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Abstract: A New mixed method is proposed which combines the advantages of Stability Equation method and factor division
algorithm in deriving the reduced order models for higher-order linear dynamic systems. The denominator of the reduced order
model is obtained by the stability equation method and the numerator values are calculated using factor division algorithm. The
reduced order models retain the steady-state value and guarantees stability of the original system. The proposed algorithm has
also been extended for the design of PID controller for MIMO systems. The numerical examples are solved in literature to show
the flexibility and effectiveness over other existing methods
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I. INTRODUCTION

Since recent years design, Control and Analysis of large-scale systems is emerging as an essential area of research. Involvement of
large number of variables in the high order system makes the analysis process computationally tedious. Majority of available
analysis fail to give reasonable results when applied to large-scale systems. At this juncture the advantageous features of order
reduction make the application of reduction procedures inevitable. The order reduction procedures are mainly classified into either
time domain or frequency domain. Basing on the simplicity and amicability the frequency domain dependent methods have become
more prominent. Further, the extension of single-input single-output (SISO) methods to reduce multi-input multi-output (MIMO)
systems has also been carried out in [1]-[9].Each of these methods has both advantages and disadvantages when tried on a particular
system. In the field of engineering practical systems available are of higher order. The analysis, design and simulation of these
higher order systems become computationally tedious. In order to overcome this problem an approximate reduced model of the
original higher order model is used in spite of the original higher order model. There are several methods available in literature for
the reduction of higher order SISO systems, but very few methods are available for the reduction of higher order MIMO systems.
The existing methods for the reduction of SISO systems like Pade Approximation, Continued Fraction expansion involve simple
computations but have serious drawback of generating unstable reduced models sometimes.
In this paper, a new mixed method for the reduction of higher order MIMO systems has been introduced.Many of the methods
available in the international literature can be easily extended for the reduced of linear MIMO (Multi input—-Multi output systems).S.
Mukherjee and R. N. Mishra [3] are proposed a method “Reduced order modeling of linear multivariable systems using an error
minimization technique”. This method becomes complex when the input polynomial is of high order.GirishParmar and Manisha
Bhandari [9] proposed “Reduced order modeling of linear dynamic systems using Eigen spectrum analysis and modified cauer
continued fraction method”. A combined method using the advantages of the stability equation method and factor division algorithm
is proposed for single as well as multivariable linear dynamic systems. In this method the reduced denominator is obtained by The
Stability Equation and numerator of the reduced model is determined by the factor division algorithm. The proposed algorithm has
also been extended for the design of PID controller for MIMO systems

Il. REDUCTION PROCEDURE FOR PROPOSED METHOD
Let the transfer function of the original high-order system (HOS) of order ‘n’ be:

e Nis) ap+as+ a;5%m .. +a, ,s%1 .
(s} = — = — 1)
b D=} by +bys+ bosdo. .. + b,st A
The low-order system (LOS) of order ‘r’ to be synthesized is:
R P o - Y- s S + o577t
G.ls) = (2)
dy +dys+ v £ ds7 s
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Further, the method consists of following steps:
1) Step-1Determination of the denominator coefficients of LOS:

Gy, (=)

For stable original system , the denominator D{s) of the HOS is separating in the even and odd parts in the form of stability

equations as [7]:
n ) mi gl
D.(s) = Ziﬂ.:.ibis be Hi=i(1 + zi:j

il ml Z
D,(s) :Zi=“5hi5i = hlsl_L:i(l +;:) (3)

Where ™1 and ™zare the integer parts of n/2 and (n-1)/2, respectively and ziem < niem’

Now by discarding the factors with large magnitudes of i’ and Fi ’ in (3), the stability equations for r'™ order LOS are obtained as;

D*,(s) = by Hml (1 + z—)

D', () = bys Hj(l + ;—) o %)

Where ™2 and ™=are the integer parts of r/2 and (r-1)/2, respectively.
Combining these reduced stability equations and therefore proper normalizing it, the r'™ order denominator D(s) of LOS is obtained
as:

D,(s) = D'(s) 4 D", {s) = Zhisi+ !

Therefore, the denominator polynomial in (2) is now known, which is given by
D,(s)=dy + dys + dase e +dpsT (3}

2) Step-2: Determination of the numerator coefficients of reduced order models.
After obtaining the reduced denominator the numerator of reduced model is determined by factor division algorithm.

