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Abstract: In this paper, we introduce the notion of anti Q-Pythagorean fuzzy left ideal, anti Q-Pythagorean fuzzy right ideal, anti 
Q-Pythagorean fuzzy ideal and bi-ideal in semiring some interesting properties, results are discussed in this paper.  
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I. INTRODUCTION 

Nobusawa[5] studied the concept of gamma semiring as a generalization of ring after that Sen introduced the gamma semigroups as a 
generalization of gamma groups. Murali Krishna Rao[6] in 1995 introduced the notion of gamma semiring as a generalization of 
gamma ring, ring, ternary semiring and semiring.The important reason for development of gamma semiring is a generalization of 
results of rings, gamma rings, semirings, semigroup and ternary semirings. 
Zadeh[12] studied the notion of fuzzy set theory. Atanassov [2] introduced intuitionistic fuzzy sets as a generalization of fuzzy sets. In 
intuitionistic, the sum of membership degree and non-membership degree should not exceed one. Yager [10] initially introduced the 
concept of Pythagorean fuzzy sets. In a Pythagorean fuzzy sets, the sum of the squared membership and non-membership degrees 
satisfies the condition. More recently, Yager [10, 11] proposed Pythagorean fuzzy sets as a powerful tool for effectively managing 
uncertainty or imprecise information in real-world scenarios. These sets enforce a constraint where the sum of squares of membership 
and non-membership degrees is less than or equal to 1. 
Pythagorean fuzzy sets have showcased remarkable efficacy in navigating uncertainties, prompting a surge of scholarly exploration 
across diverse research avenues, resulting in significant progress. The conceptualization of Pythagorean fuzzy sets facilitates a more 
comprehensive and accurate portrayal of uncertain information when juxtaposed with intuitionistic fuzzy sets. Across various 
disciplines, academics have meticulously examined the algebraic attributes of Pythagorean fuzzy sets, shedding light on their practical 
applications and foundational theoretical constructs. Many authors studied the algebraic structures of Pythagorean fuzzy sets 
This paper is structured into three sections. The first and second sections serve as the introduction and cover basic results pertinent to 
the paper’s topic. In the third section, we introduce anti Q-Pythagorean fuzzy ideals in semirings and some interesting properties this 
ideals are discussed. 

II. PRELIMINARIES 
In this section we present the basic concepts related to this paper. 
1) Definition 2.1 [6] if (ܴ, +) and (߁, +) be two commutative semigroups then ܴ is called a ߁ semiring if there exists a mapping 

ܴ × ߁ × ܴ denoted by ߚߛߙ for all ߚ,ߙ ∈ ܴ and ߛ ∈ ߚ)ߛߙ ,satisftying the followimg properties ߁ + (ߥ = ߚߛߙ +  ,ߥߛߙ
ߚ) + ߙߛ(ߥ = ߙߛߚ + ߛ)ߙ ,ߙߛߥ + ߥ(ଵߛ = ߥߛߙ + (ߥଵߛߚ)ߛߙ ,ߥଵߛߙ = ,ߚ,ߙ for all ߥଵߛ(ߚߛߙ) ߥ ∈ ܴ and ߛ,ߛଵ ∈  .߁

2) Definition 2.2 [6] Define addition in the following way ܤ,ܣ ∈ ߛ,ܴ ∈ ߚ,ߙ/ߚߛߙ} denote the ideal generated by ܤߛܣ let , ߁ ∈
ܴ}. Then ܴ is a ߁-semiring. 

3) Definition 2.3 [6] A ߁-semiring ܴ is said to be commutative if ߚߛߙ = ߚ,ߙ for all ,ߙߛߚ ∈ ܴ and ߛ ∈  .߁
4) Definition 2.4 [6] A ߁-semiring ܴ is said to have a zero element if 0ߙߚ = 0 = ߙ and 0ߚߙ + 0 = ߙ = 0 + ߙ for all, ߙ ∈ ܴ 

and ߛ ∈  .߁
5) Definition 2.5 [6] ܴ is said to have a identity element if there exists ߛ ∈ ߙߛsuch that 1 ߁ = ߙ = ߙ for all 1ߛߙ ∈ ܴ.  
6) Definition 2.6 [6] ܴ is said to have a strong identity element if for all ߙ ∈ ߙߛ1 ,ܴ = ߙ = ߛ for all 1ߛߙ ∈   .߁
7) Definition 2.7 [6] A non empty subset ܴ of a ߁-semiring ܴ is said to be a sub߁semiring of ܴ if (ܴ, +) is a sub semigroup of 

