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Abstract: This paper concerns with the construction of three distinct polynomials with integer coefficients (ay, a,, as) such that
the product of any two contribution of the set subtracted to their sum and improved by a non-zero integer (or a polynomial
with integer coefficients) is a perfect square and this shows the non-extendability of Special Dio Quadruple.
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I. INTRODUCTION
Diophantine Analysis is the mathematical study of Diophantine Problems, which was initiated by Diophantus in third century. A set
of m distinct positive integers {a;, a,, ..., an} is said to have the property D(n) if the product any two members of the set is
decreased by their sum and increased by a non-zero integer n, is a perfect square for all m elements. Such a set is called Diophantine
m-tuples of size m. Many mathematicians considered the extension problem of Diophantine quadruples with the property
D(n) for any arbitrary integer n and also for any linear polynomial.
In this communication, we have presented three sections, in each of which we find the Diophantine triples for nonagonal Pyramidal
number with distinct ranks and the non-extendability of Special Dio quadruple.

A. Notation
1 . )
PY; = Pyramidal number on nonagonal of rank n= om (n+ 1)(Tn—4)

B. Basic Definition
A set of three distinct polynomials with integer coefficients {a;,ax,a3) is said to be a Special Dio 3-tuple with property D (n) if

2 ra— '[a_-l + ai} +n is a perfect square for all 1 =i = j = 3, where n may be non-zero integer or polynomial with integer

coefficients.
1. METHOD OF ANALYSIS
A. Section-I

Construction of Special Dio 3-tuples for pyramidal number on nonagonal of rank m — 1 and n.
Leta = 61‘-":’3_1 , b = 6PY: be Pyramidal numbers on nonagonal of rank n — 1 and n respectively, such that

ab—(a+b)— Tn®*—n*+ 3n®+ 38n® —3n+ 1 isaperfect square, say c°.
Let ¢ be any non-zero integer such that

ac—(a+c)—7n*—n*+3n*+38n>—3n+1=p" 1)
bc—(b+c)—7n* —n*+3n®+38n* —3n+1 =y )
On solving equations (1) and (2), we get
(a—b)(7n®*+n* +3n) + (b —a)(3n® + 38n?) = (b—1)p? — (a— 1)y? 3)
Assume f=x + (@ — 1)y and ¥y = x + (b — 1)¥ and it reduces to,
2=(@a—1)(b—1)y>—7n°*—n*+ 3n® - 38n% + 3n ()
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The initial solution of the equation (4) is given by,
¥ =7n% —8n> —5n+1, yo=1

Therefore, B = 14n® — 26n° + 6n

On substituting the values of ‘a’ and ‘B’ in equation (1), we get

c=24PY? —43n* +13n+1

Hence, the triple (6PY._,, 6PY3, 24PY2—43n> +13n+1) is a Special Dio 3-tuple with the property
D(—7n®* —n*+ 3n* +38n> —3n+ 1).

A few dimensional examples of the Special Dio 3-tuples satisfying the above property are mentioned below.

Table-1
n (a,b,c) D(n)
2 (6,60,95) -69
3 (60,204,469) -1367
4 (204,480,1285) -6635
5 (480,930,2711) -21139
6 (930,1596,4915) -53729

We present below, some of the Special Dio 3-tuple for pyramidal number on nonagonal of rank mentioned above with suitable
properties,

Table-11
a b c D(n)

6PY2_, 6PY2 24PY;] —45n° + 9n —7 D(—21n°> —12n* — 7n® + 132n? + 49n + 9)

6PY._, 6PY2 24PY; —47n* +Tn—11 | D(—35n°* —7n* — n® +193n* + 87n + 25)

6PY2_, 6PY2 24PY] —49n® +5n— 17 | D(—49n° — 5n® + 286n? + 151n+ 64)

1) Non-Extendability
Let us show that the Special Dio 3-tuples cannot be extended to Special Dio Quadruples.

Consider,
ad—(a+d —7n°* —n*+3n*+38n°—3n+1=1° (5)
bd—(b+d —7n°—n*+3n*+38n* —3n +1 =m? (6)
cd—(c+d)—7n°*—n*+3n+38n°* - 3n+1=n° ©)
Eliminating ‘d” from (5) and (7), we get
(a—c)(Tn®+n*—3n° —38n?+3n)=(c— 11— (a— 1)n? (8)

Assuming I = x + (a — 1)y and n = x + (¢ — 1)y and it reduces to,
x?=(a—-1){c—1)y?*—"Mn"—n*+3n?+ 3807 — 3n ©)

