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Abstract: The effect of non-uniform wall properties on the peristaltic flow of a power law fluid in an asymmetric channel is
investigated under Long wavelength and low Reynolds number assumptions. The tapered channel asymmetry is produced by
choosing the peristaltic wave train on non-uniform walls to have different amplitudes and phase. Exact solutions are established
for the longitudinal velocity, stream function, and pressure gradient. The expression for an average rise in pressure is computed
numerically by evaluating the numerical integration. The effect of the power-law nature of the fluid on trapping is studied in
detail. Prominent features of the key parameters entering the present flow are also displayed, and important conclusions are
pointed out.
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L. INTRODUCTION
The problem of peristaltic motion has grown with more attention in recent times and in the past few years there have been diverse
explorations [1-12] which deal with theoretical and experimental aspects of peristaltic motion of Newtonian fluids and non —
Newtonian fluids. Because peristalsis is encountered in numerous physiological flows, a truthful mathematical study can help the
major contributing factors to many flows in the human body. Such a motion is common in physiological flows, particularly in the
ureters, intestines and arterioles. In fact, the peristaltic pressure distribution inside the ureters measured as a function of time is one
of the important diagnostic tools in urology. In these cases roving sinusoidal waves in the wall of a vessel propels the fluid beside
the tube. Within firm limits it is possible to pump peristaltically adjacent to a pressure gradient.
Many authors investigated blood and other bio-fluids to behave like a Newtonian fluid for physiological peristalsis. Although this
approach offers a satisfactory understanding of peristalsis mechanism in ureter, it fails to give an enhanced understanding when the
peristaltic mechanism is concerned in small blood vessels, lymphatic vessels and intestine. It is now established that most of the bio-
fluids perform like non-Newtonian fluids [13-17]. Raju and Devanathan [18] have first premeditated the peristaltic transport of
power-law fluid and they have achieved the stream function as a perturbation series in the amplitude ratio. Radahakrishnamacharya
[19] considered the peristaltic motion of a power-law fluid under long wave length approximation. Shukla and Gupta [20] studied
the peristaltic transport of a power-law fluid with variable viscosity. Srivastava and Srivastava [21] deliberated the peristaltic
transport of a power-law fluid in uniform and non-uniform two dimensional channels.
Some of the physiological systems cannot be studied by a symmetric channel, especially the sagittal cross section of the uterus.
Eytan and Elad [22] and Eytan et al. [23] have examined the intra uterine fluid flow in the sagittal cross section of the uterus by an
asymmetric channel under lubrication approach. Subba Reddy et al. [24] have studied the Peristaltic motion of a power-law fluid in
an asymmetric channel. Using long wavelength approach which is similar to lubrication approach, Mishra and Ramachandra Rao
[25] have discussed the peristaltic flow in asymmetric channel with asymmetry generated by different amplitudes of the peristaltic
waves in addition to different phases. Most of the studies in the literature have been conducted in uniform geometry only whereas it
is well known that in most of the practical applications, the flow geometry is found to be non-uniform. Srivastava and Srivastava [26]
modeled the peristaltic flow in the vast deferens by assuming it to be a non-uniform diverging channel and a tube. They looked at a
more realistic model by evaluating non-Newtonian fluid (Power-law fluid) flow in a non-uniform tube. With increasing interest in
particulate suspension flow due to its applications to diverse physical problems, the present study is therefore devoted to study the
asymmetric flow of a particulate suspension in a non-uniform channel induced by sinusoidal peristaltic waves. In this study, we,
hence, present the generalized model for asymmetric wall — induced peristaltic fluid motion in an infinite two dimensional non-
uniform channel which much more accurately simulates intrauterine fluid motion in a sagittal cross-section of the uterus.
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As of now, no attempt has been presented for the peristaltic transport of a power law fluid in the tapered asymmetric channel. The
purpose of the current study is to discuss such analysis. The governing equations have been solved by using long wavelength and
low Reynolds number assumptions. The exact solutions for stream function, longitudinal velocity and pressure gradient have been
obtained. The flow quantities are sketched and discussed for the embedded parameters.