(ܴ, +) and ߚߛߙ ∈ ܴ for allߚ,ߙ ∈ ܴ and ߛ ∈   .߁
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8) Definition 2.8 [6] A non empty subset ܴ of a ߁-semiring ܴ is called an ideal if ߚ,ߙ ∈ ܴ implies ߙ + ߚ ∈ ܴ and ܽ ∈ ߙ,ܴ ∈ ܴ 
and ߛ ∈ ܽߛߙ implies ߁ ∈ ܴ and ܽߛߙ ∈ ܴ.  

9) Definition 2.9 [10] Let ܺ be a non empty set. A Pythagorean Fuzzy Set ि in ܺ is given by ि = ൛ߙ,ि௫(ߙ),ि௬(ߙ)/ߙ ∈ ܺൟ 
where ि௫:ܺ → [0,1] andि௬:ܺ → [0,1] represent the degree of membership and degree of non membership of ि respectively. 
Also, ि௫ and ि௬ satisfies the condition (ि௫)ଶ + (ि௬)ଶ ≤ 1 for all ߙ ∈ ܺ.  

 
III. ANTI Q - PYTHAGOREAN FUZZY IDEALS IN SEMIRING 

In this section ܵ denotes Semiring(S). 
 

1) Definition 3.1 Let ܲ = ௉ߤ) ݕ,ݔ∀ ௉) be an anti Q-Pythagorean fuzzy subset of a semiring ܵ andߴ, ∈ ܵ, ݍ ∈ ܳ. 
ݔ)௉ߤ   (݅) + ,ݕ (ݍ ≤ max{ߤ௉(ݔ, ݔ)௉ߴ ;{(ݍ,ݕ)௉ߤ,(ݍ + ,ݕ (ݍ ≥ min{ߴ௉(ݍ,ݔ), ,ݕ)௉ߴ  {(ݍ
(ݍ,ݕݔ)௉ߤ   (݅݅) ≤ max{ߤ௉(ݔ, (ݍ,ݕݔ)௉ߴ ;{(ݍ,ݕ)௉ߤ,(ݍ ≥ min{ߴ௉(ݍ,ݔ),  {(ݍ,ݕ)௉ߴ

Then ܲ = ௉ߤ)   .ܵ ௉) is called an anti Q-Pythagorean fuzzy subsemiring ofߴ,
 
 

2) Definition 3.2 Let ܲ = ௉ߤ)  ,௉) be an anti Q-Pythagorean fuzzy left ideal of ܵ, if ܲ satisfies the following conditionsߴ,
ݕ,ݔ∀ ∈ ܵ, ݍ ∈ ܳ. 

ݔ)௉ߤ   (݅) + ,ݕ (ݍ ≤ max{ߤ௉(ݔ, ݔ)௉ߴ ;{(ݍ,ݕ)௉ߤ,(ݍ + ,ݕ (ݍ ≥ min{ߴ௉(ݍ,ݔ), ,ݕ)௉ߴ  {(ݍ
(ݍ,ݕݔ)௉ߤ   (݅݅) ≤ (ݍ,ݕݔ)௉ߴ ;(ݍ,ݕ)௉ߤ ≥  (ݍ,ݕ)௉ߴ

 
3) Definition 3.3 Let ܲ = ௉ߤ)  ,௉) be an anti Q-Pythagorean fuzzy right ideal of ܵ, if ܲ satisfies the following conditionsߴ,

ݕ,ݔ∀ ∈ ܵ, ݍ ∈ ܳ. 
ݔ)௉ߤ   (݅) + ,ݕ (ݍ ≤ max{ߤ௉(ݔ, ݔ)௉ߴ ;{(ݍ,ݕ)௉ߤ,(ݍ + ,ݕ (ݍ ≥ min{ߴ௉(ݍ,ݔ), ,ݕ)௉ߴ  {(ݍ
(ݍ,ݕݔ)௉ߤ   (݅݅) ≤ ,ݔ)௉ߤ (ݍ,ݕݔ)௉ߴ ;(ݍ ≥ ,ݔ)௉ߴ   .(ݍ