The initial solution of the equation (9) is given by
¥y = 14n® — 26n? + 6n, vp =1
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Therefore, ] = 21n* —44n* +17n— 1.
On substituting the values of ‘I’ and ‘a’ in equation (5), we get
d = 63n® — 101n® + 20n
Substituting the above value in equation (6), we get
bd—(b+d) —7n°* —n*+3n3+ 38n? — 3n+1 = 441n® — 525n° — 416n* + 397n +
56n° — 19n+ 1

, but
this is not a perfect square.
Hence, {5?‘:’3_ 1 6PY3,24PY; —43n* + 13n + 1,63n% — 101n* + 20m} is not a Special Dio Quadruple.
Thus, we cannot extend {6PY._,, 6PYZ,24PY? —43n + 13n + 1}into a Special Dio Quadruple.
B. Section-Il
Construction of Special Dio 3-tuples for pyramidal number on nonagonal of rank n — Zand n — 1.
Leta = 61"-":’;_: b= 51"-":’;_1 be Pyramidal numbers on nonagonal of rank n — 2 and 11 — 1 respectively, such that
ab —(a + b) — 7n® + 6n* — 3n® + 201n® — 305n + 133 is a perfect square, say a>.
Let ¢ be any non-zero integer such that
ac—(a+c)—Tn®+6n* —3n®+ 201n? —305n + 133 = E: (10)
bc—(b+ c¢)— 7n®% + 6n* — 3n* + 201n* — 305n + 133 =y* (12)
On solving equations (10) and (11), we get
(a—b)(7n® + 3n* +305n) + (b —a)(6n* + 201n* + 132) = (b— 1B* — (a — Ly? (12)

Assume f=x + (@ — 1)y and ¥y = x + (b — 1)¥ and it reduces to,
x2={a— 1)(b— 1y?—7n° + 6n* — 3n® + 201n®> — 305n + 132 (13)
The initial solution of the equation (13) is given by,
¥y = 7n® —29n? + 30n — 13, yo=1
Therefore, B = 14n® — 68n° + 98n — 50

On substituting the values of ‘a’ and ‘B’ in equation (10), we get
¢ = 24PY? — 127n* 4 145n — 63

Hence, the triple  (6PY._,, 6PY>_,,24PYZ—127n®+145n —63) is a Special Dio 3-tuple  with
property D(—7n* + 6n* — 3n® + 201n* — 305n + 133).

A few dimensional examples of the Special Dio 3-tuples satisfying the above property are mentioned below.

Table-111
n (a,b,c) D(n)
3 (6,60,75) -269
4 (60,204,445) -3695
5 (204,480,1257) -14867
6 (480,930,2679) -41765
7 (930,1596,4879) -96425
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We present below, some of the Special Dio 3-tuple for pyramidal number on nonagonal of rank mentioned above with suitable
properties,

Table-1V
a b c D(n)

6PY._, | 6PY._, | 24PY?—129n%+ 147n—89 | D(—21n°+ 9n* —5n® +783n% — 877n + 640)

6PY, , | 6PY,_, | 24PYZ—131n2+ 137n— 127 | D(—35n° — 13n® + 1778n% — 1415n + 1989)

6PY2_, | 6PY2_, | 24PY?—133n? + 129n— 157 | D(—49n° + 7n* — 9n® + 2676n? — 1565n + 3564)

1) Non-Extendability
Let us show that the Special Dio 3-tuples cannot be extended to Special Dio Quadruples.

Consider,
ad —(a+d) — 7n® + 6n* — 3n® + 201n* — 305n+ 133 =1° (14)
bd — (b+d) —7n® 4+ 6n* — 3n? + 201n® — 305n + 133 = m?* (15)
cd—(c+d) —7n° + 6n* —3n® +201n* —305n + 133 =n° (16)

Eliminating ‘d” from (14) and (16), we get
(a—c){Tn®—6n*+3n — 2012 +305n—132) = (c—1)1° = (a— 1)n? (17)

Assuming !l = x + {@ — 1)y and n = x + (c — 1)y and it reduces to,
x?=(a—1Mc—1)y*—7n"+ 6n* — 3n® + 20in? — 305n + 132 (18)
The initial solution of the equation (18) is given by
¥ = 14n® — 68n® + 98n — 50, yo=1
Therefore, 1 = 21n® — 107n* + 166n — 87.

On substituting the values of ‘a’ and ‘I” in equation (14), we get
d = 63n° — 290n® + 403n — 200

Substituting the above value in equation (15), we get
bd— (b+d) — 7n* + 6n* — 3n® + 201n°* — 3050 + 133 = 441n® — 3171n° + 8740n" —

3 z _
11917n® + 8542n 2919n + 333 , but this is not

a perfect square.
Hence, {6PY2_,, 6PYZ_|,24PY? — 127n? + 145n — 63,63n% — 290n? + 403n — 200} is not a Special Dio Quadruple.

