I)2v2>=0
.v2e Ker(A — 3I)2,v2 € Ker (A-3])

Finding Ker(A — 31)2
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a
b
2 et
. (A — 3I)2v=0 where v£0, v=
IdL
e
he)

0 0 O 0 o o a 0 0 0
0O 0 O 0 O 0 b 0 0 0
0 0 -1 -2 0 0. .*c ™0 *—c—2d "0
10 0 2 0 O0fZdsr __=7__ Ay 2T m e =c=U.d=U. e=U, t=U

I

O 0 O g8 —2 4 e 0 —2e + 4f 0
ho o0 o0 o0 —2 2)hf) hg) h—2e+20 ho)

a a g | 0
lb 1b 0 1

1 u |
o 9 o o
+b

e 0 (0] 0
hef) hn) hAaY hAa

1 0
. 0 $
So.Ker ~.=span N
(A—3D) I0XI IOX
o o
ho) ho)
Finding Ker(A-31)
Letv € Ker(A-31)
b
g P
(A-3I) v=0 where v£0, “rax
e
he)

-1 -1 0 O 0 o a 0 —a—b 0
l1 1 0 0O 0O o b 0 a+b 10
-0 0 0 1 0 , %c 15 _L . _n
I0 0 —1 —2 0 O011di 10X XI—c—2dXI XoX

0 0 0 o o0 -2 e 0 —2f 0
h o 0 0 o0 1 —2)hf) ho) he—-2f) hQ)

=a=-b, ¢c=0, d=0. e=0. =0

a —h P
b 3D a -
1
SN el Bcs [ ® VOV O W o Y
4 o TOT
e
ey WA 5 o
—1
1
1,
So, Ker (A-3I)=span I0I
0
h o)
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1
0
Now, since, vz € Ker(A— 31)%v; € Ker(A-3I), we consider V,;~ I%\I
0
ho)
Putting the value of v2 in equation (2),
-1 -1 O 0O 0 0 1 -1
1 1 0 0O 0 0 0 1
v=A3y =0 0 0 1 0 oo Ly
: 210 0 -1 -2 0 0IXOI 11
0 0 0 0O 0 -2 0 0
ho o o o 1 —2)ho) hp)
Also, we find that v € Ker(A-31) as per our condition.
-1 1
1 0
; g 1,
E g = X ; z z
ViTeay 2 I ox V! and v are linearly independent as required.
0 0
ho) bho)

..................

to A=3.Thus, there are 2 linearly independent generalised eigen vectors corresponding to
2=3.

Finding eigen vector and generalised eigen vectors corresponding to A=2

Since geometric multiplicity of A=2 is 2, there will be one ordinary eigen vector (say vs)
Similarly, for]2.the eigen vectors and generalised eigen vectors for A=2 is related by Jordan
chains in the following manner: (A-2I)vs=0 ... (1)

(A-2Dvs=v3... (2)
. v3, v4 form a Jordan chain oflength 2 corresponding to J2.
Equation (1) implies v3 € Ker(A-2I)

.......
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b1,
(A — 2I)2v=0 where v#£0,v= II
¢
he)
-1 -2 0 0 O 0 a 0 —a—2b 0
2 3 0O O 0 0 b 0 2a + 3b 0
0 0o o0 o , 1c 1, i N 1,
=I v v U v v U L a2u=x 1u1 a V) 4 a2y
0 0 0 0 -1 0 B 0 — 0
h o 0 0o 0o o -1 bhfd) hod h — Dhod
=a=0, b=0, e=0, =0
a 0 0 0
b 0 0 0
. 7 i g Bt
Nl EgE Cxol  I1E
€ 0 0 0
heg) ho) ho) ho)
0 0
0 0
2 1 v
So. Ker —_—DE o
@Aa-20n I0I IiX
0 0
ho) bho)
Findin 2]
Let v € Ker(A-21)
b
g B
(A-21) v=0 where v=0, =r4dI
e
hed
0 -1 0 0 0 O a 0 % 0
1 2 0 0 0 0 b 0 . a + 2b ‘0
i lh 0 1 1 0 0 1 -~ =1f\ - w_,_,c, + d . 0
I0 0 -1 -1 0 O0xXXdI X0XI X-—c—dI XoX
0 0 0 0 1 -2 = 0 e — 2f 0
ho o o o 1 —1)bhf) ho) he—f) ho)

a 0 0
b 0 0
1. 1 . 1,
V"IaX 1 g 9111
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0
0
= 5

