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Abstract: Combinatorial optimization is a foundation of numerous scientific, industrial, and social decision-making questions,
but its usefulness is mostly restricted by the exponential complexity of the problem of classical computability. The quantum
annealing (QA) has become one of the leading analogue quantum systems to address such problems, whereby optimization
problems are converted into physical energy structures and quantum fluctuations are utilized to perform systematic exploration.
It provides a critical, synthesized, and comprehensive review of quantum annealing as applied to combinatorial optimization,
including the theoretical basis, hardware designs, algorithm methods, issues of embedding and encoding, benchmarking
procedures, applications, and integration with quantum algorithms based on gates and solvers on a classical computer. We build
a comprehensive taxonomy between adiabatic dynamics, Ising and QUBO models, stoquastic and non-stoquastic Hamiltonians,
and diabatic transitions to state-of-the-art flux-qubit annealers, new architectures, and hybrid quantum classical pipelines. \We
show that the overhead of embedding and encoding and the benchmarking approach taken are the most significant factors in
determining scalability and performance, but not the raw number of qubits. Transportation, energy systems, robotics, finance,
pharmacological discovery, and machine learning are just some examples of the domain-specific case studies that use QA with
minimal empirical utility as a hybrid refinement engine and not an independent solver. Moreover, we introduce a stringent
evaluation of the existing benchmarking culture, clarify the causal links between QA and QAOA as well as between VQE and
structural predicaments, and reveal the institutional roots of the existing restrictions. We conclude by identifying a research
roadmap in the future, focusing on the annealing hardness characterization, Stoquastic control manipulation, embedding rules
automation, architecture design, and development of principled quantum advantage. It creates a benchmark reference to those
in the field and research and deployment of scalable, reliable, and application-relevant quantum optimization.

Keywords: Quantum Annealing; Combinatorial Optimization; QUBO and Ising Models; Hybrid Quantum-Classical
Optimization; Benchmarking and Quantum Advantage; Embedding and Encoding Strategies.

I. INTRODUCTION

A. The Grand Optimization Problem

Decision-making in science, engineering, and industry is based on combinatorial optimization,requiring optimal choices from
exponentially large discrete spaces, where even small binary systems scale as 2.1t is not incidental but structural in nature because
combinatorial design theory shows that problems with heavily constrained problems very quickly become solvable with the help of
hard algebraic constraints. Incidence-letter constructions of this rigidity can be explained by this, including why constructions like
the Hadamard matrices, finite projective planes, etc. can only exist at isolated parameters, and many of these are forced as
impossible. In this intrinsic hardness, formalized by NP-hardness, dependencies and constraints cause combinatorial explosion
instead of modelling complexity. Quadratic Unconstrained Binary Optimization (QUBO) offers a overall abstraction of this type to
problems and, through its active equivalence to the Ising model, the physical basis of quantum annealing as an optimization
model.[1],[2],[3].

B. Where Quantum comes in
Classical optimization algorithms, such as branch-and-bound, simulated annealing, tabu search and meta-heuristics, eventually face
exponentially large, rugged search spaces, in that simulated annealing takes impractically slow logarithmic cooling to converge.
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Quantum annealing (QA) is a different paradigm, in which quantum tunnelling across energy barriers is used, via a transverse-field
driver. On the physical level, a time-dependent transverse-field Ising model of QA consists of a time-dependent transverse-field
Ising Hamilton with transverse field G(t) running slowly to direct the system towards a problem ground state. Heuristic superiority
Numerical research shows that QA is able to perform better than simulated annealing on a subset of problems with high ratios of
tall, narrow energy barriers and thus the heuristic advantage of QA. Although adiabatic quantum computation is very similar to real
QA devices, these are open, noisy, systems, in which non-adiabatic transitions and dissipation are a central part of determining their
capability and limits[4], [5], [6]. [7]-
Table 1: Mapping Optimization Concepts to Quantum Annealing Physics

Optimization Concept

QA / Physics Analog

Mathematical Object

Practical Implication

Objective function

Problem Hamiltonian

Ising / QUBO

Defines energy landscape

Feasible solution

Ground state

Lowest eigenstate

Optimal solution

Constraint violation

Energy penalty

Coupling strength

Precision bottleneck

Local minimum

Excited state

Local eigenstate

Trapping risk

Neighborhood move

Quantum tunneling

Transverse field

Barrier traversal

C. Historical Evolution

Quantum annealing was invented as an expansion of simulated annealing using quantum effects, which allowed quicker
convergence through quantum tunnelling through possible barriers. Transverse Ising model numerical simulations validate that the
success rate of ground states of quantum schedules at the end of quantum schedules is higher than the performance of classical
counterparts. Further theoretical work has extended quantum annealing to the adiabatic spectral process, allowing it to apply to
many body systems, computational phase transitions, interaction with the environment, and NP-hard problems, a rich ecosystem of
quantum annealers has been built, including theory, simulation and programmable machines[4], [5], [8].