MID(s) =2y +23;5 +3;57 4 cevneenn 35 45"70)
(dy + dyst+ dys?o e +dps™)
=pPp 4 P15 TP e Ppoa 5 T e P 5T (6)
And D(s) =hy + bys +bhos®+ ... +hy,s"

_Po PoPye e Pros

'JI-D _}:TD hl:'hl"' ""b['—l
gy = 2 (0 Qe e
by Bp Bye e brg
I Ep Ty e oeeesTp_g o =E g Uy
L by By By by # by Boby
— V_E'{W"_D
-1 T by by
Where Qi = Pirg — %pbj4y I=0L.r—2

rp =gy — by, =010 =13

Now finally the rth order reduced model can written as
By + 045+ 0357+ weever wvevne Oy 57T
G[.{S] — o 1 r—1

D, (s)

¥y = Uy — tp_gby

(8)
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111. DESIGN PROCEDURE FOR PID CONTROLLER

The following procedure can be followed to design a PID controller [12] when the specifications are damping ratio, Cand natural
frequency of oscillation “n-
1) Step 1: Determine the dominant pole,st1 and calculate its magnitude and phase:

Sy=_ g@nijmﬂ.ﬁ.-'ﬁ D =ISal g & =£54 ©)

By considering the dominant pole at - Emnijmﬂ‘w""l_—fz

= (10)

2) Step 2: Determine the magnitude and phase of G(s) at s = E

LetBa = 16(s) grs=8s (o As = IG(D))

D= VT F W (A=) gy F T

And, P2 = £G(s)ats="4 (je a4 = £60s2)) (11)
3) Step- 3: Determine the transfer function of PID controller:
K'F' =+ Ki + Kﬂ S:

K
Ge=Kp+— +Kgs= -

. K .
Kq4 (s‘ +—Es -I—E"j
_ Kg K (12)

5

Determine & from the specified error constant, such that the compensated system meets the error requirement.

K

For example, if the system is type-O system and velocity error constant,Rv is specified then ©i is obtained by evaluating the

following expression. Ki = limso5 G ()6 (s) (13)

k= — * 425
2 —=—12,
P e, 0.08

Calculate the parameter Kz and Ry using the following the equations;
—Ein( f+¢4) IK;co8 8

Propartional conztant, K- mn s 2 {14)
Derivative constant, Kd=% j—:" (13]
4) Step-4: Verify the design
Open loop transfer functions of compensated system, Gols) = ¢ {SJG(S). (16)

The design is accepted if the root locus of compensated system passes through the dominant pole,“¢. This can be verified from the
magnitude condition, which states that the point s==¢ will be a point on root locus if 1+ {Sd) =0, where Gy IE:sti)is the value of
Gy (5] at s=52. It can be shown that™ &) = -1

IV.MULTIVARIABLE SYSTEMS
Let, the transfer function matrix of the HOS of order ‘n’ having ‘p’ inputs and ‘m’ outputs be:

ay;(s) 2 (s) als) a(s)

2 (5) 2 () 2y () 2 ()

(66 =55 = (17)

am‘(s] apy, (s) . 3 (5) amp.'is]

or,[G(s)]=[F1 {S]],i=1,2, ..... \m;j=12,..P (18)
Is amxp transfer matrix.
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The general form of Sii e of [G(s)] in (9) is taken as:
()= a;; (=) _mtast s MUY Lt (19)
Si D(s)  bp +bys+ bys? oo e s Ay 50

Let, the transfer function matrix of the LOS of order ‘r’ having ‘p’ inputs and ‘m’ outputs be synthesized is:
h]_]_ ':5:] h]_: {S:] hlg {5:] e b']_'p ':S:]

1

e

Brns 8Bz () Bpale)  bp,(e)
or,[R)]=["t {S]],i=1,2,..,m;j=1,2.....p (20)
Is amxp transfer matrix.
The general form of *i = of [R(s)] in (12) is taken as:

bij{s:] Oy + 045+ 0y L SRS & u:tk_,_s['_l

7 (&) = D(s)  dpLdys 4+ dys?ommommn oo e ddis? (21

V. NUMERICAL EXAMPLE
Example: Consider a sixth-order two output system [12] Described by the transfer function matrix:

2(s +2) (s+4)
e+ DE+100 =+2)+5)
[6E1=1" (¥ 10 (s+6)