 
4) Theorem 3.4 Intersection of non empty collection of anti Q-Pythagorean fuzzy right (resp. left) ideals is also an anti 

Q-Pythagorean fuzzy right (resp. left) ideal of semiring ܵ.  
Proof. Let { ௜ܲ = ௜ߤ) ݅|(௜ߴ, ∈ {ܫ  be a non empty family of anti Q-Pythagorean fuzzy right ideals of semiring ܵ  and 

,ݔ ݕ ∈ ݍ,ܵ ∈ ܳ. 
 
Then 

ራ  
௜∈ூ

ݔ)௜ߤ + ,ݕ (ݍ = sup
௜∈ூ

ݔ)௜ߤ} + ,ݕ  {(ݍ

≤ sup
௜∈ூ

{max{ߤ௜(ݍ,ݔ),  {{(ݍ,ݕ)௜ߤ

= max{sup
௜∈ூ

,ݔ)௜ߤ ,(ݍ sup
௜∈ூ

 {(ݍ,ݕ)௜ߤ

= max{⋃  ௜∈ூ ,ݔ)௜ߤ ⋃,(ݍ  ௜∈ூ ,ݕ)௜ߤ  .{(ݍ
Also 

ሩ  
௜∈ூ

ݔ)௜ߴ + (ݕ = inf
௜∈ூ

{ ݔ)௜ߴ +  {(ݍ,ݕ

 ≥ inf
௜∈ூ

{max{ ,(ݍ,ݔ)௜ߴ ,ݕ)௜ߴ  {{(ݍ

= min{inf
௜∈ூ ,(ݍ,ݔ)௜ߴ inf

௜∈ூ  {(ݍ,ݕ)௜ߴ

= min{⋂  ௜∈ூ ⋂,(ݍ,ݔ)௜ߴ  ௜∈ூ  .{(ݍ,ݕ)௜ߴ
Moreover 

ራ  
௜∈ூ

,ݕݔ)௜ߤ (ݍ = sup
௜∈ூ

 {(ݍ,ݕݔ)௜ߤ}

≤ sup
௜∈ூ

 {(ݍ,ݔ)௜ߤ}
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= ⋃  ௜∈ூ  .(ݍ,ݔ)௜ߤ
Finally 

ሩ  
௜∈ூ

(ݍ,ݕݔ)௜ߴ = inf
௜∈ூ

 {(ݍ,ݕݔ)௜ߴ}

≥ inf
௜∈ூ

,ݔ)௜ߴ}  {(ݍ

= ⋂  ௜∈ூ ,ݔ)௜ߴ  .(ݍ
Hence ⋂  ௜∈ூ ௜ܲ is an anti Q-Pythagorean fuzzy right ideals of semiring ܵ. 
Similarly, we can prove the result for Pythagorean fuzzy left ideal also.  

 
 

5) Theorem 3.5 Union of a non empty collection of anti Q-Pythagorean fuzzy right (resp. left) ideals is also an anti Q-Pythagorean 
fuzzy right (resp. left) ideal of semiring ܵ.  

Proof. Let { ௜ܲ = ௜ߤ) ݅|(௜ߴ, ∈ {ܫ  be a non empty family of anti Q-Pythagorean fuzzy right ideals of semiring ܵ  and 
,ݔ ݕ ∈ ݍ,ܵ ∈ ܳ. 
 