D. Purpose and contributions

This is the unifying reference to quantum annealing as an optimization technique in combinatorial problems with a comprehensive
description of the theory, hardware, algorithmic schemes, embedding strategies and benchmarking platform and usage. It also adds
to a comprehensive taxonomy of literature in the field of quantum annealing and also critically analyzes methods of benchmarking
analogue quantum annealers in comparison with both classical benchmarking and gate-based benchmarking procedures. Lastly, it
identifies a roadmap of research with a view to address outstanding problems, such as scalability around quantum phase transitions,
non-stoquastic and diabatic protocols, error-suppression methods, co-design of architecture and theory, and in place of robust
standards to prove quantum advantage.

Il. MATHEMATICAL AND PHYSICAL FOUNDATIONS
The overall concept of quantum annealing (QA) is to model a classical combinatorial optimization problem by a Hamilton and to
then drive a quantum system towards the lowest-energy eigenstate of that Hamilton which contains the desired solution.
A. Adiabatic quantum computation
Quantum adiabatic computation (QAC) is based on quantum adiabatic theorem. Given a time-dependent Hamiltonian, which
depends on time, and interpolates two Hamiltonians: an initial HamiltonianH,,;; and a problem Hamiltonian, encoded in its
Hamiltonian distribution, which is H,,,,. As this interpolation is performed at a slow rate, the system will be in the instantaneous
ground state at all times during the evolution process, and finally reach the ground state ofH,,,.,-
The principle is literally realized in transverse field Ising models, in which a weakening driver Hamiltonian is used to push the
system into the ground state of the problem. The minimum spectral gap at any given time is an adiabatic convergence which strictly
obeys the inverse-square rule of the runtime. Less gaps require longer periods of evolution to reduce excitations, with this
correlation existing in digitized as well as analogue adiabatic quantum computing paradigms. In the case of gate-based architectures,
the continuum-valued Hamiltonian evolution is split into discrete Trotter slices, which are implemented by quantum gates, which
hence shed light on the feasibility of solving multi-qubit problems by a large batch of gates[4],[5],[9].
B. QAvVsSAQC
Adiabatic quantum computation (AQC) is based on the assumption of unitary evolution which is perfectly coherent, and the
duration of computation is restricted to the spectral -gap scaling with strong conservation of the ground state.
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Modern guantum annealing (QA) systems are allowed to violate adiabaticity; even in non-adiabatic environments, both thermal
activities, decoherence effects, or relaxation mechanisms can sometimes help to accelerate the convergence of the calculation,
making it easy to escape shallow local minima. QA is therefore not to be regarded as a raucous form of AQC; rather, it is a complex
optimization strategy which combines quantum tunneling, thermalization and device effects to pass through large energy
barriers.[10],[11].

C. Ising and QUBO models
Quantum annealing solves the optimization problems by the mapping of the binary decision variables to the spin configurations.
The Ising model takes the form of a classical Hamiltonian, with spins being the coded variables s; € {—1, +1}.

Hyging(s) = Z his; + Z]ijsisj #(2)

i i<j

The QUBO (Quadratic Unconstrained Binary Optimization) problem model substitutes spins by binary variables, x; in [0,1], i.e. the
objective is xTQx, and Q is a symmetric matrix which describes all the interactions. This is accomplished by a direct transformation
of QUBO to Ising variables implemented via s;= 2x;-1 to make the two mathematical formulations mathematically identical, but
this makes them hardware-distinguishable.[5][8].
An example traditional method of converting a real-world combinatorial problem has the following steps: First, the goal function is
reformulated as an expression in discrete variables, followed by an encoding of domain choices into binary decision variables. The
imposition of constraints is done using quadratic penalty terms and as much as a high-order interaction exists, it can be
systematically reduced to quadratic form but at the cost of additional auxiliary variables. This is followed by the formulation of the
quadratic unconstrained binary optimization (QUBO) problem that is converted to an Ising model of spins of £1 which can be
implemented on physical quantum annealing machines.

D. Stoquastic vs non-stoquastic Hamiltonians
Simulation difficulty hinges on stoquastic: Hamiltonians with real, non-positive off-diagonal terms avoid the sign problem and are
efficiently tractable by quantum Monte Carlo.
Non-stoquastic Hamiltonians break this property, causing exponential sampling bottlenecks, while stoquastic systems uniquely
combine classical stimulability with NP-hard combinatorial structure[12],[13],[14],[15].