(s+1)(s+20) (s+2)(s+ 3)
L oray () ay(s)
T D(s)lay (s} ay(s)
Where, the common denominator D(S) is given by:
D(s) = (s+1) (s+2) (s+3) (s+5) (s+10) (s+20)
Where 011(s) = 25° + 70s* + 7625 + 36165 + 7820s + 6000
012 (S) = 5° + 38s* + 459s% + 21825 + 4160s + 2400
021 (S) = 5° + 30s* + 331s% + 16505 + 3700s + 3000
22 (S) = 5° + 425" + 601s° + 36605 + 9100s + 6000
And D6(s) = s° + 415° + 571s* + 3491s® + 10060s” + 13100s + 6000
And Gy(s) = 911 (8) + G12(S)  Ga(S) = g1 (8) + 922 ()
Where Gy(s) = 3s° + 108s* + 1221s® + 57925 + 11860s + 8400
Gy(s) = 25° + 72s* + 9325 + 53105 + 12300s + 9000
For getting the second order model, first denominator is obtained using stability equation as described before in Stepl

1) Step-1: Divide the denominator of the above HOS in even and odd parts; we get the stability equations as:
D.(s) = 6000 + 1006052 + 571s% + 5%

o2
= 6000 (1 ~ D.ﬁlﬂl)

Dyls) = 131005 +3401s% + 4157
= 13100s

= 9707.167° +13100°+6000

Now by discarding the factors with large magnitudes of 2’ and Fi : in D (s) and Dy(s) respectively, the stability equations for the
second-order reduced model are given by: D-(s) = s7+1.3403s + 0.6181
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2) Step-2: By using the factor division algorithm as

NID) = (0041186057025 +12215%+108% +35%) X(0-6181 + 1.34035 + 57
= 5102.04 + 18704.2665 + 16058.445% + -+ 1 ev s cv e e w
(5192.04 18704,266

oo = 0.86534 " 000 13100
11335.954
= 122174
1 000

Numerator of second order model is show as Ny (s)2 0.86534+1.22174s
The reduced second order models obtained by using proposed method for first output is

. 1.22174s + 0.86534 . .
18 T 021 1.34035 + 0.6181 (Proposed)

The reduced second order models obtained by using proposed method for second output is
1.267067s + 0.927122

R,(s} = — {Proposed )
5% 4 1.7856s + 1.1904
Step Response Step Response
15 I
T T - rx’ o8 codaaeenal: T T T
14
12
i
B uf
] 2 ,D’
= £ /
< = i
06}~
o D (5——OREDUCED ORDER SYSTEM (2nd ORDER)
G——OREDUCED ORDER SYSTEM (2nd ORDER) [3——FI0RGNAL SYSTEM (4th ORDER)
35— EIORIGNAL SY STEM (4 ORDER) 02/
I | | @ I I I I I I I I
1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9
Time (sec) Time (sec)
Fig. a Fig. b

VI.COMPARISON OF PROPOSED METHOD WITH OTHER EXISTING METHODS
The reduced second order models obtained modal methods and Pade type approximation by R.Prasad [11].

. 11835+ 2 For 1
N, = —F/—]mm or 1st output
Ysle3s 42 ( tput)
1.247s + 2 For 2nd
Ne = /7 or Znd output
* ost43s 42 ( tput)

The 2™ order reduced models obtained by Eigen Spectrum Analysis and Modified Cauer Continued FractionCethod Proposed by
GirishParmar and ManishaBhandari [8] are:

b= 3s+11.859 ‘ - .
1= T 13.66667s 1 84707 (o lstoutput)

25 +12.7061

L= 2
P = 276510032 18470y (for 2nd output)

The step responses of the models obtained by the proposed method, modal methods and Pade type approximations by R.Prasad,
Eigen Spectrum Analysis and Modified Cauer Continued Fraction Method Proposed by GirishParmar and ManishaBhandari are
compared with that of the original system are shown in Figs. (C, d)
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Pade type Approination +———tPadetype Approxination
02

Fig. b
A. Design of PID Controller
1) Step 1: Determine the dominant pole,Elj and calculate its magnitude and phase:
Sa = _{wnyj@ny 1= C° p=posg5and £ =13269