Then 

ሩ  
௜∈ூ

ݔ)௜ߤ + (ݍ,ݕ = inf
௜∈ூ

ݔ)௜ߤ} + ,ݕ  {(ݍ

≥ inf
௜∈ூ

{min{ߤ௜(ݔ,  {{(ݍ,ݕ)௜ߤ,(ݍ

= min{inf
௜∈ூ
,(ݍ,ݔ)௜ߤ inf

௜∈ூ
,ݕ)௜ߤ  {(ݍ

= min{⋂  ௜∈ூ ⋂,(ݍ,ݔ)௜ߤ  ௜∈ூ ,ݕ)௜ߤ  .{(ݍ
Also 

ራ  
௜∈ூ

ݔ)௜ߴ + ,ݕ (ݍ = sup
௜∈ூ

ݔ)௜ߴ} +  {(ݍ,ݕ

≤ sup
௜∈ூ

{max{ ,(ݍ,ݔ)௜ߴ  {{(ݍ,ݕ)௜ߴ

= max{sup
௜∈ூ

,ݔ)௜ߴ ,(ݍ sup
௜∈ூ

 {(ݍ,ݕ)௜ߴ

= max{⋃  ௜∈ூ ,ݔ)௜ߴ ⋃,(ݍ  ௜∈ூ  .{(ݍ,ݕ)௜ߴ
Moreover 

ሩ  
௜∈ூ

(ݍ,ݕݔ)௜ߤ = inf
௜∈ூ

,ݕݔ)௜ߤ}  {(ݍ

≥ inf
௜∈ூ

,ݔ)௜ߤ}  {(ݍ

= ⋂  ௜∈ூ  .(ݍ,ݔ)௜ߤ
Finally 

ራ  
௜∈ூ

(ݍ,ݕݔ)௜ߴ = sup
௜∈ூ

 {(ݍ,ݕݔ)௜ߴ}

≤ sup
௜∈ூ

 {(ݍ,ݔ)௜ߴ}

= ⋃  ௜∈ூ ,ݔ)௜ߴ  .(ݍ
Hence ⋃  ௜∈ூ ௜ܲ is an anti Q-Pythagorean fuzzy right ideals of ܵ. 
Similarly, we can prove the result for an anti Q-Pythagorean fuzzy left ideal also.  

 
6) Definition 3.6 Let ଵܲ = ,ଵߤ) ଵ) and ଶܲߴ =  be an anti Q-Pythagorean fuzzy subsets of semiring ܵ. The cartesian (ଶߴ,ଶߤ)

product of ଵܲ and ଶܲ is defined by 
(i) ߤଵ × ,ݔ))ଶߤ ,(ݕ (ݍ = max{ߤଵ(ݔ, ,ݕ)ଶߤ,(ݍ  {(ݍ
(ii) ߴଵ × ,ݔ))ଶߴ (ݍ,(ݕ = min{ ,(ݍ,ݔ)ଵߴ ݕ,ݔ for all ,{(ݍ,ݕ)ଶߴ ∈ ܵ, ݍ ∈ ܳ. 
 
 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 7.538 

Volume 13 Issue VII July 2025- Available at www.ijraset.com 
     

 
1276 ©IJRASET: All Rights are Reserved | SJ Impact Factor 7.538 | ISRA Journal Impact Factor 7.894 | 

 

7) Theorem 3.7 Let ଵܲ and ଶܲ be an anti Q-Pythagorean fuzzy left ideals of semiring ܵ. Then ଵܲ × ଶܲ is an anti Q-Pythagorean 
fuzzy left ideal of semiring ܵ × ܵ. 

Proof. Let (ݔଵ,ݔଶ), (ଶݕ,ଵݕ) ∈ ܵ × ݍ,ܵ ∈ ܳ.  
Then 

ଵߤ) × (ଶݔ,ଵݔ))(ଶߤ + (ݍ,(ଶݕ,ଵݕ) = ଵߤ) × ଵݔ))(ଶߤ + ,(ݍ,ଵݕ ଶݔ) +  ((ݍ,ଶݕ
 

= max{ߤଵ(ݔଵ + ଶݔ)ଶߤ,(ݍ,ଵݕ +  {(ݍ,ଶݕ
≤ max{max{ߤଵ(ݔଵ,ݍ),ߤଵ(ݕଵ,ݍ)}, max{ߤଶ(ݔଶ,ݍ),ߤଶ(ݕଶ,ݍ)}} 
= max{max{ߤଵ(ݔଵ,ݍ),ߤଶ(ݔଶ,ݍ)}, max{ߤଵ(ݕଵ,ݍ),ߤଶ(ݕଶ,ݍ)}} 