Table 2: Stoguastic vs non-Stoquastic Hamiltonians

Property Stoquastic QA Non-Stoquastic QA
Sign problem Absent Present

Classical simulability Efficient (QMC) | Hard

Typical phase transition | First order Potentially second order
Hardware availability Current Experimental
Advantage potential Limited High (theoretical)

E. Diabatic transitions

Quantum annealers are often possible in practice based on diabatic dynamics, even though an ideal model of quantum annealing is
based on adiabatic dynamics, since diabatic transitions are regularly used to overcome energy barriers which would otherwise
require prohibitive time scales in adiabatic dynamics. This is especially pronounced when the quantum phase transitions are being
approached: first-order transitions are the ones where the energy gaps exponentially vanish, whereas second-order ones are the ones
with the energy gap growing exponentially with a power form. Through either non-stoquastic driving Hamiltonians or specially
constructed annealing programs, it is now possible to reduce first-order behavior to second-order and achieve large runtime
reductions as a result, putting stoquastic systems into an intermediate regime between classical NP-hardness and quantum
simulability[10].

1. ARCHITECTURE AND HARDWARE LANDSCAPE
Quantum annealers use continuous-time dynamics, which are defined by an Ising model, where system behavior is determined by a
set of factors that include hardware connectivity, hardware noise, properties of coherence, and control param precision.
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Currently surveyed information includes flux-qubit devices, the Lechner-Hauke-Zoller (LHZ) system, and Rydberg-atom systems as
well as up-to-date control methods, including temporal pausing and reverse annealing, and the main noise sources that limit
scalability.

A. Flux-qubit Based Annealers

Superconducting flux-qubit annealers, such as those made by D-Wave technologies, use transverse-field Ising Hamiltonians by
encoding logic Ising spins via bistable Josephson-junction loops. During the last several years, the architecture of connectivity has
evolved to the rather sparse Chimera networks up to the higher-density Pegasus and Zephyr (Advantage-2) networks, thus reducing
the overheads of minor embedding. Simulations These systems realize logical spins by using ferromagnetically coupled systems of
physical qubits and the quality of the embedding has a significant impact on system-wide performance[16].

B. Connectivity and Embedding Constraints

The physical connectivity of superconducting quantum annealers is limited, forcing the orthogonalization of logical spins onto
chains of physical qubits and reducing the likelihood of chain breakage, reducing scales of effective energy, and limiting the number
of qubits that can be usefully utilized. The resultant embedding schemes that are topology-sensitive are therefore needed, since the
mismatch between the interconnectedness of the problem instance and the topology of the hardware can significantly impair
computational cost[16].

C. Alternative Architectures
The Lechner-Hauke-Zoller architecture overcomes the connectivity limitations of scaling Ising couplings into local multi-body
constraints therefore removing the explicit minor embedding requirement.The best annealing paths within the LHZ context may be
designed through geometrical brachistochrone techniques which could be highly rapid. Furthermore, Rydberg -atom systems, with
strong and tunable long-range interactions, allow even faster, coherent and non -stoquastic annealing that is beyond the abilities of
flux -qubit systems[17],[16],[18].

Table 3: Architecture Comparison (Flux vs LHZ vs Rydberg)

Architecture | Native Connectivity | Control Type | Noise Regime | Maturity
Flux-qubit Sparse Analog Thermal Commercial
LHZ All-to-all (logical) | Analog Medium Experimental
Rydberg Long-range Analog/digital | Low Prototype

D. Control Features

Modern quantum annealers enable the complex control based on the time-dependent annealing schedules, A(s) and B(s), varying the
transverse field driver and the problem hamiltonian respectively. Reverse annealing goes out of a classical solution, momentarily
increases quantum fluctuations to do local searches, and then optimizes the solution. Empirical studies have also shown that reverse
annealing can mitigate the harmful impact of first-order phase transitions, and in combination with an intermittent pause close to
minimal spectral gaps, can exploit thermal relaxation processes to increase the chance of success[19], [20], [21].

E. Error Sources

The quantum annealing devices are vulnerable to perturbation due to thermal noise, decoherence, errors in the analog control of the
devices, crosstalk between qubits, and measurement imprecision all of which cause distortion in the target Hamiltonian and resultant
measurements. Such perturbations cause undesired excitations, parameter differences and incorrect categorization of final spin
configurations, leading to hindrance of optimization performance as well as sampling fidelity. The modern state of art means that to
mitigate the effects of quantum annealing they use quantum-annealing-optimistic error mitigation methods as zero-noise
extrapolation using temperature control and energy-time rescaling, which seeks to approximate the behavior of a noiseless
model[22].

V. QAALGORITHMIC STRATEGIES
Quantum annealing (QA) is not a specific algorithm, but is a collection of dynamical methods that are used to direct a quantum
system to the low-energy states of a problem Hamiltonian.
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The quality of exploration of complex energy manifolds of QA is controlled by algorithmic decisions, performance scheduling, a
driver code, error-suppression codecs, and the application of hybrid classical-quantum feedback loops.

