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L. INTRODUCTION
Nobusawa[5] studied the concept of gamma semiring as a generalization of ring after that Sen introduced the gamma semigroups as a
generalization of gamma groups. Murali Krishna Rao[6] in 1995 introduced the notion of gamma semiring as a generalization of
gamma ring, ring, ternary semiring and semiring.The important reason for development of gamma semiring is a generalization of
results of rings, gamma rings, semirings, semigroup and ternary semirings.
Zadeh[12] studied the notion of fuzzy set theory. Atanassov [2] introduced intuitionistic fuzzy sets as a generalization of fuzzy sets. In
intuitionistic, the sum of membership degree and non-membership degree should not exceed one. Yager [10] initially introduced the
concept of Pythagorean fuzzy sets. In a Pythagorean fuzzy sets, the sum of the squared membership and non-membership degrees
satisfies the condition. More recently, Yager [10, 11] proposed Pythagorean fuzzy sets as a powerful tool for effectively managing
uncertainty or imprecise information in real-world scenarios. These sets enforce a constraint where the sum of squares of membership
and non-membership degrees is less than or equal to 1.
Pythagorean fuzzy sets have showcased remarkable efficacy in navigating uncertainties, prompting a surge of scholarly exploration
across diverse research avenues, resulting in significant progress. The conceptualization of Pythagorean fuzzy sets facilitates a more
comprehensive and accurate portrayal of uncertain information when juxtaposed with intuitionistic fuzzy sets. Across various
disciplines, academics have meticulously examined the algebraic attributes of Pythagorean fuzzy sets, shedding light on their practical
applications and foundational theoretical constructs. Many authors studied the algebraic structures of Pythagorean fuzzy sets
This paper is structured into three sections. The first and second sections serve as the introduction and cover basic results pertinent to
the paper’s topic. In the third section, we introduce anti Q-Pythagorean fuzzy ideals in semirings and some interesting properties this
ideals are discussed.
1. PRELIMINARIES
In this section we present the basic concepts related to this paper.
1) Definition 2.1 [6] if (R,+) and (I",+) be two commutative semigroups then R iscalleda I' semiring if there exists a mapping
R x T xR denoted by ayp forall @, € R and y € I" satisftying the followimg properties, ay(8 +v) = ayp + ayv,
(B +v)ya = Bya +vya, a(y +y,)v =ayv +ay,v, ay(By,v) = (ayB)y,v forall a,f,v €R and y,y, €.
2) Definition 2.2 [6] Define addition in the following way A,B € R,y € I , let AyB denote the ideal generated by {ayB/a, B €
R}. Then R is a I'-semiring.
3) Definition 2.3 [6] A I'-semiring R is said to be commutative if ayfs = fya, forall a,f €R and y €T
4) Definition 2.4 [6] A I'-semiring R is said to have a zero element if 0Ofa =0=af0 and a +0=a =0+« ,(forall a €R
and y €T.
5) Definition 2.5 [6] R is said to have a identity element if there exists y € I' such that 1ya = a = ayl for all a € R.
6) Definition 2.6 [6] R is said to have a strong identity element if for all « € R, lya = a = ayl forall y € I.
7) Definition 2.7 [6] A non empty subset R of a I"'-semiring R is said to be a subI"semiring of R if (R, +) is a sub semigroup of
(R,+) and ayB €R foralla, S €ER and y €T
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8) Definition 2.8 [6] A non empty subset R of a I'-semiring R is called an ideal if «, 8 € R impliesa+B8 €R and a € R,a €ER
and y € I implies aya € R and aay € R.

9) Definition 2.9 [10] Let X be a non empty set. A Pythagorean Fuzzy Set 2 in X is givenby A = {a,?lx(a),?ly(a)/a € X}
where A,:X — [0,1] and2,: X — [0,1] represent the degree of membership and degree of non membership of A respectively.
Also, U, and %A, satisfies the condition (U,)? + (A,)*> <1 forall a € X.

Ill.  ANTIQ - PYTHAGOREAN FUZZY IDEALS IN SEMIRING
In this section S denotes Semiring(S).