Now,since, vs € Ker(A— 2I)%vs € Ker(A-2I), we consider V;

I0IX
0
ho)
Putting the value of vz in equation (2),
0 -1 0 0 O O 0 0
11 2 0 0O 0 O 1 0 0
Aty = 0 0 1 1 00 a4
~ I0 0 -1 -1 0 OXIXOoXI y1_1I1
0 0 0 0 1 -2 0 0
ho o o o 1 —1)ho) ho)
Also, we find that vz € Ker(A-2I) as per our condition.
0 0
0 0
1 1 "
N oy V4— V3 dild V4 dIC UNcdily adacpenacit 4S recguirea.
-1 I0X
0 0
hold) ho)

---------------------------------------

corresponding to A=2.

Finding eigen vector corresponding to A=2+1

b
dc
(A-L]) =0, where v=0, v=y .4, A=2+
e
he)
=] =4 0 0 0 0 & 0
1 2-i o0 0 0 0 46 40
- 0 0 2—i 1 0 0 11-1v1
I0 0 -1 -1—-i 0 0o *4a3 o
0 0 0 0 1—=8f =2
ho o 0 0 1 -1-9Ph®) hO)

=a=0, b=0, c=0, d=0, e =(1+)

a 0

b. 0

3 A
VI Tir o1
e T=i=12
hf€) h_1 )
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0
0
~.An eigen vector corresponding to A=2+i is Vi=y 8 I
144
h1.)
0 0 0
0 0 0
Separating the real and imaginarv vart of = L. _1i - 1,

.....

0 0
0 0
i 1
~Re (vs)= Am(vs)=
10X 10X
1 1
h1) ho)
Thus, our desired matrix P
-1 1. 0 0 0 O
F1 0 0o o0 o0 ot
=[vi v2 vi vs& Im(vs) Re(vg)]=I0 ©0 1 1 0 0
[0 0 -1 0 0 O
[0 o0 0o o 1 1l
[0 o0 0 o0 o0 1]
Check: P-1AP
010 0 0 0 2 -1 0 0O O -11 0 000
FF 10 0o o o1 4 o oo o1 0 o o o of
0 00 -1 0 00 0 3 10 030 0 1 1 0 0
o 0 1 1 0 0110 0 -1 1 0 0110 O -1 O O O
0 oo o 1 —-11l0o o o0 o0 3 —2110 0 0 0 1 1I
[ooo o o 1]llo o o o1 1][o o o o o 1]
140 0 0 0 -11 0 00O0 31000 0
F3 30 0 0o 01 0o o o0 o0 o FfFo3 00 0 ol
0 01 -1 0 0730 0 1 1 0 0_0 0 2 1 0 0jy_,
0 o0 2 2 0 0110 O -1 O O O 10 0 0 2 0 071
0 oo o 2 —-3110 0 0 o0 1 110 0 0 0o 2 -1l
[ooo o 1 1][o o0 o o0 o 11 o o o 0o 1 2]
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IX. APPLICATIONS OF JORDAN CANONICAL FORM
Finally, we look at the applications of Jordan Canonical Form of a matrix. The Jordan Canonical form of a matrix gives some
insight into the form of the solution of a linear system of differential equations.

A. Solution of a Linear System of Differential Equations
dxg
F ar 1l
dx2

We know that the linear system x=Ax where x € R*. A is a nxn matrix and ﬁ‘“":’ dt  with the

A A A A et PSS

The most obvious procedure is to take the power series which defines the exponential,

eX =14+x+ix2+di x3+  +1xkt
2! 3! k!

and just formally plug-in x=At. ( eAtis a nxn matrix, so we have to think of the term “1” as the
identity matrix)

Thus, we define eAt=[+At+1 (At)2+1 (At)3+.. +1 (At)*k+... =X=® Aak&
2! 3! k! k=0
Now, this calculation can be a bit cumbersome. So., we will make use of JCF to make the

computation easier.

