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Abstract: Kim and Ko proposed second type second order slope rotatable designs (SOSRD) utilizing central composite designs 

(CCD) wherein the two digits  1 2a , a  denotes the position of star points. In this study, we propose SOSRD of second type 

utilizing balanced incomplete block designs (BIBD) with unequal block sizes. In specific cases, the recommended procedure 

results in fewer design points than SOSRD of second type acquired through pairwise balanced designs (PBD), symmetrical 

unequal block arrangements (SUBA) with two unequal block sizes and balanced incomplete block designs (BIBD). 

Keywords: Balanced Incomplete block designs, Pairwise balanced designs, Symmetrical unequal block arrangements with two 

unequal block sizes, Second order slope rotatable designs of second type. 

 

I. INTRODUCTION 

A response surfaces are set of statistical and mathematical models used to analyze the issues when several explanatory variables 

have an impact on a response variable. Box and Hunter [1] suggested the rotatability property for exploring response surface models 

and developed rotatable central composite designs (CCD). Das and Narasimham [8] studied second order rotatable designs (SORD) 

utilizing balanced incomplete block designs (BIBD). Das [6] constructed SORD through BIBD with unequal block sizes. 

Raghavarao [14, 15] developed symmetrical unequal block arrangements (SUBA) with two unequal block sizes and SORD through 

incomplete block designs (IBD). Tyagi [21] developed SORD utilizing pairwise balanced designs (PBD). Kim [12] developed 

second type of rotatable CCD where in the two digits  1 2a , a  are used to denote the star points for 2≤v≤8 (v:factors). Victorbabu 

and Vasundharadevi [39] developed modified quadratic response surface models utilizing BIBD. Victorbabu and Surekha [37, 38] 

developed rotatability measure for quadratic response surface models utilizing IBD and BIBD respectively. Jyostna and Victorbabu 

[10, 11] constructed modified rotatability measure for a quadratic polynomial models utilizing BIBD and CCD. Chiranjeevi et al. [5] 

developed second type of SORD utilizing CCD for 9≤v≤17. Chiranjeevi and Victorbabu [2, 3, 4] constructed second type of SORD 

utilizing BIBD, PBD and SUBA with two unequal block sizes respectively. 

Slope rotatable central composite designs (SRCCD) were first developed by Hader and Park [9]. Victorbabu and Narasimham [28, 

29, 30, 31] studied second order slope rotatable designs (SOSRD) utilizing IBD with different sizes of blocks, BIBD, pair of IBD 

and PBD respectively. Victorbabu [22] constructed SOSRD utilizing SUBA with two unequal block sizes. Specifically, Kim and Ko 

[13] introduced the second type of slope rotatability of CCD for the factors 2≤v≤5 by taking an 1  (‘na’ denotes the number of 

replications of axial points), where in the two numbers  1 2a , a  represent the positions of the star points. Victorbabu [23, 24, 25] 

introduced modified SOSRD utilizing CCD, PBD and BIBD respectively. A review was proposed by Victorbabu [26] on SOSRD. 

Victorbabu and Surekha [33, 34, 35, 36] constructed SOSRD measure utilizing CCD, BIBD, PBD and SUBA with two unequal 

block sizes respectively. Victorbabu and Jyostna [27] constructed modified slope rotatability measure for quadratic polynomial 

models. Ravikumar and Victorbabu [17] extended the work of Kim and Ko [13] and developed second type of SOSRD utilizing 

CCD for 6≤v≤17 by taking a
n 1.  Ravikumar and Victorbabu [18, 19, 20] studied SRCCD of second type for 2≤v≤17 with 

a
2 n 4  , SOSRD of second type utilizing PBD and SUBA with two unequal block sizes respectively. Victorbabu and Ravikumar 

[32] developed SOSRD of second type using BIBD. 
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In this study, we suggest SOSRD of second type utilizing BIBD with unequal block sizes. The suggested procedure is found to 

sometimes result in an SOSRD of second type with fewer design points than the SOSRD of second type obtained through PBD of 

Ravikumar and Victorbabu [19], SUBA with two unequal block sizes of Ravikumar and Victorbabu [20] and BIBD of Victorbabu 

and Ravikumar [32] respectively. 