1) Definition 3.1 Let P = (up,9p) be an anti Q-Pythagorean fuzzy subset of a semiring S and vx,y € S,q € Q.
(@) wp(x+y,q) < max{up(x,q), up (v, }; 9p(x +y,q) = min{dp(x,q), 9 (v, 9)}

(@) wpp(xy,q) < max{up(x, @), up (v, q)}; 9p(xy,q) = min{Ip(x, q), 9 (v, q)}
Then P = (up,9p) is called an anti Q-Pythagorean fuzzy subsemiring of S.

2) Definition 3.2 Let P = (up,9p) be an anti Q-Pythagorean fuzzy left ideal of S, if P satisfies the following conditions,
Vx,y €S,q €Q.
(@) wp(x+y,q) < max{up(x,q), up (v, }; 9p(x +y,q) = min{dp(x,q), 9 (v, )}
@) wp(xy,q) < pp(v.q); 9p(xy.q) 2 9p(v.q)

3) Definition 3.3 Let P = (up,9p) be an anti Q-Pythagorean fuzzy right ideal of S, if P satisfies the following conditions,
Vx,y €S,q €Q.
(@) wp(x+y,q) < max{up(x,q), up (v, }; 9p(x +y,q) = min{dp (x,q), 9 (v, 9)}
@) wp(xy.q) < pp(x,q); 9p(xy. q) 2 9p(x,q).

4) Theorem 3.4 Intersection of non empty collection of anti Q-Pythagorean fuzzy right (resp. left) ideals is also an anti
Q-Pythagorean fuzzy right (resp. left) ideal of semiring S.
Proof. Let {P; = (u;,9;)|i € I} be a non empty family of anti Q-Pythagorean fuzzy right ideals of semiring S and

x,y €S,q €Q.

Then
U i +,q) = supfu(x +y.q)}
< suptmaxtu (e ) 10
= max{sitelpm(x, q9), Sité!om(y, q)}
= max{U;; 1:(x,q), Uie; 1; (¥, 9)}.
Also
ﬂ 9,(x +) = Inf{o,(x + y, )}
Le{z inf{max{9, (x.q), 9;(v, O}
= mininfd; (x, q), inf; (v, 4)}
= min{N;e; 9;(x, q), Nier 9: (v, D)}
Moreover

U pi(xy,q) = Sité!o{ui(xy, q)}

< Sitép{ui(x, q)}
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= Ujer wi(x,9).
Finally

() 9@y @) = infto, Gy, a3}

i€l
> inf{8,(x, 9)}

= Nies Yi(x, q).
Hence N;¢; P; is an anti Q-Pythagorean fuzzy right ideals of semiring S.
Similarly, we can prove the result for Pythagorean fuzzy left ideal also.

5) Theorem 3.5 Union of a non empty collection of anti Q-Pythagorean fuzzy right (resp. left) ideals is also an anti Q-Pythagorean
fuzzy right (resp. left) ideal of semiring S.
Proof. Let {P; = (u;,9;)|i € I} be a non empty family of anti Q-Pythagorean fuzzy right ideals of semiring S and

x,y €S,q €Q.

Then
ﬂ w(x +,) = inf{u; (x + 7, 9)}
i€l
= infmin{u; (x, @), i (v, O3
= mln{llg}clh (x! q)! Ilg}r:ul (y! q)}
= min{N;e; (%, 9), Nies (v, P}
Also
U Bi(x +y,q) = SUp9, (x +,9)}
i€l '
< s.Lélp{max{ﬁi(x, q),9;(y. 3}
= max{supd;(x, q), supd; (v, q)}
i€l 434
= max{U;¢; 9;(x, q), U;c; 9; (¥, 9)}.
Moreover
() v = influ ey, a3}
i€l
= Inf{p;(x, @)}
= Nier ti(x,q)-
Finally

| #i6o) = supaior.

< sup{d;(x, q)}

1€l
= Uies 9i(x, q).
Hence U;¢; P; is an anti Q-Pythagorean fuzzy right ideals of S.
Similarly, we can prove the result for an anti Q-Pythagorean fuzzy left ideal also.