1) Standard QA: dynamics, tunneling, and the simulated-annealing analogy
Standard QA evolves the system under a time-dependent Hamiltonian of the form

H(s) = A(s)Hgriver + B(S)Hprobv s € [0,1],#(3)
where Hge(typically ;o) induces quantum fluctuations and H,q,encodes the optimization objective. In the prototypical
transverse-field Ising setting, decreasing A(s)and increasing B(s)shifts weight from quantum delocalization to classical energy
minimization. QA is often compared to simulated annealing (SA): SA uses thermal fluctuations to hop between basins, while QA
leverages quantum tunneling to traverse barriers. In many rugged landscapes, tunneling can cross narrow but tall barriers that stymie
thermal walkers, leading to different empirical scaling behaviors between QA and SA on some instance families[10].In a tunnel-
favoring barrier-shape geometry, such as tunnel-favoring distances between two barriers, QA is superior to classical hill-climbing: in
an entropic, artificially broad-basin geometry, thermal strategies are better, or hybrid workflows[23].

2) Advanced schedules: Non-linear, Adaptive, and Pausing strategies

Nonlinear annealing schedules redistribute time around critical gaps using problem-aware forms of A(s)and B(s), slowing near
bottlenecks and accelerating in slack regions.

Adaptive annealing dynamically adjusts schedules based on intermediate signals, offering potential quadratic improvements and
reduced effective anneal times.

The pause-relax—resume strategy introduces a pause at s*to exploit thermal relaxation and dissipation, empirically improving
success rates near diabatic bottlenecks[10].

3) Reverse annealing: local refinement and hybrid workflows

Reverse annealing locates the system in a classical seed state, as required in standard annealing by uniform superposition, and
adjusts the transverse field to be able to do localized quantum exploration, without using global superposition. As a quantum local-
search operator, it optimizes around solutions that have been found using classical heuristics or forward annealing and has the
ability to avoid suboptimal basins or fix unsatisfactory initial seeds by finding better regions of the solutions. These mixed methods
which mix the forward and reverse annealing had been shown to be better than forward-only methods, with quantifiable
improvements in portfolio optimization and matrix factorization.

4) Quantum annealing correction (QAC) and error suppression

Control errors, thermal fluctuations and decoherence in analog annealers can be prevented by quantum annealing correction (QAC),
which suppresses errors instead of corrects them. Modest encoding of logical qubits with repetition or parity imposing penalty
Hamiltonians are used; low energy excitations are therefore correctible logical error events. Common QAC protocols include energy
penalty couplings, redundancy and majority or parity decoding encodings and classical post-readout decoding. QAC does not
provide fault tolerance as does fault-tolerant circuit-based quantum error correction; however, it is highly scalable (near-term), in
practice, with a particular improvement to hardware[4], [22], [24], [25].

5) Non-stoquastic drivers: power, simulation complexity, and open questions

By satisfying the condition that its off-diagonal terms are real and non-positive in computational basis, a Hamiltonian is a stoquastic
which can be simulated by quantum Monte Carlo efficiently by avoiding the sign problem. Introduction of non-stoquastic drivers
(e.g., improperly signed o;*g;* couplings)breaks this property, the dynamics acquired being classically hard to simulate. The spectral
structure, e.g., first-order phase transitions being reduced to second-order transitions and exponentially small gaps being avoided,
and allowing quantum interference and new tunnelling routes previously inaccessible to stoquastic annealing, can all be modified by
such terms.
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6) Trotterization, QAOA, and hybrid gate—analog strategies
Table 4: QA vs QAOA vs VQE (Algorithmic View)

Aspect QA QAOA VQE
Model Analog Digital Variational
Objective Sampling | Approximation | Eigenvalue
Depth Constant | Increasing Variable
NISQ viability | High Medium Medium
Embedding Required | Not needed Not needed

Quantum annealing (QA) and the Quantum Approximate Optimization Algorithm (QAOA) could be considered as quantum copies
in a consistent quantum control setting where QAOA will simulate transverse-field dynamics over time in the large-p (Trotterised)
approximation. On the other hand, digitized annealing and diabatic pulse schedules are similar to optimized finite-depth QAOA,
making it easier to hybridize the two modalities to transform their understanding. This structural parallelism has the strength of
informing optimal QAOA parameter choices and encourages the use of the Hamilton reordering and Trotterisation methods to
transform continuous time annealing into effective gate-based codes.[26], [24], [25], [27], [12], [13], [15], [23].