 

II. STIPULATIONS FOR SECOND ORDER SLOPE ROTATABLE DESIGNS 

A general quadratic polynomial model   sw
D= X  for fitting  

tw

v v
2

w 0 s sw ss sw st sw w
s=1 s=1 s<t

Y X=β + β X + β X + β X +ε         (1) 

In which sw
X indicates the sth factor level in the experiment’s wth run (w=1,2,…,N) and w

ε ’s are uncorrelated random errors having 

a mean ‘0’ and variation of 2 . D is then referred to as SOSRD if 
s

Ŷ
V

X

 
   

 with regard to every explanatory variable s
X  is 

a  2
f d of the point  1w 2w vwX ,X ,...,X from the origin (center) of the design.  

The general circumstances for SOSRD are given below (cf. [1, 9, 29]). 

All moments of odd order are ‘0’. In simple terms when minimum of one odd power X equals zero. i.e; 

A. 

2 3

sw sw sw sw sw twtw tw uw

2 3

sw tw sw tw sw tw uwuw lw

X =0, X X =0, X X =0,  X 0, X X X =0, 

X X X =0, X X =0, X X X X =0, etc. for s t u l;

    

    
 

B. (i) 
2

sw 2X =constant=Nδ  

(ii) 
4

sw 4
X =constant=cNδ ,  s  

C. 
22

sw 4tw
X X =constant=Nδ ,  s t                 (2)  

where c, 2
δ and 4

δ are constants. 

The variances and covariances of the estimated parameters are (cf. [7]) 

 
2

4
0 2

4 2

δ (c+v-1)σˆVar  β = 
N[δ (c+v-1)-vδ ]

 

 
2

s

2

σˆVar  β = 
Nδ

 

 
2

st

4

σˆVar  β = 
Nδ

 

 
22

4 2
ss 2

4 4 2

(c+v-2)δ -δ (v-1)σˆVar  β = 
(c-1)Nδ (c+v-1)δ -δ v

 
 
 

 

 
2

2
0 ss 2

4 2

-δσˆ ˆCov  β ,β = 
N [(c+v-1)δ -δ v]
 
 
 

 

   22
2 4

ss tt 2

4 4 2

δ -δσˆ ˆCov  β ,β = 
(c-1)Nδ [(c+v-1)δ -δ v]

 
 
  

      (3) 

and the remaining covariances disappear. 

An inspection of  0
ˆV β shows an essential condition for the existence of a non singular second order design is  

D. 4

2

2

δ v
 > 

δ c+v-1
                                            (4) 
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From (1), we have 

s ss sw st tw
s t

s

Ŷ ˆ ˆ ˆ=β +2β X + β X
X 





                     (5) 

     2 2

s sw ss tw st
t

s

Ŷ ˆ ˆ ˆVar = Var β + 4X Var β + X Var β
X s

 
   

        (6) 

The criteria for R.H.S of (6) is to be  2
f d alone (for slope rotatability) is  

   ss st
ˆ ˆ4Var  β  = Var  β   (cf. [9])                   (7) 

Simplifying (7) using (3), we get  

E.  2 2

4 2v(5- c)-(c-3) δ + v c 5 +4 δ =0       (cf. [29])                                                    (8) 

Therefore A, B, C of (2), (4) and (8) suggest a set of conditions for slope rotatability in any general quadratic  model. (cf.  [9, 29]). 