6) Definition 3.6 Let P, = (u,9;) and P, = (u,,9,) be an anti Q-Pythagorean fuzzy subsets of semiring S. The cartesian
product of P, and P, is defined by
(i) 1y > 2 ((xy), @) = max{py (x, q), 12 (v, @)}
(i) 91 x 9,((x,¥).q) = min{d; (x,q),9,(y,q)}, forall x,y € S,q € Q.
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7) Theorem 3.7 Let P, and P, be an anti Q-Pythagorean fuzzy left ideals of semiring S. Then P, x P, is an anti Q-Pythagorean
fuzzy left ideal of semiring S x S.
Proof. Let (x;,%,), (¥1,¥,) €ES % S,q €Q.
Then
(pg > pz)(Ceg,x2) + (V1. ¥2) @) = (g > p2) (X1 +¥1,9), (x2 +¥2,9))

= max{u, (x; + y1,9), 42 (x2 + ¥2,9)}

< max{max{u, (x1, q), 1 (v1, @)} max{uz (x2, ), p2 (v2, 91}

= max{max{u, (x1, q), uz (x2, @)}, max{u; (v1, ), k2 (v2, 13
= max{(uy * p2) (X1, %2,9), (i % U2) V1, Y2, }-

(uq > pa) (g, 22) 1, ¥2), @) = (g % 1) (1)1, 9), (X2Y2,q)

= max{u; (x1¥1, Q) U2 (X2Y2, )}
< max{p; (1, @), 12 (V2. 9)}

= (uy > t2)((r1,52), Q)

(91 % 05)(Ce1, x2) + (¥1,¥2),q) = (F1 X 92)(x1 + y1,%2 +¥2,q)
= min{d; (x; +¥1,9), 92 (xz + ¥2,9)}
= min{min{9, (x1, q), 91 (v1, )}, min{I, (x2, q), 9, (v2, 9)}}
= min{min{I, (x1, q), 9, (xz, )}, min{d1 (y1,q), 9, (v2, 9)}}
= min{(9; * I,)(x1, %2, 9), (91 X ) V1, Y2, 9)}-

(91 % 9,)(Ce1, x2) V1, ¥2), @) = (91 % 92)((x1Y1, %2¥2), q)
= min{Y,; (x11,9), 9, (x2¥2, )}
= min{9; (v1,q), 9, (y2,9)}
= (91 X 9)((V1.¥2).9)-

Therefore P, x P, is an anti Q-Pythagorean fuzzy left ideal of semiring S x S.

8) Theorem 3.8 Let P be an anti Q-Pythagorean fuzzy subset of semiring. Then P is an anti Q-Pythagorean fuzzy left ideal of
semiring S if and only if P x P is an anti Q-Pythagorean fuzzy left ideal of semiring S % S.
Proof. Consider P is an anti Q-Pythagorean fuzzy left ideal of semiring S. Then by Previous theorem P x P.
Conversely P x P is an anti Q-Pythagorean fuzzy left ideal of S x S, for all x;,x,,y,,y, €S,q € Q.
Then
max{u(x; + y1,4), u(xz + y2, @)} = p < p((x1 + y1, %2 + ¥2),q)
= (> {((xq,x2) + (71, 720D}
< max{(u x 1) ((x1,%;), @), (1 % 1) ((y1,y2))}

= max{max{u(x, q), u(xz, )}, max{u(y,, q), u(y2 )1}
Next
we have

max{u(x1y1, ), 1(x2y2, @)} = (U > W) ((X1¥1.X2¥>). q)

= (> {1, 22) (1, 52), @)}
= (ux {1 y2). 4}
= max{u(y1,q), u(y2. 0)}
Also
min{9(x; +y1,q), 9(x; +y2,@)} =9 x I((x1 + y1,%2 +¥2).q)
= (0 x 9H{((x1, x2) + (v1,¥2) )}
2 min{(@ x 9)((x1,x2),9), @ * 9)((y1,¥2). 0)}

= min{min{d (x,, g), 9(x2, @)} min{d(y1,q), (2. 9)}}
And

min{d(x1y1,9), 9(x2y2, @)} = (9 * 9)((x11,%2Y2). 9)
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= (9 x IN((x1, x2) (Y1, ¥2).9)}
= x9){(r1.v2).q}
= min{d(y1,9),9(y2 q)}
Hence P is an anti Q-Pythagorean fuzzy left ideal of semiring S.

