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Abstract: Set theory provides a common language for mathematical structures, while descriptive set theory investigates how 
subsets of well-behaved topological spaces can be classified by the complexity of their definitions. This paper presents a coherent 
foundational account of sets, common types of sets, elementary set operations, and principal algebraic properties, before 
introducing the topological framework of descriptive set theory. Definitions and illustrative examples are given for empty, 
singleton, finite, infinite, countable, uncountable, equal, equivalent, disjoint, and power sets. Basic identities are stated and 
proved using element-wise reasoning. The paper then defines topological spaces, Polish spaces, Borel sets, and the Borel 
hierarchy, and explains the role of descriptive classifications in the study of real numbers and other Polish spaces. The work is 
expository and foundational: its contribution is the structured presentation connecting elementary set operations with 
definability in topology, not a claim of a new theorem. 
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I. INTRODUCTION 
A set is a collection of distinct objects, called elements, considered as a single mathematical object. Modern mathematics uses sets 
to describe number systems, functions, relations, algebraic structures, and topological spaces. The elementary language of 
membership and inclusion is therefore not merely introductory notation: it is part of the formal framework in which mathematical 
objects and arguments can be represented. 
Naive set formation—assuming that every verbal property determines a set—can lead to contradiction. Russell's paradox illustrates 
this difficulty, and axiomatic systems such as Zermelo–Fraenkel set theory (ZF), commonly considered with the Axiom of Choice 
(ZFC), restrict set formation through formal axioms. Descriptive set theory studies a different but related question: when a set of 
points in a topological space is described by a specified class of operations or definitions, what structural properties follow from that 
description? (Moschovakis, 2009; Kechris, 1995). 
The aim of this paper is to present the basic types and properties of sets and then show how these ideas extend into descriptive set 
theory. The discussion is a literature-based foundational exposition. No claim is made that the standard identities or theorems 
presented here are new. 
 

II. BASIC DEFINITIONS AND NOTATION 
A. Set and Membership 
A set A is specified by its elements. The notation x ∈ A means that x is an element of A, while x ∉ A means that x is not an element 
of A. The extensionality principle states that two sets are equal exactly when they have the same elements: A = B if and only if for 
every x, x ∈ A ⇔ x ∈ B. 
 
B. Subset and Proper Subset 
For sets A and B, A ⊆ B means that every element of A is also an element of B. A is a proper subset of B, written A ⊊ B, when A ⊆ 
B and A ≠ B. For example, {1, 2} ⊊ {1, 2, 3}. 

 
C. Universal set and complement 
In a fixed discussion, a universal set U is the domain of objects under consideration. The complement of A relative to U is Aᶜ = U \ 
A = {x ∈ U : x ∉ A}. Complements must always be interpreted relative to a specified universe. 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538 

                                                                                                                Volume 14 Issue X Oct 2026- Available at www.ijraset.com 
     

 
1453 ©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 

III. COMMON TYPES OF SETS 
1) Empty set: The set with no elements, denoted ∅. It is a subset of every set. 
2) Singleton set: A set containing exactly one element, such as {a}. 
3) Finite set: A set whose elements can be listed using a finite number of entries. 
4) Infinite set: A set that is not finite; for example, ℕ = {0, 1, 2, …}. 
5) Countable set: A set that is finite or can be placed in bijection with ℕ. Some authors use 'countably infinite' specifically for the 

infinite case. 
6) Uncountable set: A set that is not countable. The real numbers ℝ are uncountable. 
7) Equal sets: Sets A and B are equal if they contain exactly the same elements, irrespective of order or repetition in a written 

listing. 
8) Equivalent sets: Sets A and B are equivalent in cardinality if there is a bijection from A to B. 
9) Disjoint sets: Sets A and B are disjoint if A ∩ B = �. 
10) Overlapping sets: Sets A and B overlap if A ∩ B ≠ �. 
11) Power set: The power set (A) is the set of all subsets of A, including � and A. 
12) Pairwise disjoint family: A family (Aᵢ) is pairwise disjoint when Aᵢ ∩ Aⱼ = ∅ whenever i ≠ j. 
 

IV. FUNDAMENTAL SET OPERATIONS 
1) Union: A ∪  B = {x : x � A or x � B}. 
2) Intersection: A ∩ B = {x : x � A and x � B}. 
3) Difference: A \ B = {x � A : x � B}. 
4) Symmetric difference: A △ B = (A \ B) ∪  (B \ A), the elements belonging to exactly one of A and B. 
5) Cartesian product: A × B = {(a,b) : a � A and b � B}. 
6) Power set: (A) = {B : B ⊆ A}. 
 