Table 5: Taxonomy of QA Algorithmic Variants

Strategy Core Idea Benefit Cost Best Use Case
Standard QA | Glaobal anneal Broad exploration | Gap sensitivity | Unknown optima
Pausing Thermal relaxation Higher success Tuning Small gaps
Reverse QA Local refinement Fast convergence | Seed needed Hybrid loops
QAC Encoding redundancy | Noise suppression | Qubit overhead | Noisy devices
Non-stoquastic | Gap reshaping Potential speedup | Hardware Hard instances

V. EMBEDDING AND MAPPING: THE UNSPOKEN BARRIER
A. QUBO Encoding Strategies
The minimization of QUBO and Ising Hamiltonians are an inherent feature of quantum annealers; however, realistic optimization
problems involving integer or categorical variables need to be optimized with a binary representation first of all. The encoding
scheme selected has a direct impact on the number of qubits needed, the scale of penalty terms, the accuracy of coefficient values,
and finally whether a solution can be obtained or not. One-hot encoding is a simple and commonly used method of permutation
problems, but it is resource intensive, that is, it requires many variables, high penalty strengths, and high hardware precision.
Domain-wall encoding encodes integer values using binary-chain transitions and thus quadratic penalty terms and coupling are
minimized in addition to allowing more effective high-throughput optimization[28], [29], [30], [31],[32]

B. Minor Embedding

After being formulated in QUBO or Ising form, a problem still needs to be implemented on the sparse architecture of physical
quantum annealers. Due to the formulation of most optimization problems on dense or fully connected graphs most of the time
direct implementation would be infeasible. Minor embedding alleviates this inconsistency in that the logical variables are all linked
with a sequence of physical qubits that are contiguous. As a result of this, the problem Hamiltonian experimentally realized does not
coincide with the desired logical Hamiltonian, in cases both of static distortion and dynamic noise responsiveness[33].

Table 6: QUBO Encoding Strategies

Encoding Variables | Constraints | Precision Need | Scalability
One-hot High Quadratic High Poor
Domain-wall | Medium | Linear Moderate Better
Binary Low Higher-order | Very high Risky

©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 |




International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538
Volume 14 Issue 111 Mar 2026- Available at www.ijraset.com

C. Mapping Costs and Hardware Overheads

Massive penalty coefficients induced by one-hot encodings, combined with long chains of qubits, often make use of hardware
beyond the precision of the hardware, create noise, and make errors spread out along broken chains that must be post-processed.
These are phenomena that compromise the fidelity of solutions to thermal fluctuations, control imprecision and variations between
physical qubits that represent a single logical variable. Quantum annealing correction (QAC) deals with them by using repetition
encoding and energy penalties, which experimentally increases the probability of successful ground states. QAC also increases
performance on NP-hard planted problems when it is used in combination with embedding[29], [30], [33], [34], [35].

Table 7: Logical — Physical Qubit Inflation

Problem Type Logical Vars | Physical Qubits | Compression Ratio
MaxCut 100 800 12.5%
TSP (20 cities) 400 3,000+ <10%
Portfolio (50 assets) | 50 600 ~8%
VI. BENCHMARKS: WHAT THE FIELD GETS WRONG

Quantum annealing is a controversial field, though its perceived results in terms of benchmarking and other tasks remain so.
Although there are many articles that underlie better performance, lack of standard operating procedures, other inconsistent
backgrounds and inadequate validation of experimental manipulations still present incoherent results. The current part outlines the
appropriate benchmarking principles.

A. What to Benchmark and How

Controlled scaling studies are also easier with synthetic benchmarks like random spin -glass or planted -solution QUBOs, but
typically scale poorly with real applications because of their highly idealized structural approximations. More balanced evaluation
relies on systematic issues such as the travelling salesman problems, scheduling, knapsack and graph partitioning. To prove practical
benefit, it is required to be tested on real-world examples (such as vehicle routing, portfolio optimization, logistics) which are
typically addressed using hybrid quantum-classical algorithms and which are classically hard with or without QA. Strict solver
parity, i.e. equal preprocessing, accuracy, restarts, and time budgets which are recognized to strongly depend on input/output
overhead, model structure factors, and other systemic factors, which when ignored have an exaggerated effect on perceived quantum
advantage, is required in rigorous benchmarking [37].

B. What Not to Do
Weak QA benchmarking often presents only best-case values, filled in without taking note of stochastic failure distributions or
including median or percentile values. The other type of common flaw is cherry-picking of small cases that fit the hardware
constraints but fail to scale, hence artificial benefits. In addition, much of the literature does not consider the effect of classical
preprocessing (including decomposition, variable fixing or tabu filtering) which may dominate any observed improvement. [37],
[36], [38].

Table 8: Benchmarking Do’s and Don’ts
Practice | Correct Approach | Common Mistake
Runtime | Wall-clock Anneal time only
Statistics | Median + variance | Best-case only
Baselines | Gurobi/Tabu/SA Naive heuristics
Instances | Real + synthetic Toy problems

C. Comparison Against Mature Classical Baselines

Benchmark constructive QA methods should be compared to classical solvers of industrial grade and not heuristics. Such
comparisons involve simulated annealing, tabu search, and mixed-integer linear programming solvers (e.g. Gurobi, CPLEX, SCIP)
that are sensitive to modelling and constraint-construction mistakes. Contemporary meta -heuristics, such as genetic algorithm,
particle swarm optimization, ant-colony optimization, and differential evolution have strong global search algorithms and to this
date, no QA problem has been proved to be consistently better than these protocols at solving real-world problems[39].
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D. Empirical Evidence Today

QA can be useful when dealing with rugged energy landscapes that have narrow barriers, where tunnelling can be used; it can also
be effective in sampling clustered low-energy basins when penalties are tuned, and can also be effective in hybrid workflows (as in
tabu-QA or backbone-QA) compared to going straight to QA the ability to sample rugged energy landscapes by classical
decomposition and pruning is in part responsible. On the other hand, QA has difficulty with sparsely connected penalty structures
where tunnelling gains are reduced by penalties, integer-intensive formulations where QUBO blow-up and penalty saturation occur
and when noise in analogue coefficient derivatives obscures fine scale differences between objectives.[38], [40].