9) Theorem 3.9 If P, P, be any two anti Q-Pythagorean fuzzy ideals of semiring S, then P, + P, is also so.
Proof. Consider P,, P, are any two anti Q-Pythagorean fuzzy ideals of semiring S and x,y € S,q € Q.

Then
(i + o) +y q) = inf {max{u, (¢, q). uz(d, )}}
s x+ys(a1+b1)+(a2+i121;=(a1+a2)+(b1+b2){max{'u1(al +ay,q), 1o (by + by, q)}}
< inf{max{u, (a,, 9), 12 (az, @)}, max{u,(by, q), p2 (b2, )3}
= max{_inf {max{i (a,0).a by, )0t {max{us (a2, ). O}
= max{(uy + p2)(x,q), (11 + 1) (v, @)}-
Also
9, +9)(x +y,q) = x+5yLiE+d{min{l91(CyQ)yﬁz(dy QO
= sup {min{d;(a; + a,, q), 9, (b, + b;,q)}}

x+y<(ai+bq)+(az+by)=(ai+az)+(b1+b3)
= sup{min{d, (a,, q), 9,(a,, q)}, min{d, (by, q), 9, (b, q)}}
=min{ sup {min{Y,(a;,q),9,(by, q)}} sup. {min{9;(a,, q), 9, (b2, @)}1}}

x<ai+bq y<a

= min{(d; + 9,)(x, q), (9, +I,)(v, 9)}.
Now let as consider P;, P, are anti Q-Pythagorean fuzzy right ideals and we have

iy + p2)(xy,q) = inf {max{us (e, q). u2(d )1}
< o nt o imax{u (x1y,q), 2 (X2, @)1}

xy<(x1+x2)y
< xs(jCTIxz){maX{ﬂ1(x11 q), 4z (x2, @)}
= (u +u)(x,q).
Then
9, +9,)(xy,q) = supd{min{ﬁl(c, q).9,(d, )}}
xysc
2 sup  {min{I; (x,¥, ), 9, (x,y, @) }}
xys(x1+x2)y
2 <(5UE ){min{ﬁl(xl,q),192(x2,q)}}

= (9, +9,)(x,q).
Similarly assuming P,, P, are anti Q-Pythagorean fuzzy left ideal,
we can show that (P, + P,)(xy) = (P, + P,) ().
Also

(ug + 1) (x,q) = ijCTIxz{maX{yl(xl, q), 1, (x5, )3}
S xsyisgf+y2{max{ﬂ1(Y1v q) 42 (¥2,9)}}

= inf {max{u; (1, ), . (2. DI}

ysyi1+y2
=+ 1) q)

and
9, +9,)(x,q) = sup {Min{I;(x1,q),9,(x2, q)}}

X<x1+Xp
= sup  {min{d;(y1,9), 9, (v, @)}}
XsSysy1+y»

= sup {min{9,(y1,q), 9. (¥2, Q)}}

ysy1ty2
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=01 +9)(v, q).

Hence P, + P, is an anti Q-Pythagorean fuzzy ideal of semiring S.

10) Theorem 3.10 If P;, P, be any two anti Q-Pythagorean fuzzy ideals of semiring S, then P, o P, is also so.
Proof. Let P,, P, are any two anti Q-Pythagorean fuzzy ideals of semiring S and x,y € S,q € Q.
Then
(opp)(x+y) = inf {max{u,(c), u2(d)}}

x+ysc+d
< inf max{u,(c; +c;),u,(d, +d
x+y5(01Vd1)+(02Vd2)5(01+02)1’(d1+d2){ e 2): #2(ds 2}

< inf{max{u, (1), 11 (c2)} max{p, (d,), u,(d;)}}
= max{_inf_ {fmaxti (e, int, fmaxii (e, ()

= max{(u; o ) (x), (uy © 1))}
Also

(F129)(x +y) = x+5yLiFC)+d{min{l91(C)ﬂ92 (D}
= sup {min{9;(c; + ¢;), 9,(d; +dy)}}

x+ys(c1ydq)+(c2ydz)s(c1+cz)y(d1+dz)
= sup{min{¥, (c1), 91 (c2)}, min{I, (d,), 9, (d;)}}
= min{ sup {mMin{d;(c1),9,(d1)}}, sup {min{d;(c;) 9,(d;)}}}

x<cqdq y<cpdy

= min{(¥; ° 9,)(x), (9, circd,)(y)}.
Now let as consider P;, P, are anti Q-Pythagorean fuzzy right ideals and we have