2) Step 2: Determine the magnitude and phase of G(s) at s = Sa Let 44 = 03133 And, P2 = -124.56
3) Step- 3: Determine the transfer function of PID controller:

Determine & from the specified error constant, such that the compensated system meets the error requirement.
For example, if the system is type-O system and velocity error constant,Rv is specified then K s obtained by evaluating the

following expression. Kp-12.5

Calculate the parameter Kz and Ry using the following the equations; K-ﬂ=5.133, Kz =0.2044
01729 +4.2045° + 12,082+ 7.726
The proposed second order model using PID controller is obtained as Gols)= Timrosmmas sz rserre

4) Step-4: Verify the design
Open loop transfer functions of compensated system,
C.4262 37 +25.62 + 550.58° +55745% +2072057 +-85060 22+ 1270485+ 75000
GD{S:I:LA!E-!7+E-E-.!!!E+11:: 35 #8065 + 284805 % #58060 57 + 1330483475000
The proposed algorithm is successively applied to each element of remaining two transfer function matrix of above multivariable

t"g_i' {5:]

system and the reduced order models
function matrix is taken as:

— 2 2 4
FOR NUMERATOR 2 312 = 2400141605+21825 +4505 +38° +5°
D,(s) = s?+ 1.3493s + 0.6181

of the LOS [R(s)] are obtained. The general form of second-order reduced transfer

The proposed second order model is obtained as

0.247s + 0.429
524+ 134935 + 0.6181
0375557 +6.65120 +17. 2=+ 7728
PID controller Grlz{s:]: 1.27653 +822 +17 218+ 7.726
Open loop transfer functions of compensated system,
B.ETE2s" +48.2525 + 100227 +40855% + 5073027 + 132800t + 156100+ 75072
IGm.: ':5:] =1.87687 +E0.2055 + 157485 + 134805% + 5079023 + 145500 52 + 1721005+ 7507 2

G.s) =
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StepResponse Step Response
L T T T T T 14 . .

Ampliude

S T T R PO PR Pt 0 T8 198

il N T
——FORGIAL WITHOUT CONTROLLER - XORGNALWITHOUT CONTROLLR
— - - FROPOSED WITHOUT CONTROLLER
rrrrr GRIGNAL WITH CONTROLLER 02k +———+PROPOSED WITHOUT CONTROLLER ]
< PROPOSED WITH CONTROLLER 1 X -+- - +ORGNAL WITH CONTROLLER
4 ¥ PROPOSEDWITH CONTROLLER

of L L L 1 T T I

L . = ) 0 1 2 3 4 5 6 7 8

Tie (sec) Tite (sec)

FOR NUMERATOR 3

The proposed second order model is obtained as
Where, Dr(s? =57+ 1.3495s + 0.6181

bya(s) (5. 381265 + 0.309

01286 =5 + 40457 +10.725 + 7.726
PID controller Grlz':f":]: 113 2% + 5.28057 +12.345 +7.726

0.23985" +20.518% +447.15% +47275% + 2656 037 + 0450 5%+ 1224 605+ T500D
Gpyz ICS]: 13457 #E1.5175 # 101855 +BI18.5% + 366105 % + 935305 + 1784608 + 75000

FOR NUMERATOR 4
The proposed second order model is obtained as
Where, D.(s) _ 5%+ 1.34955 + 0.6151

by4(s) 9375 +0.6181

0352257 +4. 7002 +14.72+ 7.7 26
PID (;ontro”erarla}':ﬂ':]: 1.25253 +6.0552 + 15,325+ 7.726

0.26925° +16.1553% +:377.65% +44168* +276805% +914105° + 1427903+ 75000
Gp1g (s) = 17685 4571585 + 840685 + 78105 + 2774083 + 10450057 + 14ETE0E+TI000

Step Response:
14 T Step Response

Amplitude

+——ORIGINAL WITHOUT CONTROLLER #- - - ~+ORIGINAL WITHOUT CONTROLLER 1
+——+PROPOSED WITHOUT CONTROLLER —— — PROPOSEDWITHOUT CONTROLLER
*——ORIGINAL WITH CONTROLLER *—*ORIGINAL WITH CONTROLLER i
+——+PROPOSEDWITHCONTROLLER *—+PROPOSED WITH CONTROLLER
L L L L L L L 1 1
4 6 8 0 2 3 4 5 6 8
T (sec) Time (sec)
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