= max{(ߤଵ × ,(ݍ,ଶݔ,ଵݔ)(ଶߤ ଵߤ) ×  .{(ݍ,ଶݕ,ଵݕ)(ଶߤ
ଵߤ) × (ݍ,(ଶݕ,ଵݕ)(ଶݔ,ଵݔ))(ଶߤ = ଵߤ) × ,(ݍ,ଵݕଵݔ)(ଶߤ  (ݍ,ଶݕଶݔ)

= max{ߤଵ(ݔଵݕଵ,ݍ),ߤଶ(ݔଶݕଶ,ݍ)} 
≤ max{ߤଵ(ݕଵ,ݍ),  {(ݍ,ଶݕ)ଶߤ

= ଵߤ) ×  .(ݍ,(ଶݕ,ଵݕ))(ଶߤ
 

( ଵߴ × (ଶݔ,ଵݔ))(ଶߴ + (ݍ,(ଶݕ,ଵݕ) = ( ଵߴ × ଵݔ)(ଶߴ + ଶݔ,ଵݕ +  (ݍ,ଶݕ
= min{ ଵݔ)ଵߴ + ,(ݍ,ଵݕ ଶݔ)ଶߴ +  {(ݍ,ଶݕ

≥ min{min{ ,(ݍ,ଵݔ)ଵߴ ,{(ݍ,ଵݕ)ଵߴ min{ߴଶ(ݔଶ,ݍ),  {{(ݍ,ଶݕ)ଶߴ
= min{min{ ,{(ݍ,ଶݔ)ଶߴ,(ݍ,ଵݔ)ଵߴ min{ ,(ݍ,ଵݕ)ଵߴ  {{(ݍ,ଶݕ)ଶߴ

= min{( ଵߴ × ,(ݍ,ଶݔ,ଵݔ)(ଶߴ ( ଵߴ ×  .{(ݍ,ଶݕ,ଵݕ)(ଶߴ
 

( ଵߴ × (ݍ,(ଶݕ,ଵݕ)(ଶݔ,ଵݔ))(ଶߴ = ( ଵߴ ×  (ݍ,(ଶݕଶݔ,ଵݕଵݔ))(ଶߴ
= min{ ,(ݍ,ଵݕଵݔ)ଵߴ  {(ݍ,ଶݕଶݔ)ଶߴ
≥ min{  {(ݍ,ଶݕ)ଶߴ,(ݍ,ଵݕ)ଵߴ

= ( ଵߴ ×  .(ݍ,(ଶݕ,ଵݕ))(ଶߴ
Therefore ଵܲ × ଶܲ is an anti Q-Pythagorean fuzzy left ideal of semiring ܵ × ܵ.  

 
8) Theorem 3.8 Let ܲ be an anti Q-Pythagorean fuzzy subset of semiring. Then ܲ is an anti Q-Pythagorean fuzzy left ideal of 

semiring ܵ if and only if ܲ × ܲ is an anti Q-Pythagorean fuzzy left ideal of semiring ܵ × ܵ.  
Proof. Consider ܲ is an anti Q-Pythagorean fuzzy left ideal of semiring ܵ. Then by Previous theorem ܲ × ܲ. 
Conversely ܲ × ܲ is an anti Q-Pythagorean fuzzy left ideal of ܵ × ܵ, for all ݔଵ,ݔଶ,ݕଵ,ݕଶ ∈ ܵ, ݍ ∈ ܳ. 
Then 

max{ݔ)ߤଵ + ,(ݍ,ଵݕ ଶݔ)ߤ + {(ݍ,ଶݕ = ߤ × ଵݔ))ߤ + ଶݔ,ଵݕ +  (ݍ,(ଶݕ
= ߤ) × (ଶݔ,ଵݔ))}(ߤ +  {((ଶݕ,ଵݕ)

≤ max{(ߤ × ,(ଶݔ,ଵݔ))(ߤ ,(ݍ ߤ) ×  {((ଶݕ,ଵݕ))(ߤ
= max{max{ߤ(ݔଵ,ݍ), ,{(ݍ,ଶݔ)ߤ max{ߤ(ݕଵ,ݍ),  {{(ݍ,ଶݕ)ߤ