 

III. NEW SECOND TYPE OF SOSRD UTILIZING BALANCED INCOMPLETE BLOCK DESIGNS WITH 

UNEQUAL BLOCK SIZES 

Victorbabu and Narasimham [28] developed SOSRD through IBD with unequal block sizes. Kim [12] developed second type of 

rotatable CCD, in which the two digits  1 2a , a  are used to denote the star points for 2≤v≤8. Chiranjeevi et al. [5] developed second 

type of SORD utilizing CCD for 9≤v≤17. Chiranjeevi and Victorbabu [2, 3, 4] developed second type of SORD utilizing BIBD, 

PBD and SUBA with two unequal block sizes respectively. Specifically, Kim and Ko [13] constructed second type of slope 

rotatability of CCD 2≤v≤5 by taking a
n 1 . Ravikumar and Victorbabu [17] extended the results of Kim and Ko [13] and developed 

SOSRD of second type utilizing CCD for 6 v 17  by taking an 1 . Ravikumar and Victorbabu [18, 19, 20] studied SRCCD of 

second type for 2≤v≤17 with a
2 n 4   and SOSRD of second type utilizing PBD, SUBA with two unequal block sizes 

respectively. Victorbabu and Ravikumar [32] developed SOSRD of second type using BIBD.  

A BIBD design with unequal block sizes  1 2 nv, m, r, k , k , ..., k , λ  is defined as the v-treatments are arranged in m blocks of 

1 2 n
k , k , ..., k sizes so that each treatment takes place exactly in r blocks and any pair of treatments takes place exactly in λ  blocks. 

If i
m  denotes the i

k sized blocks, then we have in these designs, 

   
n n

i i i i i
i=1 i=1

vr= m k  ;         λv v-1 = m k k -1    

For the purpose of constructing SOSRD of second type we take a particular class of these designs wherein the replication of every 

treatment is a constant i
r in the set of i

m blocks each of size i
k for all i. For this class of designs we must further have 

i i i i
vr =m k  and r =r . 

By taking a BIBD  v, m, r, k, λ , a specific treatment is discarded, we get another BIBD with unequal block sizes 

 v-1, m, r, k, k-1, λ  so that every treatment will be replicated (r-λ) times in (m-r) blocks of k size, and λ times in the remaining r 
blocks of (k-1) size. 

Through BIBD with unequal block sizes, SOSRD of second type can be obtained as follows. Let us write the BIBD with unequal 

block sizes  1 2 nv-1, m, r, k , k , ..., k , λ  as a mxv matrix with elements zero (when a treatment does not appear in a block) and unity 

(when the treatment appears) in the set of 1
m  blocks of size 1

k , zero and 1
α (when the treatment appears) in the set of 2

m blocks of 

size 2
k , zero and 2

α (when the treatment appears) in the set of 3
m blocks of size 3

k  and so on. 

The design plan of SOSRD of second type utilizing BIBD with unequal block sizes is shown in theorem (1). Let 

 1 2 1 2 1 2v, m , m , r , r , k , k , λ  indicate the parameters of BIBD with unequal block sizes, i )t(k
2  indicate the fractional replicate of ik

2  

in ±1 levels, wherein no interaction is confounded with fewer than five factors. 0
n  represents the central points.  
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Let  1 1 1
1- v,m ,r , k ,λ     and  2 2 2

α- v,m ,r ,k , λ    are indicates the design points produced from transposed incidence matrix of 

BIBD with unequal block sizes. Let   1t(k )

1 1 1
1 v, m , r , k , λ 2    are the 1t(k )

1m 2 and   2t(k )

2 2 2
α- v, m , r , k , λ 2   are the 

2t(k )

2m 2 design points produced from BIBD with unequal sizes of blocks by multiplication (cf. (8)). We employ the extra set of 

points like 
1 1 1

(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a );
2 2 2

(±a ,0,...,0),(0,±a ,0,...,0),...,(0,0,...,±a )  are two axial point sets. Here 

1 2

1 1
(a ,0,...,0)2 (a ,0,...,0)2U indicate the 4v axial points produced from 

1
(a ,0,...,0) and 

2
(a ,0,...,0)  point sets. Let U indicate the union 

of design points produced from various point sets and central points represented by 0
n . Following the methods of [19, 20, 32] we 

suggest a method of construction on second type of SOSRD utilizing BIBD with two unequal block sizes as shown in below 

theorem. 