1. MATHEMATICAL FORMULATION
We consider the motion of peristaltic transport of a power law tapered asymmetric channel induced by sinusoidal wave trains
propagating at the same speed c¢ but with different amplitudes and phase differences. The geometry of the wall surface (Figure 1) is
described by

Ho(X t)=d+m'X +a, sin{%(x —ct')}. ... upper wall,

Hy (X t)=—d—m'X —alsin{%z(x —ct')+¢} ... lower wall, (1)

where d is the half-with of the channel at the inlet of the divergent channel or outlet of convergent channel, & and a, are the
lower and upper amplitudes of the walls, A is the wavelength and c is the phase speed of the wave, m'<<1 is a non-uniform
parameter of the channel, the phase difference ¢ varies intherange 0<¢ <z, ¢ =0 corresponds to symmetric channel with waves
out of phase i.e. both walls move towards outward or inward simultaneously.

a? +aZ +2a,a, cos(¢) < (2d ). )

A. The Power-Law Fluid Model
The Ostwald—de Waele power law model as follows [22, 27]
n-1

T=—U A, 3)

%(A:A)

Where 7 is the stress tensor, n is the fluid behavior index parameter, and A is the symmetric part of the velocity gradient tensor.

”HHH}[__” o

The fluid is shear thinning or pseudo plastic fluid if n<land a shear thickening or dilatant fluid ifn>1. Forn=1, it becomes
Newtonian fluid.

B. Governing Equations
The equation governing the flow of a Power-law fluid are given by

TR IRVE:C L ©
ot’ oX oY oX X oY
12, Q.}_ ﬁ.}. ﬁ :_E_f_aTXY +aTYY , (6)
ot oX oY oY oX oY
where
oU naf 0U oV n-1, 0V
=02 1, =|® , Tyy =|® 7
ol 22 o =0l G750 ) o2, 2
and p isthe density.
To describe the fluid flow in a non-dimensional form, they introduce the following quantities in Egs. (5-7),
X Y ¢ U |V H H, d"™p
X=2 y=— t=— Uu=—,v=—r,8 =_ hl_ Lh= 2 = ®)
A d A c oc CAu
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In the Egs. (5) and (6), we obtain

Res| Myl WM =—a—p+2522(qna—”j+i of M52 , (9)
ot ox oy OX ox\_ ox/) oy oy oX
Res?| My Y WP 520 g M, 52N, 5520 [V , (10)
ot ox oy oy OX oy OX oy\ oy
(n-1)/2

(11)

o2 (2] (222
ox oy oy OX

Where a(=a,/d), b(=a,/d), 6(=d/4) and m=(m'A/d) is the wave numbers Re (= c®™"d"p/ p) is the Reynolds number for

power-law fluid.
Using the long wavelength approximation and neglecting the wave number along with low-Reynolds number, one can find from Eqgs.

(9-11) that

n-1
a_pzia_u a_u’ a_p=0,hlgygh2_ (12)
ox oy\loy| o) o
The corresponding boundary conditions are given by
u=0 on y=h =—-1-mx—-asin(2z(x—t)+¢) (13)
u=0 on y=h,=1+mx+bsin(2z(x-t)) (14)

1. EXACT SOLUTION
It is tough to choose the correct sign for the modulus which appears in the governing Eqg. (12). Two appropriate non-unique
solutions of Eq. (13-14) satisfying the corresponding boundary conditions along with regularity conditions on the axis are obtained.
The longitudinal velocity attains a maximum value on the axis, and the similar regularity condition extends to asymmetric channel
geometry.
Hence, we select
u =0for y= u (15a)
oy 2

As u is maximum on the middle line, we have

M 0 for y=Tuthe ong (15b)
oy 2

%u >0 for y= % (15¢)

Solutions of the Eq. (12) using the corresponding the corresponding boundary conditions Egs. (13-15) are

80171 P h+h, = h-h t h+h
n n + n —N \n +
‘_ax (&L—ﬂ (T_yJ {T} - sy

u(y)= -

@ A hzhll*l_ h+hy |
n n +MN, |n —n \n +
‘& (&Lﬂ (y 2 j ( 2 j Ty sk

(16)

We take the boundary condition for y as
y=0 at y=(h+hy)/2 (17)
Thus the solutions in terms of stream function satisfying the boundary conditions (17) are obtained as
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1 1
h, —h, Y™ b +h n o (h+h, o' h +h
A 2 2_ _ 2_ , S S 2
(zj[zyjmﬂ(zy h=ysTy
w(y)=9 . . . (18)
—+2 —+1
oD (y_hﬁhzj” +(hz—hljn (hﬁhz_yj, th oy,
2n+1 2 2 2 2