Table 9: Where QA Works vs Fails
Landscape Feature | QA Performance
Narrow barriers Strong
Dense constraints | Weak
Heavy penalties Weak
Hybrid pipelines Strong

VIlI.  APPLICATION DOMAINS
The quantum annealing theory has since developed beyond the abstract analysis to have an application-focused optimization
context; however, the utility of such techniques as a whole now is still subject to the compatibility of the problem structure, the
overhead of problem encoding, and how many such problems can be scaled to using current quantum hardware.

A. Transportation and Logistics

1) Problem Formulation

Routing problems constitute a preeminent category of transportation optimization tasks, including the travelling salesman problem
(TSP), the vehicle routing problem (VRP), the capacitated VRP (CVRP), and a range of trip optimization problems. These are issues
of assigning discrete paths to minimize the cumulative travelling cost while meeting capacity, time-window, and service constraints.
Since the feasible solution space of routing problems increases factorially with the number of nodes, routing problems are NP-hard.

2) QUBO Encoding
Routing problems are mapped using binary decision variables:
x( ) = (Lifcity i is visited at time t & O otherwise)
Objective:
min X(i,, )djy X@.0) X e+1)#(4)
Each city visited exactly once, one city per time step and Capacity constraints via auxiliary variablesThis leads to QUBOs with
dense coupling matrices and large penalty coefficients.

3) Hardware Model

Clusters Superconducting quantum-annealers, such as the D-Wave system, are commonly used in hybrid classical-QA routing
solvers, which use clustering heuristics and forward and reverse annealing regimes to optimize the solutions of the optimization
problem.

4) Results

Hybrid QA routing solvers have a time constraint of creating paths of medium-size CVVRP under a period of less than a second. With
cold-chain VRP, the quality of routes calculated with QA techniques have been seen to be roughly 85 per cent of those calculated
with conventional techniques and run-times are roughly 95 per cent shorter than genetic algorithms[41], [42].

5) Limitations

The erosion of quantum advantage in high-dimensional QUBO programs to encode highly descriptive constraints is exponential,
and the number of ancillary variables is rapidly increasing with the number of planning variables, which are measured with physical
quantities, in operation, such as time-window feasibility and multi-depot logistics.
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B. Energy Optimization (Unit Commitment and Grid Control)

1) Problem Formulation

Unit commitment problem is the on-off problem of the cycles of power generators with reference to maximize the use of fuel, start-
up and ramping costs at the same time keeping balance equations of power and reserve limitations. This optimization is normally
formulated using binary, time dependent decision variables.

2) QUBO Encoding

Let x, denote the on/off state of generator gat time ¢; the formulation includes linear operating costs, pairwise ramping penalties,
and quadratic load-balancing constraints, with higher-order reliability constraints reduced via auxiliary binary variables.

3) Hardware Model

Next-generation scheduling techniques use global forward annealing to do coarse-grained optimization, reverse annealing to do
fine-grained ramp refinement, and depend on mandatory hybrid decomposition methods to deal with complexity.

4) Limitations

Variable temporal coupling creates densely connected QUBOs that need penalty preciseness that is higher than the hardware
precision capacity; hence, even grid-scale scheduling issues cannot be soluble in the near future.

C. Robotics and Motion Planning

1) Problem Formulation

The main areas of robotic optimization are motion-planning, task-scheduling, grasp-selection and stereo-correspondence.

2) QUBO Encoding

In each of these, binary variables are used to code the choice of path segments, the configurations of arm joints and the sequence of

execution of tasks.
Objective:

mi nz ¢ x; + Z]ij x;x;#(5)
i i<j

where c;represents energy, distance, or execution cost.

3) Hardware Model

Superconducting QA on cloud-based systems is an integrated part of designed robot-QA co-simulation designs.

4) Results

The beneficial results of these integrated control architectures have been optimization of deformable-object manipulation, arm
dynamics and stereo-matching using QUBO/Ising encodings[43].

5) Limitations

When a robot is dynamical, the size of QUBOs grows super-linearly with workspace resolution, and real-time operation of closed-
loop control is impossible with existing hardware.