 

1) Theorem (1) 

If  1 2 1 2v, m, r, k , k , m , m , λ  is a BIBD with two unequal block sizes then the design points,  

1 1 1
[1- (v, m , r , k , λ)] * 1t(k )U2 2

1 2

t(k )*

2 2

1 1

02 (a ,0,...,0)2 (a ,0,...,0)2U U[α- (v, m , r , k , U)] 2 (n )λ   

will result in a v-dimensional SOSRD of second type utilizing BIBD with two unequal block sizes in      1 2t(k ) t(k )

1 2 0N= 2 + m 2 + 4v +m n  

design points, with the following biquadratic equation 

  1 2t(k )+3 t(k )+38 8 4 4 6 2 2 6 2 6 2 4 4 2 6

1 2 1 2 1 2 1 2 1 2 1 1 2 1 2 2
[8v-4N](a +a )+[16v-8N]a a +16v(a a +a a )+v r 2 +r 2 α a +a a +a a +a

 
   

1 2 1 2 1 2

1 2 1 1

t(k )+2 t(k )+2 t(k )+1 2t(k )+1 t(k )+t(k )+24 2 2 4 2

1 2 1 2 1 2 4 4

1 2t(k )+1 t(k )+2 t(k )+2 t(k )+24

2 1

vr -5vλ+4λ 2 +vr 2 α +vr 2 +vr 2 α +vr r 2 α
+ a +a

N vλ2 +r 2 α +r 2 -3λ2

 
 
  

 

     

1 2

1 2 1 2 1 2

t(k )+3 t(k )+3 4 2 2

1 2 1 2

t(k )+t(k )+2 t(k )+2 t(k )+2 t(k )+t(k )+22 2 6 4 2 2

1 2 1 2 1 2 1 2

+ vr -5vλ+4λ 2 +vr 2 α a a

vr -5vλ+4λ r 2 α +r 2 +vr 2 α +vr r 2 α a +a

  
   

 2 1 2 1 2 1 1 2 1 23t(k ) t(k )+t(k ) t(k ) t(k )+1 3t(k ) t(k )+2t(k ) 2t(k )+t(k )+13 8 4 2 2 2 4 2

2 1 2 1 2 1 1 2 1 2+vr 2 α +vr r 2 α r 2 +r 2 α + vr -5vλ+4λ r 2 +r 2 α +r r 2 α        

       1 1 2 2
22t(k ) t(k )+t(k ) 2t(k )4 2 8

1 1 2 1 2
+N 2 vλ 5λ-r - r -3λ +2 α r 6λ-2r -vλ -r 2 α =0 

 
                  (9) 

And 1 2t(k )-t(k )4α =2                           (10) 

The design exists if the equation mentioned above (9) contains at least one positive real root. 

 

Proof: Regarding the design points produced from second type of SOSRD utilizing BIBD with unequal block sizes, simple 

symmetry stipulations A, B and C of equation (2) are true. Since condition A of equation (2) is obviously true, condition B and C of 

(2) are also true as follows. 

B. (i) 1 2
2 t(k ) t(k ) 2 2 2
sw 1 2 1 2 2X = r  2 +r 2 α +2 a +2 a = N δ  

(ii) 1 2
4 t(k ) t(k ) 4 4

sw 1 2 4

4

1 2X = r 2 r 2 + 2a + 2a = c N δ+ α  

C. 1 2
2 t(k ) t(k )2 4

sw 4tw
X X =λ2 =λ2 α = N δ                  (11) 

From (11) we have 
   1 2t k -t k4α =2  

From B(ii) and C of (11), we have 
 1 2

1

t(k ) t(k ) 4 4

1 2

4

1 2

t(k )

r 2 r 2 +2 a +a+ α
c=

λ2
.  