(1 o) (xy) = xyi Sﬂjy Amax{ui(c), uz2 (d)}}
< inf o {max{u, (x1vy), 1, (¥ )1}

xy<(x1x2)Yy
= xS(JiCT;xz){maX{ul (xl)’ Ha (xZ)}}
= (uy © uz)(x).
and
(9 2 8:)(x7) = sup {min{9, (). 8:(}
= sup  {min{d; (x1yy), 92 (x,vy)}}
xXy<(x1%2)vy
> sup {min{9;(x,),9,(x,)}}
x2(x1¥x2)

= (91 ° 9,) ().
Similarly assuming P,, P, are anti Q-Pythagorean fuzzy left ideal,
we can show that (P, o P,)(xy) = (P, o P,)(y).
Also

(g o px)(x) = xSLT}txz{maX{ﬂAxl)vﬂz (x2)}}
< __inf {max{u (1), k2 (v2)1}

XSYSY1VY2

= inf {max{u; (y1), u,(v2)}}

Y<Y1YY2

= (o 142) ()
and
(91 °9,)(x) = sup {min{I; (x,), 9, (x,)}}

XSX1YX2

= sup  {min{9, (1), 9, (v2)}}

XSY<SYy1YY2

= sup {min{d; (1), 9, (y)}}

YSY1VY2

= (9, 2 9) ).
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Hence P; o P, is an anti Q-Pythagorean fuzzy ideal of semiring S.

11) Definition 3.11 A Pythagorean fuzzy subset P = (u,9) is called an anti Q-Pythagorean fuzzy bi-ideal of semiring S, for all
x,y,Z€S5,q €Q.
(i) uCx +y) < max{u(x), u(y)}:9(x +y) =2 min{d(x), 9(y)}
(i) p(xy) = max{u(x), u(¥)}9(xy) = min{d(x), 9(y)}
(iii) u(xypBz) < max{u(x), u(2)};9(xypBz) = min{d(x),9(2)}

12) Theorem 3.12 Intersection of a non empty collection of anti Q-Pythagorean fuzzy bi-ideals is also anti Q-Pythagorean fuzzy
bi-ideal of semiring S.
Proof. Let {P;, = (i;,9;)|i € I} be a family of anti Q-Pythagorean fuzzy bi-ideals of semiring S and x,y € S, q € Q.

Then
U wi(xypz) = Sitélp{lli(XYﬁZ)}
< supfmax(u (). i
= max{siLélpui(x), silé?.ui(z)}
= max{U;e; p;(x), Uses 1:(2)}.
Finally

() #:Gvp2) = infts,eypa))
i€l
> inf{min{9, (x), 9:(2)}}
= min{inf9,(x), inf9;(2)}
= min{N;e; 9;(x), Nies 9:(2)}-
Hence P; is an anti Q-Pythagorean fuzzy bi-ideal of semiring S.

13) Theorem 3.13 Let P, and P, be two anti Q-Pythagorean fuzzy bi-ideal of semiring S. Then P is an anti Q-Pythagorean fuzzy
bi-ideal of semiring S.
Proof. Let x,y,z € S,q € Q.
(11 - ) (x + y) = max{u; (x + y), 1, (x + )}
< max{max{u; (x), 1 ()}, max{u, (x), o ()}
= max{max{u, (x), u, (x)}, max{u; (), 2 ()}
= max{(u; - 12) (%), (11 - 12) ()}
and
@1 - 92)(x +y) = min{d, (x + y), 9, (x + ¥)}
= min{min{v; (x), 91 ()}, min{9, (x), 9, (v)}}
= min{min{v; (x), 9, (x)}, min{9; (y), 9, (v)}}
= min{(¥, - 9,)(x), (¥; - 9,)(¥)}.
Next
(11 - p2)(xy) = max{u, (xy), p, (xy)}
< max{max{u; (x), 1 ()}, max{u, (x), o ()}
= max{max{u, (x), u, (x)}, max{u; (), > ()}
= max{(u; - (%)), (U1 - 2 (1))}

and
(9, - 9,)(xy) = min{I; (xy), I, (xy)}
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> min{min{¥; (x), 91 ()}, min{9, (x), 9. (")}
= min{min{d, (x), 9, (x)}, min{d, (), 9, (y)}}
= min{(¥; - 9,(x)), ¥, - 9, (¥))}