V. FUNDAMENTAL PROPERTIES OF SETS 
Let A, B, and C be subsets of a fixed universe U. 
1) Commutative laws: A ∪  B = B ∪  A;  A ∩ B = B ∩ A. 
2) Associative laws: (A ∪  B) ∪  C = A ∪  (B ∪  C);  (A ∩ B) ∩ C = A ∩ (B ∩ C). 
3) Distributive laws: A ∩ (B ∪  C) = (A ∩ B) ∪  (A ∩ C);  A ∪  (B ∩ C) = (A ∪  B) ∩ (A ∪  C). 
4) Identity laws: A ∪  � = A;  A ∩ U = A. 
5) Domination laws: A ∪  U = U;  A ∩ � = �. 
6) Idempotent laws: A ∪  A = A;  A ∩ A = A. 
7) Complement laws: A ∪  Aᶜ = U;  A ∩ Aᶜ = �;  (Aᶜ)ᶜ = A. 
8) De Morgan laws: (A ∪  B)ᶜ = Aᶜ ∩ Bᶜ;  (A ∩ B)ᶜ = Aᶜ ∪  Bᶜ. 
9) Absorption laws: A ∪  (A ∩ B) = A;  A ∩ (A ∪ B) = A. 
 

VI. PROPOSITIONS AND PROOFS 
Proposition 1. The empty set is a subset of every set. 
Proof. By definition, ∅ ⊆ A means that every x satisfying x ∈ ∅ also satisfies x ∈ A. There is no x ∈ ∅. Hence there is no 
counterexample to the implication, and ∅ ⊆ A. ∎ 
Proposition 2. A ⊆ B if and only if A ∩ B = A. 
Proof. Suppose A ⊆ B. An element x belongs to A ∩ B exactly when x ∈ A and x ∈ B. Since x ∈ A implies x ∈ B, this condition is 
equivalent to x ∈ A; thus A ∩ B = A. Conversely, suppose A ∩ B = A. If x ∈ A, then x ∈ A ∩ B, so x ∈ B. Therefore A ⊆ B. ∎ 
Proposition 3. De Morgan's laws hold for complements relative to U. 
Proof. For any x ∈ U, x ∈ (A ∪ B)ᶜ exactly when x ∉ A ∪ B. This is equivalent to (x ∉ A and x ∉ B), or x ∈ Aᶜ ∩ Bᶜ. Hence (A ∪ 
B)ᶜ = Aᶜ ∩ Bᶜ. Similarly, x ∈ (A ∩ B)ᶜ if and only if x ∉ A or x ∉ B, which is equivalent to x ∈ Aᶜ ∪ Bᶜ. ∎ 
Proposition 4. If A is finite, then its power set has 2ⁿ elements when |A| = n. 
Proof. Each element of A can either be included in a subset or excluded from it. These two choices are independent for each of the n 
elements, so the total number of subsets is 2 × 2 × … × 2 = 2ⁿ. Equivalently, there are 2ⁿ characteristic functions from A to {0,1}, 
each corresponding to one subset. ∎ 
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Proposition 5. Cantor's theorem: no set is in bijection with its power set. 
Proof. For any set A, the map a ↦ {a} gives an injection from A into (A). To show there is no surjection f: A → (A), suppose such 
an f exists and define D = {a ∈ A : a ∉ f(a)}. Since D ⊆ A, we have D ∈ (A). Surjectivity would give d ∈ A with f(d) = D. Then d ∈ 
D if and only if d ∉ f(d) if and only if d ∉ D, a contradiction. Thus no such surjection exists and |A| < |(A)|. ∎ 
 

VII. AXIOMATIC CAUTION: PROPERTIES DO NOT AUTOMATICALLY DEFINE SETS 
In informal reasoning it is tempting to assume that any property P(x) determines a set {x : P(x)}. Unrestricted comprehension leads 
to Russell's paradox. If R = {x : x ∉ x}, then R ∈ R if and only if R ∉ R. Axiomatic set theories avoid this contradiction by 
restricting set formation. In ZF, the Separation schema permits subsets defined by a formula only within an already given set: for 
any set A, {x ∈ A : P(x)} is a set. This distinction between a definable collection and a set is foundational for both logic and 
descriptive set theory (Jech, 2003; Stanford Encyclopedia of Philosophy, 2023). 
 