1

—+2

where A=- 1+2n q 2| .
2(n+1) ) { h,—h

When the power-law index n=1 and m = 0, our solutions (18) dilute to a single unique solution given by

w(y) ={— o z_th)s Ky— h“z'hz T —{%T(y—@ﬂ, h<ys< hz} (19)

This coincides with that of Mishra and Ramanchandra Rao [25] for peristaltic flow of a Newtonian fluid in an asymmetric channel.
The instantaneous flow rate F(x,t)is given by

hy+h,
h, 2 h,
F= ju dy = ju dy + ju dy, (20)
hy hy h +h,
2
1 1
_|ap[n " p(hy —hy Ya"*( —2n 1)
x| ox\ 2 1+2n)
From this, we have
n 1+2n
5_p=|F|n 1+2n 2 . (22)
OX 2n h, —hy
The non-dimensional average rise in pressure Ap over one period of wavelength is given by
11
op
Ap=| | =—dxdt.
JIE

V. RESULTS AND DISCUSSION
The reason that the constant value F(x,t) always produces negative, there shall be no pumping action, and hence, to study the

above-obtained results quantitatively, we assume the instantaneous volume rate of the flow F(x,t), periodic in (x—t), [28, 29] as
F(x,t) =@ +asin 2z(x —t)+bsin[27(x —t)+ ¢] (24)
Where @ is the time-averaged of the flow flux. The analytical solution of the power-law fluid model in the tapered asymmetric

channel is presented. To discuss the effects of various parameters of interest on flow quantities, such as average rise in
pressure (Ap) , longitudinal velocity(u) , and stream function (y/) we have prepared Figs. 2-14. The expression for pressure rise

Ap is calculated numerically using mathematics software. The effects of various parameters on the average rise in pressure Ap are
shown in Figs. 2-5 for various values of the amplitude of the upper wall (b), non-uniform parameter (m), power law index (n) and
phase difference (¢) Figs. 2-5 are alienated four parts so that the upper right-hand quadrant denotes the region of peristaltic
pumping where Q > 0 (positive pumping) and Ap >0 (adverse pressure gradient). The lower right-hand quadrant denotes the
region of augmented pumping Q > 0 (positive pumping) and Ap <0 (favorable pressure gradient), and the upper left-hand quadrant
denotes the region of retrograde pumping (or backward pumping) where Q <0 (negative pumping) and Ap >0 (adverse pressure

gradient) wherein the flows are opposite to the direction of the peristaltic motion. It is evident from figures that there is non-linear
relations between Apand Q for all n>1and n<1 butnot n=1.
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It is considered that from Fig. 2 that the retrograde (Ap > 0,Q <0) and peristaltic pumping (Ap > 0,Q > 0) regions and the
pumping rate increase with an increase in the amplitudes of the upper wall (b), while in the copumping (Ap < 0,Q > 0) region, the

behavior is quite opposite. Fig. 3 shows the variation of average rise in pressure with the mean flow rate for different values of m. It
shows that the average rise in pressure decreases with an increase in the mean flow rate. We also notice that for the fixed value of Q,
average rise in pressure decreases when m increases. The variation of average rise in pressure with the mean flow rate for different
values of n is shown in Fig. 4. From this figure, It is observed that Ap increases with an increase of power-law behaviour index n,
indicating that pumping increases as the fluid character changes from shear thinning (n <1) to Newtonian (n :1) and to shear
thickening (n > 1). Fig. 5 gives the effects of phase difference ¢ on Ap. It is clear that an increase in ¢ results in a decrease of the
peristaltic pumping rate, free pumping (Ap = 0) and the adverse pressure rise (Ap >0).

The expression for longitudinal velocity in term of y has been given in Eq. (16). Figs. 6-9 are plotted to study the effects of various
physical parameters on the velocity distribution in the tapered asymmetric channel. Fig. 6 is drawn to study the effect of @ on the
longitudinal velocity. It reveals that the longitudinal velocity profiles are parabolic and it increases with increasing a. The effect of
the non - uniform parameter m on u is demonstrated in Fig. 7. It is observed that the longitudinal velocity u increases at close to the
walls while the reverse situation is observed in the core part of the trapped channel. Fig. 8 reveals that the longitudinal velocity near
the channel walls is not similar in view of the power-law index n. The longitudinal velocity increases by increasing n in the hub of
the channel.  Fig. 9 displays the effects of mean flow rate (Q)on the longitudinal velocity distribution. It is found that the
longitudinal velocity increases as Q increases.