D. Finance: Portfolio Optimization
1) Portfolio optimization seeks:
Portfolio optimization aims to maximize the expected performance with minimum risk taking into consideration the transaction
costs and portfolio rebalancing using binary variables to select the assets and discretized continuous weights.
2) QUBO Encoding
Binary asset-selection QUBO:

min Z(_ wi)x; + Z Xy x;x; (6)

i i<j

Transaction costs and cardinality constraints encoded via quadratic penalties.
3) Hardware Model

The hybrid quantum-classical investment process combines classical wealth allocation algorithms with QA-derived asset selection,
reverse annealing in refining portfolios, and iterative forward anneals in rebalancing portfolios.
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4) Results

Experimental research has shown that hybrid QA-classical approaches are able to generate cumulative returns available to be above
the benchmarks of traditional funds, and rebalanced QA portfolios are outperforming unadopted (static) QA portfolios[44].

5) Limitations

Asset correlations yield dense QUBOS, discretization of weights variables distorts the efficient frontier, and transaction cost model
is highly sensitive with regard to the calibration of penalty terms.

E. Drug Discovery and Materials Design

1) Problem Formulation

Tasks in molecular design such as optimization of molecular structure and reaction pathways as well as design with properties can
be re-formulated as discrete graph-labeling problems and as constraint-satisfaction problems.

2) QUBO Encoding

In this formulation, binary variables are used to encode the choice of atoms, bond structures and inclusion of substructures and the
objective function provides penalties that apply to property violations, structural soundness, and stabilization issues.

3) Hardware Model

Hybrid quantum-classical machine-learning pipelines Hybrid quantum-classical machine-learning pipelines are based on an
integration of QA-based discrete search and classical property evaluation modules.

4) Results

The hybrid quantum machine learning models improve molecular sub-structure recognition, but with fewer parameters than
traditional methods, as well as, the predictive power of sub-structure models.

5) Limitations

Right assessment of molecular validity needs enormous penalty coefficients, which boosts the complexity of QUBO encodings
concerning standard physics-simulation solutions; hence any quantum gain is territory-limited to small step frames of structure-
selection.

F. Machine Learning: Feature Selection, Instance Selection, and Clustering

1) Problem Formulation

Essentially every discrete machine-learning problem, including feature selection, instance selection, and clustering can be
formulated as a looking-glass problem of optimization, e.g. redundancy minimization, subset selection and medoid identification.

2) QUBO Encoding
Feature selection QUBO:

mi nz w; x; + Z 1y X x#(7)
7

i<j

where:
o w;= feature relevance penalty
e 1;;=redundancy penalty
Clustering uses medoid-selection QUBOs.
3) Hardware Model
The workflow employed makes use of D-wave advantage system and the use of classical preprocessing, QA-based refinement, and
post-processing decoding.
4) Results
Quantum annealing can be more feature- and cluster-compact and has better indicators of feature and cluster compactness as well as
retrieval (nDCG and Davies Bouldin index) relative to simulated annealing even with natural hardware constraints[45].
5) Limitations
The effects of feature-correlation result in dense QUBOSs, and the data scaling capabilities outrun embedding limits by forcing the
use of QA to only refine an objective, and not fully solve it.
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In routing, robotics, finance, drug discovery, and machine-learning applications, quantum annealing has been most likely to
empirically prove useful as a hybrid local optimizer, used on data that has been classical preprocessed to minimize its search space
and identify regions dominated by barriers.

Table 10: Application Domain Summary

Domain | Problem Encoding | Hardware Outcome
Logistics | VRP One-hot | Flux QA Hybrid gains
Energy Unit commitment | Binary Hybrid Classical wins
Finance | Portfolio Binary Reverse QA | Competitive

ML Feature selection | QUBO QA Compact models
VIII.  QAVSOTHER QUANTUM OPTIMIZATION PARADIGMS

Quantum annealing is often introduced as a separate optimization theory; that its practical importance is best understood in terms of
its contrasts to the gate-based variational algorithms like the Quantum Approximate Optimization Algorithm (QAOA) and the
Variational Quantum Eigen solver (VQE).

A. QAvs QAOA

The quantum annealing (QA) system provides a continuous-time evolution using a Hamiltonian (where an evolution is performed
by switching the transverse-field driver to the problem Hamiltonian). There it is the Quantum Approximate Optimization Algorithm
(QAOA) which achieves a similar process in discrete time by Trotterising the evolution of gate-based unitarizes. Shallow QAOA
can be considered a discretized approximation of QA where tunable angles are used in place of continuous time, or QA is an attempt
to use fixed interactions of a hardware with no construction of an explicit logical circuit. Because of its sampling complexity,
shallow effective depth and hardware scalability, QA now perform better on rugged Ising-type optimization problems than the
shallow QAOA, but deep QAOA is infeasible on near-term-scale quantum (NISQ) systems[46].

