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Abstract: In this paper we truncated the Additive Uniform Exponential Distribution (AUED) proposed by Venkata Subbarao
Uppu (2010).The probability density functions of r™ order Statistics, I moment of the r'" order Statistic, minimum, maximum
order statistics, mean of the maximum and minimum order statistics, the joint density function of two order statistics of the
truncated distribution were calculated and discussed in detailed .

Keywords: Additive Uniform Exponential Distribution, Truncation, moments, minimum order statistic, Maximum order statistic,
joint density of the order Statistics, complete length of service

l. INTRODUCTION

To introduce the phenomenon of converting an infinite range into a finite range of the random variate we utilize the concept of
truncation .The range of the Additive Uniform Exponential distribution is (0, ). But in many practical situations arising at places
like quality control, agricultural experiments, reliability studies, etc., the variate under study will have a finite range. For example in
manpower modeling the complete length of service of an employee will have a finite range. Similarly in other areas like the
incontrol times of processes, productions will have minimum and maximum limits. So, for these sorts of situations the random
variable under study is to be considered as doubly truncated. Hence, in this paper we develop and analyze a Doubly Truncated
Additive Uniform Exponential Distribution.
We discuss the probability density function of Doubly Truncated Additive Uniform Exponential Distribution as follows:
The probability density function of additive uniform exponential distribution (AUED) is

gx (x) =§[1—e‘9x] ,0<X<a

e~ 0

= x[eae—l];aSX<oo (1)

a

'a’ and '8’ are the parameters of the distribution,a > 0and 8 >0
Consider that the range of the random variable is finite say (L,U). Then the probability density function of the Doubly Truncated

Additive Uniform Exponential Distribution (DTAUED) is

— _9x()
fX(X)—m L<X<U (2)
Where g (x) is given in equation (1)
And G(U) = G(L) = [ f)dx + [ f(x)dx = ffi [1-e0]dx + [ “—[e — 1]dx
On simplification G(U) — G(L) = é [(a -1 +%(1 —e7L0 4 U0 _ ee(“‘”)]
Let the value of G(U) — G(L) = A
Therefore the probability density function of Doubly Truncated Additive Uniform Exponential distribution (DTAUED) is
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The lower and upper truncation points are L and U respectively. The degrees of truncation are G (L) and 1 - G (U). If L is replaced
by 0 or U is replaced by o the distribution is singly truncated from below or above respectively.
Distribution function is defined as

Fy(x) = fo% [1—e0]dt= % [(x —-1L) +%(e‘9" - e‘eL)] forL<X<a @)

And
x ,—0t
Fy(x) = f f(t)dt+f f(t)dt—f =[1-e7%] dt+f eA [e®? — 1]dt

_ % [(a L)+ % [1+ 0% — 716 — e<a—X>9]] fora<X<U ®)

Il. ORDER STATISTICS OF DOUBLY TRUNCATED ADDITIVE UNIFORM EXPONENTIAL DISTRIBUTION
We derived the distribution of extreme order statistics and the joint distribution of the order statistics and some properties. The
distribution of extreme order statistics are very important for studying the inferences related to the maximum, minimum and median
of the data sets. For example in manpower modeling the complete length of service of an employee is a random variable and
studying its dynamics is very important for several operating policies regarding welfare and pensionable benefits to find the
probability distribution of the maximum duration of a state of an employee in an organization can be derived through order
statistics.

Let Xy < Xo0< Xapenenvn .. Xy be the order statistics obtained from a random sample of size n from DTAUED having the

density function as given in (3)
The probability density function of the r'" order statistics is given by (David 1981) is

frn W) = D,y [F)I™ 1 — F@) 7 f(u); -00 <u < oo (6)
Where D,.., = —( ey )
Substituting the values from equations (3) (4) and (5)
fen () = Arnn L) + (e %% — e‘Le)]T_l[(A —x+1)8 — (e — e—Le]”‘T(l — e=0u)
ForL<X<a (8)
fen(W) = i [6la—L)+1+e™0 —e™t¥ - ee(a_x))]r_l[H(A —a+L)]"T(1-e %) For a<X<U

©)

Where D,..,, is given in equation (7)
The I moment of the r'" order statistic is

a

D
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And on simplification
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(eae _ 1)r—s(_1)r+m—s—1(1 + eae)n—r—k—l (10)

The probability density function of the first order statistic of DTAUED can be obtained by taking r=1 in equations (5) and (6)
ForL<X<a

fin®) = 2 [6(A4 — x + L) + 0% + e710]" 7} (1 — ¢0%) (11)