Thus, we cannot extend {6PY__,, 6PY._,,24PY? — 127n° + 145n — 63}into a Special Dio Quadruple.

C. Section-11l
Construction of Special Dio 3-tuples for pyramidal number on nonagonal of rank mand n + 1,

Leta = 6PY;:, b = 6PY_,; be Pyramidal numbers on nonagonal of rank nnand n + 1 respectively, such that
ab —(a +b) + 7n® + 5n* —n® +46n? + 39n + 10 is a perfect square, say o~.
Let ¢ be any non-zero integer such that
ac—(a+c)+7n°+5n* —n*+46n°+ 39n + 10 = p* (19)

be—(b+ c)+ 7n° + 5n* — n® + 46n% + 39n + 10 = 2 (20)
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On solving equations (19) and (20), we get
(a—b)n®+(b—a)(7n® +5n* + 46n°*39n+ 10) = (b— 1B — (a — 1)y?
Assume § =x + (@ — 1)y and ¥ = x + (b — 1)¥ and it reduces to,
={a—1)(b— 1)y*+ 7n* + 5n* —n®* + 46n* + 390 + 9

The initial solution of the equation (22) is given by,
Xxp=Tn*+14n*+n-2  yp=1
Therefore, = 14n* + 17n* —3n— 3
On substituting the values of ‘a’ and ‘B’ in equation (19), we get
c=24PY  +43n* +37n+1
Hence, the triple (6PYZ, 6PY>,,, 24PVE+43n2 +37n+1) is a Special Dio 3-tuple

D{7n® 4+ 5n* —n? + 46n? + 39n + 10).

A few dimensional examples of the Special Dio 3-tuples satisfying the above property are mentioned below.

Table-V
n (a,b,c) D(n)
1 (6,60,105) 106
2 (60,204,487) 568
3 (204,480,1315) 2620
4 (480,930,2757) 9286
5 (930,1596,4981) 26230
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(21)

(22)

with the property

We present below, some of the Special Dio 3-tuple for Pyramidal number on nonagonal of rank mentioned above with suitable

properties,

Table-VI

a b c D(n)

6PY: 6PY2., 24PY?+45n* +31n+ 15 | D(21n® —8n* +9n* + 255n° + 23n + 31)

6PY: 6PY..; | 24PY2+47n%+27n+ 25 | D(35n° —5n* + 11n® + 437n2 — 37n + 106)

6PY; 6PYo., | 24PY2+49n?+23n+35 | D(49n5 +5n® + 647n2 — 137n + 231)

1) Non-Extendability
Let us show that the Special Dio 3-tuples cannot be extended to Special Dio Quadruples.
Consider,

ad —(a+d) +7n® +5n* —n® +46n7 +39n+ 10 =12
bd—{(b+d) +7°+5n* —n® +46n + 39n + 10 = m?

cd—{c+d) +7n°+ 5n* —n?® + 46n+ 39n + 10 =n?

Eliminating‘d’ from (23) and (25), we get
(a—c){—7n®* —5n*+n? —46n* -3 -9) ={c—1)1°—{a — 1)n?

(23)
(24)

(25)

(26)
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Assuming I = x + (@ — 1)y and n = x + (¢ — 1)y and it reduces to,
¥=@-Dc-1y*+7n*+5n*—n*+46n°*+3MM+9 (27)
The initial solution of the equation (27) is given by
%y = 14n* +17n? — 3n -3, vo=1
Therefore,|I= 21n® + 20n® — 7 — 4.
On substituting the values of ‘a’ and ‘I” in equation (23), we get
d=63n°+92n’+ 1ln—6
Substituting the above value in equation (24), we get
bd—(b+d) +7n®+5n* —n® +46n% + 39 + 10 = 441n® + 2163n° + 3739n* + 2645n° +
591n® —67n— 26

a perfect square.
Hence, {6PY2, 6PY2, ,24PY2 +43n® + 37n + 1,63n% + 92n% + 11n — 6} is not a Special Dio Quadruple.

Thus, we cannot extend {6PYZ, 6PY2,,,24PY2 + 43n? + 37n + 1J}into a Special Dio Quadruple.

, but this is not

11l. CONCLUSION
In this paper, we have presented the construction of a special dio 3-tuples for Pyramidal number with suitable properties and the
non-extendability of Special Dio Quadruple. To conclude that one may search for Special Dio 3- tuples for higher order Pyramidal
number with their corresponding suitable properties.
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