The key concept for simplifying the computation of matrix exponentials is that of matrix similarity.
And we know that every square matrix A can be put in Jordan Canonical Form J by a similarity
transformation i.e.. 3 an invertible matrix P such that P~1AP=].

Now, we will prove some results that will gradually lead us to the solution of linear system.
Result 1: eAt=PeltP~! when P~1AP=].
Proof: Since P~1AP=] = A=PJp-!
Now, eAt=[+At+1 (At)2+1 (At)3+.. .+:_ (At)*+. ..
2! 3! !
-1 1 ap-14 1 -1 1 kp-1
..... ) P +—P(J)*P 7+ P3P ..+ P(JH)*P~1+...
=P (=l (0L (034 (e

=Peltp-!
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ohi1t n F/h 0 X

Result 2: e2:=[ e’ lwhen D=l A [
0 o 10 W1

i [ An

Proof: e!?'_.,=1:lrl').t+;{- (Dt) 2+i (Dt)3+.. +:‘ (Dt)*+. ..

A )& 0
1 ; 0 F/ 14 ( 1 :‘/. ) )
= 1= AL I+l (42000 I+
0 10 1 21 o I
B T I [ | (£.6)3]
(A18)3 0 (i)t
- » 1 ¢ . 1
1] (42t) igeocape VN (422) I+
10 | “1 0 I
[ (2.6)3] [ (204

=diag{l+it+ (Ae)+ (AeY+-—-+ (At)+.--1+2 3 (A £+ (AP +--+ (A0 +.--,1+2 t+

L(AEF (A ) Fet (A O F ) ’ ' :

T et 0

:/.2! ]

0 i :
e/.n(

But if A is not a diagonalizable matrix, then A= PJP~!, where J is the JCF of A with at least one
elementary Jordan block of size = 2

Itis not very difficult to find exponentials of upper triangular matrices. But the Jordan Canonical
Form is not only upper triangular but has even more special structure.

Nk=0.

Result 3: If DN=ND. then eP*N=gDeN

N

Proof: If DN=ND, then by binomial theorem (D + N)?=n!}

DNk ixk=n ik!

; ; N
Lheretore, evTh=2," 2 =2° Do =eleN
n=0 jgk=n i=0 j k=0

9.1.1 Deduction of e
e When J is Jordan block (of size >2) corresponding to real eigen value

N is a nilpotent matrix of order m and DN=ND

U 1 U U U U | U U U U U U 1
Fo 0 1 - ni Fo 0 0 1 —— ni Fo 0 0 0 e 01
N= NZ= s---y NB-1=
I0 0 11 10 0 0l Io .. 0 0l
[0 .. o] [o . 0] [0 .. 0]
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Now, since Jt=DtNt and DON)=N)(DY), then eli=eXTNi=erelt

e*t 0
Dt— e/’.(
Now, eP=| . 15,9}"!.1_11;21.11
0 "
e/‘.r
eNt= [+ Nt+1 (N 2+ L (Nt)3+...+ L _(Nt)™!
2! 3! (m—1)!
0t 0 .. 0 0 0 t 0 0 0 0 0 O t
1 0 0 0 t 0* ‘0 0 0 t 0° 0 0 0 O o °
=l 1 ]- ‘_; . °_1
0 v v ou P v vt 1V v v 1
_ 1 o .. o] [p . o] [o 0]
g § e S
=0 1 t 2 ==
1 2 5l
I [
[o .. 53
Thus, elt=ePteNt
1 ¢ ¢ 2 1 ¢+ ¢ 2 o~
= " :. {.' ;:n 1 F =. "-v. ;:n ‘|
=eMpym © ! t ¥ " T e# o 1t = = 5 where ] be a mxm
| | | |
LQ 1 ] LQ 1 ]

¢ When J is Jordan block corresponding to complex ej value

It follows by induction that, ™ = e V"7 where Re and Im denote the

I
b a  Im(#) Re()
real and imaginary part of the complex eigen value A=a+ib.

k=0 X K s
Lm.(i.—f) R...gl%.‘ Im(X) Re(}) sinb  cosb
cospt — st
Therefore, elt=e* [ ~] where ] is the Jordan block cormresponding to

sinht cosht

9.1.2 lllustrations through examples

We will find solution of x=Ax with the initial condition x (0) =xo.In each example we will vary A
and find the solution of the linear system.