Fora<Xx<U
fin(W) === [0(A—a+ 1) —1—e ™+ + e0@=))|" " (a8 _ 1)¢=0x (12)

Where D,.,, is given in equation (7)

The mean of the first order statistic is given by

n -_—
E(Xw) = fo [0(A —x +L)+e0% +e10]" (1 — e=0%) dx
a
U

a

On simplification we get

E(X(l)) =
n -1 n—-r—1 Ny es+m+k(_1)n—r+s+k qm+s+k+2_jm+s+k+2
A" 1ZT 0125 IZHT IZk 0( )( m )[9(A+L)+e L]T s! [ m+s+k+2 ]+
n _ _ _ Ue—0UM-1)_,p—-ab(n-r) e—0UM-1) 4 ,—ab(n-r)
=kl T)wm—a+L—D+eWV@W—D"1 — - ]
(13)
The probability density function of the highest order statistic of AUED can be obtained by taking r = n in equations (5) and (6)
fin) == =[x —L)+e -] (1—e®) ;ForL< X <a (14)
And
fun () =m0 + e (L - e®)]" e~ (e — 1), Fora< X <U (15)

Where D,,.,, = n calculated by using equation (7)
The mean of the highest order statistic is given by
E(U(n)) =
a U
fA”H" —[(x— L)+ e % - e‘w]n_l(l —e %) dx+ f g [a6 +e~0(1 - ‘1‘9)]71_1(5"‘9“(e‘“9 —1)dx

a

And on S|mpI|f|cat|on we get
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ab
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m+k+n—r—s+1

ae—aG(n—r)_Ue—GU(n—r) e—GU(n—r)+e—a9(n )
[ (n-r)6 - (r-n)262 ] (16)
The joint density function of the order statistics U,,,.,, and U.,,(m< S) is given by (David 1981)
f@V)msn = Dpsn[FADITHF(V) = F)I ™ 1 - FN]"*f(w)f (v) (17)
_ n!
Where D,., = Ey—
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Here ,We have three cases based up on the sample space of the variates they are
(i) L<X,<X<a
(ii) L<X,<aa< X; <U
(iii) a <U,<U<U
For case (i) the joint probability density function of the order statistics X,,,., and X.,, is
ForL <X, <X;<a

F Y sn = s [0(x — L) + €70 — e_eL]m_l[(y —x)0 +e % — e‘ex]s_m_l[(A —y+1)—e % +e0L]" (1 -

Anen—z
e )1 —e ) (18)
Where D,,, ..., is given in equation (4)

For case (ii)
ForL <X,<a,a< X, <U

FOY ) msin = o [0(x — L) + %% — e L] M B(a —x) + e —e % — 0@V + 1] (A~ a+ L)9 + e —

e 0l — e70@) 4 1] (1 — e 0x)e 0% (ea® —1)  (19)

Where D,,, ¢.,, is given in equation (4)
For case (iii)
a <U,<U<U

fFX Y ) msm = ADnrg,rsl:fz [H(a —L)+e 0% — g 0L _ g0a-1) 4 1]m—1[(e_9y — e 0x _ p=0(a-y) 4 ee(a_x))]S—m—1[A C9a—-1)+

e~y — o=0L _ p0(a-y) _ 1]"_56—29x(ea9 —1)?
(20)
Where D,,, ..., is given in equation (4)
The joint density function of the smallest and highest order statistics can be obtained by taking m=1 and S = n in the equations
(15),(16),(17)

Therefore the joint probability density function of the extreme order statistics Xy, and Xpn
Then for case (i)

fOY ) 1nn = e [(y — )0 + (7% — ™" 2(1— e70%) (1 — &%) (21)
For case (ii)
F Y inn = ot [(a = x)0 + 1+ 70 — e70% — e(@00]n=2(1 — g=0x)g=0%(ga? — 1)
(22)
For case (iii)
F Dy = o [e707 — e70% — (@00 4 g(@=00]" " 205 (g0 _ 12 (23)

1. CONCLUSIONS

The above order statistics are very useful in manpower planning models, especially the minimum and maximum order statistics are
used to calculate the pensionable benefits of an employee in an organization by treating the complete length of service as a random
variable which is additive in nature. Order statistics were employed in many ways in acceptance sampling. First-order statistics are
used to improve the robustness of sampling plans by variables. In life testing, these are much useful to shorten testing times to
produce many lifetime distributions. In actuarial sciences, these have tremendous potential in joint life insurance aspects to calculate
the distribution of life span and insurance risk. Order statistics are concerned with the ranks as well as the magnitude of the
observations we can use them in the grouping of continuous data into frequency classification.
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