Another inspiring phenomena of peristalsis is trapping, the expression of an internally circulating bolus of fluid which moves along
with the wave. Fig.10 shows that by increasing in b, the trapping bolus increases in the upper and lower parts of the channel. Fig.
11 illustrates that the effects of non - uniform parameter M on the trapping. It is concluded that the size of the bolus increases with
an increase inm. The sound effect of the power-law index N on the trapping is shown in Fig. 12. It is examined that the size of the
channel increases with an increase inn. The effects of the phase difference ¢ on trapping we have prepared Fig.13. We note that

the increase in the phase difference decreases the trapped bolus on the lower and upper part of the tapered asymmetric channel. Fig.
14 viewed that the size of the trapping bolus increases with an increase in Q.

V. CONCLUSIONS
A mathematical model to study the peristaltic transport of the power-law fluid in the tapered asymmetric channel is investigated.
The problem is studied under the assumption of long-wavelength and low-Reynolds number approximations. The results are
discussed through graphs. We conclude the following observations:
1) For non-Newtonian fluid, the average rise in pressure is larger than Newtonian fluid.
2) Itis observed that forn=1, the curves of the Ap versus Q are not linear.

3) The increases in power law index enhance the area of trapped bolus size.
4) The size of trapped bolus increases with increasing b and Q while decreases with increasing ¢ .

5) The results obtained by us agree with those obtained by Mishra and Rao [25] when m=0and n = 1.

Fig. 1 Schematic diagram of tapered asymmetric channel
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Fig. 2 The pressure rise versus flow rate for
a=03m=021¢=x/2 and n=1.5.
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Fig. 3 The pressure rise versus flow rate for

a=06;b=05¢=x/2 and n=2.
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Fig. 4 The pressure rise versus flow rate for
a=04b=05m=0.25 and ¢ =z /3.

Fig. 5 The pressure rise versus flow rate for
a=04b=03m=0.2 and n=1.25.

u
Fig. 7 The effect of m on velocity profiles at
a=04b=02n=075Q=15¢=n/4,x=0.4
andt =0.2.

u
Fig. 6 The effect of a on velocity profiles at
b=04m=02,n=15Q=16,¢p=n/3;x=04
andt =0.2.
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Fig. 8 The effect of n on velocity profiles at Fig. 9 The effect of n on velocity profiles at
a=02b=03m=0LQ=18¢p=n/2;x=0.4 a=04;b=03;m=0.3;n=0.8;¢=7;x=04
andt=0.2. and t=0.2.

(c) (d)

Fig. 10 Plot showing streamlines for four different parameter b values b =0 (panel (a)), b= 0.1 (panel (b)), b =0.2 (panel (c))
and b =0.3. (panel (d)). The other parameters chosen are a =0.3, m=0.2, ¢ =7 /4, n=1.75 Q =14, t=0.2.

O
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(c) (d)

Fig. 11 Plot showing streamlines for four different parameter m values m =0 (panel (a)), m = 0.1 (panel (b)), m=0.2 (panel (c))

and m = 0.3. (panel (d)). The other parameters chosen are a =0.3,b=0.2, ¢=7/2,n=0.5, Q=15,t=0.2.

0.0 0.5 1.0 1.5 20 0.0 o.s 1.0 1.5 20

(c) (d)
Fig. 12 Plot showing streamlines for four different parameter n values n=0.5 (panel (a)), n =1 (panel (b)), n=1.5 (panel (c))
and n =2 (panel (d)). The other parameters chosen are a=0.3, b=0.2, ¢ =7 /4, m=0.1, Q =15, t=0.2.
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(c) (d)

Fig. 13 Plot showing streamlines for four different parameter ¢ values ¢ =0 (panel (a)), ¢ =z /6 (panel (b)), ¢ == /3 (panel
(c)) and = /2 (panel (d)). The other parameters chosen are a =0.3, b=0.2, n=2, m=0.05, Q=1.6, t =0.2.

(c) (d)

Fig. 14 Plot showing streamlines for four different parameter Q values Q =1.4 (panel (a)), Q =1.6 (panel (b)), Q =1.8 (panel (c))
and Q =2 (panel (d)). The other parameters chosen are a=0.3, b=0.2, n=2, m=0.05 Q=1.6, t=0.2.
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