Example 1:
Solve the initial value problem & = x + 2y, .2 =y with initial condition x(0)=x .
0

de de
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Solution: The solution to theinitial value problem x =Ax for A= . =45‘}1 ) 1S g1ven
| (Where X ..
U d —

de
bv x(t)=eAtxo.

eAt= PeltP~I(from Result 1) — Z U
Fox this A, cigen values ave 1,1 J=[ I p=|o | such that P~*AP=J. (Refer to Example 1 of
1 1

0
g.1.1)

Now, eli=gx [1 t] when ] is a 2x2 Jordan block corresponding to eigen value A j_:g;.]i['t 1|
0 1
R Itor J=| | s 4
0 1 0 1
Thus, x(t)= PeltP—1xo
()_-12 g ¥ &t 1 U el 2tet
| 11 112 =
o 1'l0 1o 1%l o 1%
“xo= *1x,
0 e’
Example 2:
1@ 1 0
Solve theinitial value problem x=Ax for A=[0 1 2] with initial condition x(0)=xo.
0O 0 3

Solution: The solution to the initial value problemis given by x(t)=e*xo.
e#t= PeltP-1(from Result 1)

I 0 1 1 0
For this A, eigen values are 1,1 3. Jﬂo (J=0 1 0]
' 0 0 3
1 0 1
P=[0 1 2]suchthat P-1AP=]. (Refer to Example 1 of 8.1.2
0 0 2

1
Now, gh=¢* [ t] when | is a 2x2 Jordanblock comresponding to gigen value X
0 1

€ w O 1 1 o]
~e=[0 ¢ 0] forJ=[o 1 0]
0 0 = 0 0 3
Thus, x(t)= PelP-Ixo
| 0 1 e tel 0 1 n = LS IS —:6‘4-"!
IO 1 20 e 0] 1 —1)xo=[o ¢ —e+e"]X0
0 0 2 0 0 e 0 0 3 o o e”
~ 3= [o ¢ —e+e]X0
0 0 e”
R— 2 1 0
Solve theinitial value problem x=Ax for A=[0 2 0]with initial condition x(0)=xy.
0o -1 2

Solution: The solution to the initial value problemis given by x(t)=e*xo.
eAt= PeltP-1(from Result 1)

. . 0
For this A, eigen values are 22.2. J= h

1 0
L (=0 2 0
0 2
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A 0o 1
P=[ 0 1 O]such that P-tAP=J. (Referto Example 2 0f8.1.2)
—1 0 O

1

Now, eli=¢Xx [0 ;] when]is a 2x2 Jordan block corresponding to gigen value A

a2t a2t n 2 91 0
~e=[0 &* O0]forJ=[0 2 0]

0 0 et 0O 0 2
Thus, x(t)= Pel'P~1xo

2e 7e

1 0 1 _22 .2t g 0 —1 et et 0
=[O0 1 O0J[0 et O0][0 1 O]x=[0 et o0lxo
—1 0 0 0 0 et 1 0 1 0 —texx e
e.!t te..‘: 0
“x@®=[o0 &* 0 1xo
0 —telt et
Example 4:
2 o O
Solve the initial value problem x=Ax for A=[ 1 2 O]withinitial condition x(0)=xo.
-3 5 2

Solution: The solution to the initial value problem is given by x(t)=eAtxo.
eAt= PeltP~1(from Result 1)