VIII. INTRODUCTION TO DESCRIPTIVE SET THEORY 
Descriptive set theory (DST) studies definable subsets of topological spaces, especially Polish spaces, and the structural 
consequences of their definitions. A Polish space is a topological space whose topology is induced by some complete metric and 
which has a countable dense subset. The real line ℝ, Cantor space 2^ℕ, and Baire space ℕ^ℕ are standard examples. The word 
'descriptive' refers to the complexity of ways in which sets can be described, not merely to ordinary verbal descriptions. 
 
A. Open and closed sets 
In a topological space X, a set U ⊆ X is open if it belongs to the topology. A set F ⊆ X is closed if X \ F is open. A set may be both 
open and closed (clopen), or neither. For example, in ℝ with the usual topology, (0,1) is open and [0,1] is closed. 
 
B. Borel sets 
The Borel σ-algebra on X, denoted ी(X), is the smallest σ-algebra containing all open subsets of X. A σ-algebra is a family closed 
under complements and countable unions (and therefore countable intersections). Thus every open set is Borel, every closed set is 
Borel, and Borel sets are preserved under countable unions, countable intersections, and complements. 

 
C. The Borel hierarchy 
For Polish spaces, the Borel hierarchy organizes sets by the countable operations used to construct them. At the first levels, Σ⁰₁ 
consists of open sets and Π⁰₁ of closed sets. Σ⁰₂ consists of countable unions of closed sets (Fσ sets), while Π⁰₂ consists of countable 
intersections of open sets (Gδ sets). Higher levels are defined by iterating countable unions and complements through countable 
ordinal stages. The hierarchy gives a systematic measure of descriptive complexity; it is not simply a classification by cardinality. 
 
D. Analytic sets 
In a Polish space, an analytic set is commonly characterized as a continuous image of a Polish space, or equivalently as a projection 
of a Borel subset of a product of Polish spaces. Analytic sets include all Borel sets, but not every analytic set need be Borel. 
Analytic sets have important regularity and separation properties and are central to the projective hierarchy (Kechris, 1995; 
Moschovakis, 2009). 

IX. ILLUSTRATIVE EXAMPLES 
Example 1 (set operations). Let U = {1,2,3,4,5}, A = {1,2,3}, and B = {3,4}. Then A ∪ B = {1,2,3,4}, A ∩ B = {3}, A \ B = {1,2}, 
and Aᶜ = {4,5}. 
Example 2 (countability). The set of integers ℤ is countably infinite because its elements can be listed as 0, 1, −1, 2, −2, 3, −3, …. 
The rational numbers ℚ are also countable: fractions can be arranged in a countable grid and enumerated diagonally, omitting 
duplicates. 
Example 3 (uncountability). Cantor's diagonal argument shows that (0,1) is uncountable. If all its decimal expansions were listed, 
one could construct a decimal whose nth digit differs from the nth digit of the nth listed number (using a convention avoiding 
ambiguous tails of 9s). The constructed number would not appear in the list. 
Example 4 (Borel classification). Every open interval (a,b) in ℝ is Borel. A closed interval [a,b] is Borel because it is closed. A 
countable union of closed intervals is an Fσ set and hence Borel; a countable intersection of open sets is a Gδ set and also Borel. 
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X. DISCUSSION AND SIGNIFICANCE 
Elementary set theory supplies the operations and membership language needed to define mathematical objects precisely. Its 
identities can be proved by translating equations into statements about arbitrary elements. Axiomatic restrictions are necessary 
because unrestricted property-based set formation is inconsistent. Descriptive set theory extends this foundational perspective by 
asking how the topological and logical form of a definition constrains a set's behavior. The distinction between cardinality and 
descriptive complexity is especially important: two sets may have the same cardinality but occupy different levels of the Borel 
hierarchy, while sets at a given descriptive level may vary substantially in size and structure. 
 

XI. CONCLUSION 
This paper has reviewed common set types, fundamental operations, standard identities, and selected proofs, then introduced 
descriptive set theory through Polish spaces, Borel sets, the Borel hierarchy, and analytic sets. The elementary and descriptive 
viewpoints are connected by a shared emphasis on precise definitions and formal reasoning. The paper is a foundational synthesis of 
established material rather than an original-theorem paper. For submission as an original research article, a specific new problem, a 
verifiable contribution, and a detailed comparison with current literature would be required. 
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