Next 
we have 

max{ߤ(ݔଵݕଵ,ݍ), {(ݍ,ଶݕଶݔ)ߤ = ߤ) ×  (ݍ,(ଶݕଶݔ,ଵݕଵݔ))(ߤ
= ߤ) ×  {(ݍ,(ଶݕ,ଵݕ)(ଶݔ,ଵݔ))}(ߤ

= ߤ) ×  {ݍ,(ଶݕ,ଵݕ)}(ߤ
= max{ߤ(ݕଵ,ݍ),ߤ(ݕଶ,ݍ)} 

Also 
min{ݔ)ߴଵ + ଶݔ)ߴ,(ݍ,ଵݕ + {(ݍ,ଶݕ = ߴ × ଵݔ))ߴ + ଶݔ,ଵݕ +  (ݍ,(ଶݕ

= ߴ) × (ଶݔ,ଵݔ))}(ߴ +  {(ݍ,(ଶݕ,ଵݕ)
≥ min{(ߴ × ,(ݍ,(ଶݔ,ଵݔ))(ߴ ߴ) ×  {(ݍ,(ଶݕ,ଵݕ))(ߴ

= min{min{ߴ(ݔଵ,ݍ), ,{(ݍ,ଶݔ)ߴ min{ߴ(ݕଵ,ݍ),  {{(ݍ,ଶݕ)ߴ
And 

min{ߴ(ݔଵݕଵ,ݍ), {(ݍ,ଶݕଶݔ)ߴ = ߴ) ×  (ݍ,(ଶݕଶݔ,ଵݕଵݔ))(ߴ
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= ߴ) ×  {(ݍ,(ଶݕ,ଵݕ)(ଶݔ,ଵݔ))}(ߴ
= ߴ) ×  {ݍ,(ଶݕ,ଵݕ)}(ߴ

= min{ߴ(ݕଵ,ݍ),ߴ(ݕଶ,ݍ)} 
Hence ܲ is an anti Q-Pythagorean fuzzy left ideal of semiring ܵ.  

 
9) Theorem 3.9 If ଵܲ , ଶܲ  be any two anti Q-Pythagorean fuzzy ideals of semiring ܵ, then ଵܲ + ଶܲ  is also so.  

Proof. Consider ଵܲ , ଶܲ are any two anti Q-Pythagorean fuzzy ideals of semiring ܵ and ݔ, ݕ ∈ ݍ,ܵ ∈ ܳ.  
Then 

ଵߤ) + ݔ)(ଶߤ + ,ݕ (ݍ = inf
௫ା௬ஸ௖ାௗ

{max{ߤଵ(ܿ,ݍ),  {{(ݍ,݀)ଶߤ

≤ inf
௫ା௬ஸ(௔భା௕భ)ା(௔మା௕మ)ୀ(௔భା௔మ)ା(௕భା௕మ)

{max{ߤଵ(ܽଵ + ܽଶ,ݍ), ଶ(ܾଵߤ + ܾଶ,ݍ)}} 

≤ inf{max{ߤଵ(ܽଵ,ݍ), ,{(ݍ,ଶܽ)ଶߤ max{ߤଶ(ܾଵ,ݍ),ߤଶ(ܾଶ,ݍ)}} 
= max{ inf

௫ஸ௔భା௕భ
{max{ߤଵ(ܽଵ,ݍ), ,{{(ݍ,ଵܾ)ଶߤ inf

௬ஸ௔మା௕మ
{max{ߤଵ(ܽଶ,ݍ),ߤଶ(ܾଶ,ݍ)}}} 

= max{(ߤଵ + ,(ݍ,ݔ)(ଶߤ ଵߤ) + ,ݕ)(ଶߤ  .{(ݍ
Also 

( ଵߴ + ݔ)(ଶߴ + (ݍ,ݕ = sup
௫ା௬ஸ௖ାௗ

{min{ ,(ݍ,ܿ)ଵߴ ,݀)ଶߴ  {{(ݍ

≥ sup
௫ା௬ஸ(௔భା௕భ)ା(௔మା௕మ)ୀ(௔భା௔మ)ା(௕భା௕మ)