2 4 0
For this A, eigen valuesare 222 J=[J1]=[0 2 1]
0O 0 2
0 0 1
P=[0 1 0]suchthat P~*AP=]. (Refer to Example 3 0f 8.1.2)
5 =3 0 ’
INOW. el=e™ |1 7 1 when Jis a 3x3 Jordan block cormresponding to eigen value A i.e.
0 1 ¢t
0 0 1
A 1 0
=0 2 1)
0 0 4 )
e et o - 2 10
g=[n _ “JforJ=[0 2 1]
0 0 e 9 0 2
Thus, x(t)= Pel'P~1xp
2ttt 3 1 2 ;
0 0 1 et gt 8 = 0 e & et 0 et
=W 1L ULl w1 01X =1 i AT " ]x0
5 —=3 0 0 o2t #alt T i 4 __3#:-"-—:;:-2 StCZl (‘2" + _S’t:e:: — 3tet
0 e z -
ch 0 CZl
x®=[ 0 et 0 | %0
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]with initial condition x(0)=xo.

|
ou n
nw N

Solution: The solution to the initial value problem is given by x(t)=e4txo.

eAt= PeltP~!(from Result 1)

S5
For this A, eigen values are 5,5,5,5. J=[J1] = [0
0
0
6 —4 4 0
PELO 6 2 Oouch
0 0 3 0
0 0 0 1
R -
F > m
It et 2! ,ZLIA
Now.e —e 0 1 t
0 0 1 tI
[o o o 1]
a5t o2 5:: 5::
Sl - - 5 10
: - -—--,0 5 1
IO 0 &t ggatl 0O 0 5
L,Q 0 0 eS:] 0 0 0
Thus, x(t)= PeltP~1xo N "
 —d & BT = =
U © 2 U *q 5t s
Zla a2 nj} 2
o o o010 0
[o o o0
Example 6:

Solve the initial value problem x=Ax for AfLo
1

OO une-

II._lI

—

o n =O

neE OO0
—

|such that P~! AP=]. (Referto Example 3 of 8.1.3)

—when J 1s a 4x4 Jordan block corresponding to eigen value A

1

a =T 0

+ -1 n

B 9 Xo
3 .

0O 0 1

~*}with initial condition x(0)=x,,
0

Solution: The solution to the initial value problem is given by x(t)=eAtxo.

eAt= PeltP~1(from Result 1)

For this A, gigen values are +21. J= P=L | such that P7*AP=). (Keter to Example 2
2 0 0 1
of 8.2.1)
AT i ar fCOSDT — sSin bt
" o |1 where J is the Jordan block corresponding to complex gigen value
r=atibie J=[° ]
b a
. wgCOS2t —sin2t,. .0 -2
sin2t cos2t 2 0 ]
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Thus, x(t)= Pel'tP~1xo

Z U cosit —smit & v cos2t —sin2t
= I | L2 | X0= 1 | Xo
v 1 Dl Lo LUdDLL v 1 Pt Lud L

S |.cosZt —sin2

W
%sinlt cos2t ©

Example 7:

Solve the initial value problem x=Ax for A=[ i 1]with initial condition x(0)=xo
=1 ‘1

Solution: The solution to the initial value problem is given by x(t)=eAtxo.

eAt= PeltP~I(from Result 1)

Forthis A, eigen valuesare 1 +1i. J=| pP= | such that P~*AP=]. (Keter to Example
1 1° 0 1

10f82.1)

AT (N ar rCOSDL — sinbr

R —— ] where ] is the Jordan block corresponding to complex egigen value

AT A AR

)—a+1b
. eli=et Icast —smt . _.rd _ll
sint cost 1 1
Thus, x(t)= PeI‘P 1xo
- gcost —efsmmt —1 U eCost esmt
- IL., ' I Ixo=L ., | ' | X0
1 esint e cost 0 1 -e sint ecost

gl
L =[SOSt etsing
—etsint eicost ©

Example 8:
1 -1 0 O
Solve theinitial value problem x=Ax for A-[l :) (3) 0‘_ ]with initial condition x(0)=xo.
=
0 0 1 1

Solution: The solution to the initial value problem is given by x(t)=eAtxo.
eAt= PeltP~(from Result 1)

1 -1 0 0 1 0 0 O

Forthis A, eigen valuesare1 +i,2 +i. J=["* = - - = ].P=I 0 1 0 0I ee taren
0 2 o 0 2 -1 00 1 1
0 O 1 2 0 0 0 1

P~1AP=]. (Referto Example 10f822)