Also
(11 - u2)(xyBz) = max{u, (xypz), u, (xypz)}
< max{max{u, (x), iy (2)}, max{u, (x), uz (2)}}
= max{max{u, (x), uz (x)}, max{u, (2), u, (2)}}
= max{(ﬂ1 Tl (x)), (.u1 Tl (x))}
and

(91 - 9,)(xyBz) = min{d; (xyBz), 9, (xyBz)}

> min{min{d; (x), 91 (2)}, min{9, (x), 9,(2)}}

= min{min{?; (x), 9, (x)}, min{d, (2), 9, (2)}}
= min{(¥; - 9,(x)), (¥; - 9,(2))}.

Hence P, and P, isan anti Q-Pythagorean fuzzy bi-ideal of S.

14) Definition 3.14 The product of P, and P, is a Pythagorean fuzzy subset P, o P,: S — [0,1] by
(PRI Sulg{min{ul(b),uz ©
a=bc

(8 °9,)(a) = Inf {max{d, (b), 8(c)}}

15) Theorem 3.15 If P;, P, be any two anti Q-Pythagorean fuzzy bi-ideals of semiring S, then P, o P, is an anti Q-Pythagorean
fuzzy bi-ideal of S.

Proof. Let P,, P, are any two anti Q-Pythagorean fuzzy ideals of semiring S and x,y € S, y €T
Then

(op)(x+y)=_ Inf {max{u(c) pz(d)}}
y<c+d
- 75"'3’5(6'11”11)"’(021’I¢£]21;5(C1+02)1’(‘11"'112){mIn{'ul(C1 *C2): (s + )}

< inf{max{u, (¢1), 11 (1)} max{u,(d,), p2(d2)}}
= max{xsic?}f dl{max{m (c1), 12(d1)}}, ysic?; dz{max{ul(cz), u2(d2)}}

= max{(u; o uz)(x), (11 © ) (¥)}
Also

B109)(x +y) = +SUP+d{min{191(C), D, (d)}}
x+ysc

2 sup {min{9, (c; + ¢;),9,(d, + d;)}}
x+ys(c1ydq)+(c2ydz)s(ci+cz)y(d1+dz)

= sup{min{¥, (c1), 91 (c2)}, min{I, (d,), 9, (d;)}}
= min{ sup {min{9, (c,),9,(d1)}}, sup {min{9, (c,),9,(d>)}}}
xscqydq ysczyd;
= min{(¥; ° 9,)(x), (9, circd,)(y)}.
Now let as consider P;, P, are anti Q-Pythagorean fuzzy right ideals and we have

(s o)) = _int fmaxuy (€)1 (@)}}

< nf | {max{u (x17y), te (x2yy)}}
ys(x1x2)vy

< inf ){maX{,u1 (1), p2 (x2)}}

xs(x1Y X2
= (g © p2)(x).
and

(@1 ©9;)(xy) = sup {min{d;(c),¥,(d)}}
xyscyd

2 sup  {min{d, (x,vy), 9, (x2yy)}}
xys(x1%2)yy
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= sup  {min{dy(x,), 9, (x;)}}
x<(x1yYx2)
= (9, 2 92)(x).
Similarly assuming P,, P, are anti Q-Pythagorean fuzzy left ideal,
we can show that (P, o P,)(xy) = (P, ° P,)(¥).
Also

(g o px)(x) = xSLT}txz{maX{ﬂAxl)xﬂz (x2)}}
< __inf {max{u (1), k2 (v2)1}

XSYSY1VY2

= _inf {max{u, (1), 2 (72) 1}
Ysy1Yy2
= (U ° u2) ()

and
(1 °9,)(x) = sup {min{I; (x,), 9, (x2)}}

XSX1YX2

= sup  {min{9, (1), 9, (v2)}}

XSY<SYy1YY2

= sup {min{d; (1), 9, (¥)}}
YSY1Yy2
= (91 °9,)(¥)

Hence P; o P, is an anti Q-Pythagorean fuzzy ideal of semiring S.
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