{min{ ଵ(ܽଵߴ + ܽଶ, ଶ(ܾଵߴ,(ݍ + ܾଶ,ݍ)}} 

≥ sup{min{ ,{(ݍ,ଶܽ)ଶߴ,(ݍ,ଵܽ)ଵߴ min{ߴଶ(ܾଵ,ݍ),ߴଶ(ܾଶ,ݍ)}} 
= min{ sup

௫ஸ௔భା௕భ
{min{ ,(ݍ,ଵܽ)ଵߴ ,{{(ݍ,ଵܾ)ଶߴ sup

௬ஸ௔మା௕మ
{min{ ,(ݍ,ଶܽ)ଵߴ  {{{(ݍ,ଶܾ)ଶߴ

= min{( ଵߴ + ,ݔ)(ଶߴ ,(ݍ ( ଵߴ + ,ݕ)(ଶߴ  .{(ݍ
Now let as consider ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy right ideals and we have 

ଵߤ) + (ݍ,ݕݔ)(ଶߤ = inf
௫௬ஸ௖ௗ

{max{ߤଵ(ܿ, ,݀)ଶߤ,(ݍ  {{(ݍ

≤ inf
௫௬ஸ(௫భା௫మ)௬

{max{ߤଵ(ݔଵݍ,ݕ),  {{(ݍ,ݕଶݔ)ଶߤ

≤ inf
௫ஸ(௫భା௫మ)

{max{ߤଵ(ݔଵ,ݍ),ߤଶ(ݔଶ,ݍ)}} 

= ଵߤ) +  .(ݍ,ݔ)(ଶߤ
Then 

( ଵߴ + (ݍ,ݕݔ)(ଶߴ = sup
௫௬ஸ௖ௗ

{min{ ,ܿ)ଵߴ  {{(ݍ,݀)ଶߴ,(ݍ

≥ sup
௫௬ஸ(௫భା௫మ)௬

{min{ ,(ݍ,ݕଵݔ)ଵߴ  {{(ݍ,ݕଶݔ)ଶߴ

≥ sup
௫ஸ(௫భା௫మ)

{min{  {{(ݍ,ଶݔ)ଶߴ,(ݍ,ଵݔ)ଵߴ

= ( ଵߴ +  .(ݍ,ݔ)(ଶߴ
Similarly assuming ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy left ideal, 
we can show that ( ଵܲ + ଶܲ)(ݕݔ) ≥ ( ଵܲ + ଶܲ)(ݕ). 
Also 

ଵߤ) + (ݍ,ݔ)(ଶߤ = inf
௫ஸ௫భା௫మ

{max{ߤଵ(ݔଵ,ݍ),ߤଶ(ݔଶ,ݍ)}} 

≤ inf
௫ஸ௬ஸ௬భା௬మ

{max{ߤଵ(ݕଵ,ݍ),ߤଶ(ݕଶ,ݍ)}} 

= inf
௬ஸ௬భା௬మ

{max{ߤଵ(ݕଵ,ݍ),ߤଶ(ݕଶ,ݍ)}} 

= ଵߤ) +  (ݍ,ݕ)(ଶߤ
and 

( ଵߴ + (ݍ,ݔ)(ଶߴ = sup
௫ஸ௫భା௫మ

{min{ ,(ݍ,ଵݔ)ଵߴ  {{(ݍ,ଶݔ)ଶߴ

≥ sup
௫ஸ௬ஸ௬భା௬మ

{min{ ,(ݍ,ଵݕ)ଵߴ  {{(ݍ,ଶݕ)ଶߴ

= sup
௬ஸ௬భା௬మ

{min{  {{(ݍ,ଶݕ)ଶߴ,(ݍ,ଵݕ)ଵߴ
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= ( ଵߴ + ,ݕ)(ଶߴ  .(ݍ
Hence ଵܲ + ଶܲ  is an anti Q-Pythagorean fuzzy ideal of semiring ܵ.  

 
 

10) Theorem 3.10 If ଵܲ, ଶܲ be any two anti Q-Pythagorean fuzzy ideals of semiring ܵ, then ଵܲ ∘ ଶܲ  is also so.  
Proof. Let ଵܲ , ଶܲ are any two anti Q-Pythagorean fuzzy ideals of semiring ܵ and ݕ,ݔ ∈ ܵ, ݍ ∈ ܳ.  