AT w ar rCOSDE —sSInDI

sinbt cosbt

AR,

] where ] is the Jordan block corresponding to complex gigen value

A=atib
sint cost 1 sint cost 1 2
elcost —etsint 0 0 1 -1 0 O
. esint elcost ) 0 1 1 v V)
e.=| - " | tor J=L |
0 0 e cost —e sint 0 0 2 -1
0 0 eltsint e¥cost 0O 0 1 2

Thus, x(t)= Pel'P~1xo
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1 0 0 0 gigost —etsint 0 0 1 0 0 O
0 1 0 0,etsint ekost 0 o ,0 10 0,,
0 0 1 1 0 0 etcost —e2spt 0 0 1 -1 ©
0 0 0 1 0 0 etsint e2tcost 0 0 0 1
eicost —etsint 0 0
‘etsint  elcost 0 0 ;
3 0 0  e(cost+sint)  —2eXsint | °
[ O 0 e2tsin t e2t(cost — sint)]
elcost —etsint 0 0
T . 1
x()=1€sint  ecost 0 0
x( )_l 0 0 e2t(cost + sint) —2eltsint :x..
[ O 0 eztsin t e2t(cost — sint)]
Example 9:
-3 0 O
Solve the initial value problem x=Ax for A=[ 0 3 —2]with initial condition x(0)=x,.
O 1 1

Solution: The solution to the initial value problem is given by x(t)=eAtxo.

eAt= PeltP-(from Result] 1)

For this A, eigenvaluesare —3,2 +i.J=[n ,;]=[ 0 2 —1].P=[0 1 1] suchthat P-!AP=J. (Refer
- B 1 2 0 0 1

to Example 1 of 8.3.1)

T i ar rCQSb-t e Sln b»I

bl wonbit | where ] is the Jordan block corresponding to complex gigen value

A =atib
¢ — 1 —1
- eimeXt [cost sult]gg!]::[ ]
sint cost 1 ) 1
et 0 0 -3 0 O
~eg=[ 0 eXcost —exsint] forJ=[0 2 -—1]
0 eXsint eXcost 0O 1 2
Thus, x(t)= Pel'*P~1xo
1 00 e o 0 10 0 o« 0 0
=0 1 1])[ 0 exzcost —exzsint][0 1 —-1]X=[ 0 eZ(cost +tsint) —2eZsint  ]xo
0 01 o exsint e%cost 0 0 1 0 exsint eZ(cost — sint)
p 0 0
~x(t)=| 0 eZ(cost+ tsint) —2e2tsint | Xo
0 esint e?*(cost — sint)

B. Phase Portraits of Linear Systems

Consider a system of linear differential equation x=Ax. Its phase portrait is a representative set ofits solutions, plotted as parametric
curves(with t as the parameter)on the Cartesian plane tracing the path of each particular solution (X, y)=(Xi(t), Xx(t)),—o0 <t<
oo.Similar to a direction field, a phase portrait is a graphical tool to visualize how the solutions of a given system of differential
equations would behave in the long run.

In this context, the Cartesian plane where the phase portrait resides is called the phase plane. The parametric curves traced by the
solutions are sometimes called their trajectories.

It is quite labour-intensive, but it is possible to sketch the phase portrait by hand without first having to solve the system of
equations that it represents. Just like a direction field, a phase portrait can be a tool to predict the behaviours of a system’s solutions.
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1) Equilibrium Solution (Critical point or Stationary point)

An equilibrium solution of the system [7=Ax is a point (x1, x2) where =0, that is, where x1'=0=x2".An equilibrium solution is a
constant solution of the system and is usually called a critical point. For a linear system [J=Ax, an equilibrium solution occurs at
each solution of the system (of homogeneous algebraic equations) Ax=0. As we have seen, such a system has exactly one solution,
located at the origin, if det(A)#0. If det(A)=0, then there are infinitely many solutions.

For our purpose, and unless otherwise noted, we will consider systems of linear differential equations whose coefficient matrix A
has nonzero determinant. That is, we will consider systems where origin is the only critical point.

2) Classification of Critical Points

We will presently classify the critical points of various systems of first order linear differential equations by their stability. In
addition, due to the truly two-dimensional nature of the parametric curves, we will also classify the type of those critical points by
their shapes (or rather, by the shape formed by trajectories about each critical point).