The result of simplifying equation [8] by substituting c, 2
δ and 4

δ is  

                                                
*
 

*

1 1 1[1- (v, m , r , k , λ)]  and 
*

2 2 2[α- (v, m , r , k , λ)]  are the design points produced from the blocks of sizes 1 2
 k  and k  respectively from the given 

BIBD with unequal block sizes. 
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     1 2 1 2 1 2
1

1 1

t(k ) t(k ) t(k ) t(k ) t(k ) t(k )4 4 4 4 2 2

1 2 1 2 1 2

2 2
4 4 2t(k )

1 2 1 2 1 2

t(k ) t(k )

r 2 r 2 +2 a +a r 2 r 2 +2 a +a r 2 r 2 +2 a +a+ α + α + αλ2
v 5- - -3 +

N Nλ2 λ2

      
      
      
       

 

 1 2

1

t(k ) t(k ) 4 4

1 2

4

1 2

t(k )

r 2 r 2 +2 a +a+ α
v -5 +4 =0

λ2

  
  
    

                (12) 

The biquadratic equation shown in (9) is obtained by simplifying (12).  

 

2) Example (1) 

Construction on SOSRD of second type for 6-factors utilizing BIBD with two unequal block sizes. 

BIBD with two unequal block sizes for v=6 obtained by deleting a treatment from the BIBD  v=7, m=7, r=3, k=3, λ=1  then the 

design points, 

1 2

t(3) t(2)

1 1 1 2

0

2

1

2

1
(a ,0 ,...,0 )2 (a ,0,...,0)2

[1- (v=6,m =4,r =2,k =3,λ=1)]2 [α- (v=6,m =3,r =1,k =2U U

U U (

,λ
n

=1)]2

=1)
  

will result in a second type of SOSRD utilizing BIBD with two unequal block sizes in N=69 design points with 0
n =1  and 1

a =1 . 

For the design points produced from second type SOSRD utilizing BIBD with two unequal block sizes, simple symmetry 

stipulations A of equation (2) are true. 

Here B and C of equation (11) are 

B. (i) 
2 2 2 2
sw 1 2 2X =16+4α +2a +2a =Nδ  

(ii) 
4 4 4

sw 1 2 4

4
X =16+4α 2a +2a =cNδ+  

C.
22 4

sw 4tw
X X =8=4α =Nδ                                  (13) 

From C of equation (13), we have 4α 2  

From B (ii) and C of equation (13), we have 

4 4

1 224+2a +2a
c= ;

8
 

4α 2    

Substitute c, 2
δ  and 4

δ  in equation (8) and after simplifying, we obtain the biquadratic equation that follows. 

8 8 6 2 2 6 4 4 6 4 2 2 4 6 4 4 2 2

1 2 1 2 1 2 1 2 1 1 2 1 2 2 1 2 1 2

2 2

1 2

228(a +a )-96(a a +a a )+456a a -1039.5(a +a a +a a +a )+1251.8(a +a )+5544.2(a +a )

+512a a -22974.8=0
 

Substitute 1
a 1  in the above equation and on simplification, we get 

8 6 4 2

2 2 2 2228a -1135.5a +668.3a +4920.7a -16990.3=0                  (14) 

Only a single positive real root exists in equation (14) 
2

2 2
a =4.0627 a =2.0156 . The non-singularity criterion D of (4} is fulfilled. 

In this case, it might be noted that SOSRD of second type utilizing BIBD with two unequal block sizes contains 69 design points for 

6 factors, while the corresponding SOSRD of second type obtained utilizing PBD of Ravikumar and Victorbabu [19], SUBA with 

two unequal block sizes of Ravikumar and Victorbabu [20], BIBD of Victorbabu and Ravikumar [32] for 6 factors need 81, 81 and 

85 design points respectively. 

 

3) Example (2) 

Construction on SOSRD of second type for 8-factors using BIBD with two unequal block sizes. 

BIBD with two unequal block sizes for v=8 obtained by deleting a treatment from the BIBD  v=9, m=12, r=4, k=3, λ=1  then the 

design points, 

1

2

t(3) t(2)

1 1 1 2

0

2

1

2

1

(a ,0,...,0)2

(a ,0,...,0)2

[1- (v=8,m =8,r =3,k =3,λ=1)]2 [α- (v=8,m =4,r =1,k =2U U

U U(

,λ
n

=1)]2

=1)
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will result in a second type of SOSRD utilizing BIBD with two unequal block sizes in N=113 design points with 0
n =1  and 1

a =1.  