B. QA vs VQE and Continuous-Variable (CV) Methods

Variational quantum eigensolver (VQE) is simply an approximation method-based eigenvalue solver; a prepared parameterized state
is optimized to minimize the expected cost of a Hamiltonian. Optimization is performed in a continuous parameter space, in contrast
to quantum annealing, which is the optimization of a discrete energy-space. QA is a natural generator of ensembles of low-energy
discrete solutions and the visualizer of combinatorial energy landscapes, which makes it a good model in decision problems.
Conversely, VQE applies to a single quantum state when used in physics and chemistry, and the design of ansatz is primarily related
to its performance; it is not until it has been heavily discretized that it becomes combinatorial[47].

C. Current Limitations

Even with twenty years of progress and scaling of hardware, quantum annealing now faces structural, instead of technological,
limits, as logical qubits (usually a fraction less than ten per cent of physical qubits) are typically embedded due to constraints of
embedding as well as the density of the problem. High-order constraints, scaling to high-order constraints and imposing auxiliary-
variable blow-up and exponentially increasing resources, are a greater constraint to scaling than the qubit number. Being open
quantum systems, the annealers are prone to thermal noise, drift, and crosstalk, as well as readout errors, and even the mitigation
that could be applied does not guarantee the large-scale reliability fully. Constant benchmarking bias and exponentially null gaps in
stoquastic QA on most of NP-hard problems prevent scalable speedups, so it may be important to consider non-stoquastic
drivers[48],[49].

D. How to systematically characterize “annealing hardness”?

The quantum annealing has become a fully-fledged albeit untested optimization paradigm. No matter how much the complex
deployments are rising, the basic questions concerning complexities, control, benchmarking, and hybrid integration are yet to be
answered. This section contains a research agenda, which is an enumerated list of concrete problems, which are open, and aimed at
defining the next decade of QA research.
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E. How to systematically characterize ““annealing hardness”?
The key open problem is to find a problem-free concept of annealing hardness, as QA hardness is no longer just a function of
problem size, but also spectral gaps, the geometry of energy barriers, its basin entropy and quantum phase transition structure.

F. Can non-stoquastic drivers give scalable performance advantages?

It seems that non-stoquastic Hamiltonians provide a theoretical solution to the exponentially small gaps which limit stoquastic QA
on many NP-hard problems. It is however still unclear, whether they are scale independent in improving gaps, whether they can be
executed with hardware stability and control sufficient and whether they are also scale independent in the presence of finite
temperature, noise and control errors.

G. What is a fair and universal quantum advantage metric?

No clear definition of quantum advantage in quantum annealing based optimization exists because every of the following quantities
describe the solver: time-to-solution, approximation quality, sampling diversity, and energy efficiency contains solver bias.
Standardized multi-objective wall-clock-normalized benchmarks with rigorous statistics and hybrid performance measurement are
needed to make progress; otherwise, their quantum supremacy in optimization remains unopposed.

H. What are the best architectures combining QA, QAOA, and classical heuristics?

The most significant progress of quantum optimization is accomplished with hybrid pipelines incorporating classical pre-processing,
barrier-dominated search QA, and digital refinement (QAOA / VQE), and classical post-processing. Realizing scalable advantage
does not lie in the number of qubits but in co-developed advancements in the hardness theory, non-stoquastic control, automatic
embedding, rigorous benchmarking, and interdisciplinary cooperation among physics, computer science, optimization, and industry.

Table 11: Open Problems & Research Directions

Open Question Why It Matters Who Should Solve
Annealing hardness Predict feasibility | Theorists
Non-stoquastic QA Possible speedup | Physicists
Embedding automation | Scaling Engineers
Advantage metrics Credibility OR+QC

Hybrid architectures Practical impact | Industry

IX. CONCLUSION
The purpose of this review was to combine theory, hardware, algorithms, embedding, benchmarking, applications, ecosystem
integration, and prospects to provide an all-inclusive, critical, and unifying synthesis of quantum annealing to solve combinatorial
optimization.
We prove the problem of quantum annealing to be essentially a physics-based optimization heuristic, and is separate to both
classical meta-heuristics and variational quantum algorithms based on gates. Current points of scale are suppressed by embedding
and encoding, instead of rawness of qubits. Hybrid workflows are giving the most significant empirical benefits, and not standalone
quantum annealing. Unless benchmarking of parity, wall-clock normalization and statistical rigor is available to the assertion, it
should be done with caution. The most promising technical directions to overcome a set of limitations are non-stoquastic control,
hybrid QA-QAOA integration, and automated embedding. Perhaps most importantly we show that quantum annealing is no longer
evaluated in a vacuum but rather than a stack of quantum-classical optimization it should be considered as a stack of physics,
algorithms, and engineering inseparably coupled.
Quantum annealing is yet to be a universal optimization engine, but it is already a useful scientific tool to investigate the energy
landscapes that otherwise can only be explored through computations. The final effect it has will depend not so much on the rate of
qubits but on a clever merging with the theory, algorithms, and classical solvers.
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