3) Stability Classification of Critical Points

a) Asymptotically Stable: All trajectories of its solutions converge to the critical point as t— oo.A critical point is asymptotically
stable if all of A’s eigenvalues have negative real part for complex eigenvalues.

b) Unstable: All trajectories (or all but a few, in the case of saddle point) start out at the critical point at t— —oo,then move away to
infinitely distant out as t— oc.A critical point is unstable if one of A’s eigenvalues is positive and other negative or has positive
real part for complex eigenvalues.

c) Stable (or neutrally stable): Each trajectory moves about the critical point within a finite range of distance. It never moves out
to infinitely distant, nor (unlike in the case of asymptotically stable) does it ever go to the critical point. A critical point is stable
if A’s eigenvalues are purely imaginary.

In short, as t increases, if all (or almost all) trajectories

e Converge to the critical point - asymptotically stable

e Move away from the critical point to infinitely far away — unstable

e Stay in a fixed orbit within a finite (i.e., bounded) range of distance away from the critical point stable (or neutrally stable)

Here, we will discuss the various phase portraits that are possible for the linear system
x=Ax ...(1)
when x€ R2 and A is a 2x2 matrix.
We begin by describing the phase portraits for the linear system
x=Jx i R
where the matrix P~1AP=] where J has the following forms: J=[~ "1J=[" = orlJ=[" ]
0 u 0 AJ b a

The phase portrait for the linear system (1) above then is obtained from the phase portrait (2) We
have seen the solution of linear system (1) with the initial value x(0)=xo is given by

sO= [T Y1x ., x@se*[ ‘1%, orxMmeex st —sinby,

0 et " 0 1 sinht cosbt

We now list the various phase portraits that result from these solutions, grouped according

to their topological type with a finer classification of sources, sinks into various types of
stable, unstable nodes and foci.

Given x=Ax, where there is only one critical point at (0,0).
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Case 1: Distinct real eigen values A, p with A<0< u

A O
=l |
0 u

the infinite-distant away, move toward and eventually converge at the critical point. The trajectories
that represent the eigen vectors of the positive eigenvalue move in exactly the opposite way: start
at the critical point, then diverge to infinite-distant out. Every other trajectory starts at infinite-
distant away, moves toward but never converges to the critical point, before changing direction and
moves back to infinite distant away. All the while it would roughly follow the 2 sets of
eigenvectors.

This type of critical point is called a saddle point. Itis always unstable.

The phase portrait in this case is given in the figure.

X2

1
> f« X,
!

A saddle at the origin
If u<0< A, the arrows in the figure are reversed.

Case 2: Distinct real eigen values A, u, both positive or both negative

k= A 0I

0 u
In this case, the phase portrait shows trajectories either moving away from the critical
point to infinite-distant away (when both positive) or moving directly toward and converge to the
critical point (when both negative). The trajectories that are the eigenvectors move in straight lines.
The rest of the trajectories move, initially when near the critical point, roughly in the same direction
as the eigenvector of the eigenvalue with the smaller absolute value. Then, further away, they would
bend toward the direction of the eigenvector of the eigenvalue with the larger absolute value. The
trajectories either move away from the critical point to infinite-distant away (when both are
positive) or move toward infinite-distant out and eventually converge to the critical point (when

both are negative).

This type of critical point is called improper node. It is asymptotically stable if both
eigenvalues are negative and unstable if both eigenvalues are positive.
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The phase portrait in this case is given in the figure below.

A

A 0
=

0 4
The phase portrait in this case has a distinct star-burst shape. The trajectories either move directly

converge to the critical point (when A<0)

This type of critical point is called a proper node. It is asymptotically stable if A<<0, unstable if 2=>0.

The phase portrait in this case is given in the figure below

If A>0, the arrows are reversed and the origin is referred to as an unstable node.
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toA

=Y

0 4
The phase portrait in this case shares characteristics with that of anode. With only one eigenvector,
it is a degenerated-looking node that is a cross between a node and spiral point. The trajectories
either all diverge away from the critical point to infinite-distant away (when 2>0), or all converge

to the critical point (when A<0)

This tvpe of critical point is called an improper node. It is asymptotically stable if <0 and unstable
if 2>0.