For the design points produced from second type of SOSRD utilizing BIBD with two unequal block sizes, simple symmetry 

stipulations A of equation (2) are true. 

Here B and C of equation (11) are 

B. (i) 
2 2 2 2
sw 1 2 2X =24+4α +2a +2a =Nδ  

(ii)
4 4 4

sw 1 2 4

4
X =24+4α 2a +2a =cNδ+  

C.  
22 4

sw 4tw
X X =8=4α =Nδ                                (15) 

From C of equation (15), we have 
4α 2  

From B (ii) and C of equation (15), we have 

4 4

1 232+2a +2a
c= ;

8
 

4α 2    

Substitute c, 2
δ  and 4

δ  in equation [8] and after simplifying, we obtain the biquadratic equation that follows. 

8 8 6 2 2 6 4 4 6 4 2 2 4 6 4 4 2 2

1 2 1 2 1 2 1 2 1 1 2 1 2 2 1 2 1 2

2 2

1 2

388(a +a )-128(a a +a a )+776a a -1898.04(a +a a +a a +a )+4135.54(a +a )+3796.08(a +a )

+256a a -22479.06=0
 

Substitute 1
a 1  in the above equation and on simplification, we get 

8 6 4 2

2 2 2 2388a -2026.04a +3013.5a +2026.04a -16057.5=0               (16) 

Only a single positive real root exists in equation [16] 
2

2 2
a =3.5442 a =1.8826 . The non-singularity criteria D of (4) is fulfilled.  

In the context of 8-factors, this new approach contains 113 design points, while the corresponding SOSRD of second type obtained 

utilizing PBD of Ravikumar and Victorbabu [19], SUBA with two unequal block sizes of Ravikumar and Victorbabu [20], BIBD of 

Victorbabu and Ravikumar [32] for 8 factors need 273, 129 and 145 design points respectively.  

The Appendix table gives the appropriate SOSRD of second type values of 2
a for designs utilizing BIBD with unequal block sizes 

for 3≤v≤16. 
 

IV. CONCLUSION 

In this paper, second type of SOSRD utilizing BIBD with unequal block sizes is suggested. It is observed that the proposed 

procedure can generate designs with fewer design points than SOSRD of second type acquired utilizing PBD, SUBA with two 

unequal block sizes and BIBD. 
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VI. APPENDIX 

Table: Values of 2
a  taking 1

a =1  for second type of SOSRD utilizing BIBD with unequal block sizes for 3≤v≤16. [These are 
SOSRDs of second type with design points  

1 2

1 2

t(k ) t(k )* *

1 1 1 2 2 2

1 1

0(a ,0,...,0)2 (a ,0,...,0)2[1- (v, m , r , k , λ)] 2 [α- (v, m , r , k , λ)] 2U U U U(n )  ]  

BIBD design 

(v,m,r,k,λ)  

BIBD with unequal block sizes 

1 1 1 2 2 2
(v,m ,r ,k , ),(v,m ,r ,kλ ,λ)  

n0 N a2 

(4,6,3,2,1) (3,3,2,2,1) (3,3,1,1,1) 1 31 1.8450 

(5,10,4,2,1) (4,6,3,2,1) (4,4,1,1,1) 1 49 1.7757 

(6,15,5,2,1) (5,10,4,2,1)(5,5,1,1,1) 1 71 1.7129 

(7,7,3,3,1) (6,4,2,3,1) (6,3,1,2,1) 1 69 2.0156 

(8,28,7,2,1) (7,21,6,2,1) (7,7,1,1,1) 1 127 1.5938 
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* *

1 1 1 2 2 2* [1- (v, m , r , k , λ)]  and [α- (v, m , r , k , λ)]  are the design points produced from the blocks of sizes 1 2
 k  and k  

respectively from the given BIBD with unequal block sizes. 
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