X2

B N
S

An asymptotically stable node at the origin (A< 0)

If 23>0, the arrows are reversed and the origin is referred to as an unstable node.

Case 5: Complex conjugate eigenvalues

i) When the real part is zero
0 —b

I=[ ]
D U

In this case, trajectories neither converge to the critical point nor move to infinite-distant away.

Rather, they stay in constant, elliptical (or rarely circular) orbits.

(@
LY
N

o

b>0 b<O

A center at the origin
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i) When the real part is nonzero J=[la1 _b]

a
The trajectories still retain the elliptical traces as in the previous case. However, with each
revolution, their distances from the critical point grow/decay exponentially according to the term
et Therefore, the phase portrait shows trajectories that spiral away from the critical point to
infinite-distant away (when a=>0) or trajectories that spiral toward and converge to the critical point
(when a<0).
This type of critical point is called a spiral point. It is asymptotically stable if a<0 and unstable if
a=0.

The phase portrait in this case is given in the figure below

X2 X2
/
@[7
b>0
b<O

An asymptotically stable spiral at the origin(a<0)

If a=0, the trajectories spiral away from the origin with increasing t and the origin is called an
unstable spiral.

Let us see through an example.

, . , 0o —4
The solution to thelinear system x=Ax where A=
1

0 | (eigen values are +2i )is given by
cos2t —sin2

x(t)=[,

gsin2t  cos2t” 0% !
X (t)=___sin2t+c cos2t
2 2(1 E
(Refer to Example 6 0f9.1.2)

~~~~~~~

system lie on ellipses as shown in the figure below.

X2

o=l
&

A center at the origin
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X. CONCLUSION
The Jordan Canonical Form describes the structure of an arbitrary linear transformation on a finite-dimensional vector space over an
algebraically closed field. Here we develop it only using the basicconcepts of linear algebra, with no reference to determinants or
ideals of polynomials.
In this project, we have talked about how to explicitly compute Jordan forms.

A. Uses of JCF

1) Over an algebraically closed field, which matrices are diagonalisable? Diagonalisable matrices are those matrices which have
all regular eigenvalues i.e. geometric multiplicity of each eigen value is equal to its algebraic multiplicity. But there exist non-
diagonalisable matrices too. For such non-diagonalisable matrices, there exist atleast one eigenvalue for which geometric
multiplicity is less than its algebraic multiplicity. Diagonalisable matrices are similar to a diagonal matrix and non-
diagonalisable matrices are similar to JCF of the matrix. Diagonal matrix is special form of JCF where each Jordan block is of
size 1. The question posed above can also be answered by looking at the structure of JCF. JCF of a diagonalisable matrix has all
Jordan blocks of size 1. JCF of a non-diagonalisable matrix has atleast one Jordan block of size >2.

2) The JCF presents all the important data about a matrix-the list of eigenvalues, eigendimension , generalised eigendimension
associated to each eigen value and the minimal and characteristic polynomials in a readable form.

3) When does minimal polynomial coincide with the characteristic polynomial? The characteristic polynomial of a matrix Anxn
equals the minimal polynomial of Anxn if and only if the dimension of each eigenspace of A is 1 i.e. the matrix has n distinct
eigenvalues. If a matrix has n distinct eigenvalues, then JCF of the matrix will have all Jordan blocks of size 1 corresponding to
n distinct eigenvalues. Therefore, also by looking at the structure of JCF of a matrix, we can say whether the minimal
polynomial coincide with the characteristic polynomial or not?

4) Over an algebraically closed field F, the JCF is a complete invariant for conjugacy. This means the following for A, B € M (n,
F), we have that A is conjugate to B iff the JCF of A and B are the same upto the permutation of the blocks. The fact that JCF is
a complete invariant for conjugacy is all the more interesting since the minimal and the characteristic polynomial together do
not form a complete conjugacy invariant. Also, the JCF over C is a complete conjugacy invariant for square matrices over R
even though R is not algebraically closed.

5) JCF is useful in solving the system of linear differential equations x=Ax, where A need not be diagonalisable.
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