Then 
ଵߤ) ∘ ݔ)(ଶߤ + (ݕ = inf

௫ା௬ஸ௖ାௗ
{max{ߤଵ(ܿ),  {{(݀)ଶߤ

≤ inf
௫ା௬ஸ(௖భఊௗభ)ା(௖మఊௗమ)ஸ(௖భା௖మ)ఊ(ௗభାௗమ)

{max{ߤଵ(ܿଵ + ܿଶ), ଶ(݀ଵߤ + ݀ଶ)}} 

≤ inf{max{ߤଵ(ܿଵ),ߤଵ(ܿଶ)}, max{ߤଶ(݀ଵ),ߤଶ(݀ଶ)}} 
= max{ inf

௫ஸ௖భఊௗభ
{max{ߤଵ(ܿଵ),ߤଶ(݀ଵ)}}, inf

௬ஸ௖మఊௗమ
{max{ߤଵ(ܿଶ),ߤଶ(݀ଶ)}}} 

= max{(ߤଵ ∘ ,(ݔ)(ଶߤ ଵߤ) ∘  .{(ݕ)(ଶߤ
Also 

( ଵߴ ∘ ݔ)(ଶߴ + (ݕ = sup
௫ା௬ஸ௖ାௗ

{min{  {{(݀)ଶߴ,(ܿ)ଵߴ

≥ sup
௫ା௬ஸ(௖భఊௗభ)ା(௖మఊௗమ)ஸ(௖భା௖మ)ఊ(ௗభାௗమ)

{min{ ଵ(ܿଵߴ + ܿଶ), ଶ(݀ଵߴ + ݀ଶ)}} 

≥ sup{min{ ,ଵ(ܿଵ)ߴ ,{ଵ(ܿଶ)ߴ min{ߴଶ(݀ଵ),ߴଶ(݀ଶ)}} 
= min{ sup

௫ஸ௖భௗభ
{min{ ,{{ଶ(݀ଵ)ߴ,ଵ(ܿଵ)ߴ sup

௬ஸ௖మௗమ
{min{  {{{ଶ(݀ଶ)ߴ,ଵ(ܿଶ)ߴ

= min{( ଵߴ ∘ ,(ݔ)(ଶߴ (  .{(ݕ)(ଶߴܿݎଵܿ݅ߴ
Now let as consider ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy right ideals and we have 

ଵߤ) ∘ (ݕݔ)(ଶߤ = inf
௫௬ஸ௖ఊௗ

{max{ߤଵ(ܿ),  {{(݀)ଶߤ

≤ inf
௫௬ஸ(௫భ௫మ)ఊ௬

{max{ߤଵ(ݔଵݕߛ),  {{(ݕߛଶݔ)ଶߤ

≤ inf
௫ஸ(௫భఊ௫మ)

{max{ߤଵ(ݔଵ),ߤଶ(ݔଶ)}} 

= ଵߤ) ∘  .(ݔ)(ଶߤ
and 

( ଵߴ ∘ (ݕݔ)(ଶߴ = sup
௫௬ஸ௖ௗ

{min{ ,(ܿ)ଵߴ  {{(݀)ଶߴ

≥ sup
௫௬ஸ(௫భ௫మ)ఊ௬

{min{  {{(ݕߛଶݔ)ଶߴ,(ݕߛଵݔ)ଵߴ

≥ sup
௫ஸ(௫భఊ௫మ)

{min{  {{(ଶݔ)ଶߴ,(ଵݔ)ଵߴ

= ( ଵߴ ∘  .(ݔ)(ଶߴ
Similarly assuming ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy left ideal, 
we can show that ( ଵܲ ∘ ଶܲ)(ݕݔ) ≥ ( ଵܲ ∘ ଶܲ)(ݕ). 
Also 

ଵߤ) ∘ (ݔ)(ଶߤ = inf
௫ஸ௫భఊ௫మ

{max{ߤଵ(ݔଵ),ߤଶ(ݔଶ)}} 

≤ inf
௫ஸ௬ஸ௬భఊ௬మ

{max{ߤଵ(ݕଵ),ߤଶ(ݕଶ)}} 

= inf
௬ஸ௬భఊ௬మ

{max{ߤଵ(ݕଵ),ߤଶ(ݕଶ)}} 

= ଵߤ) ∘  (ݕ)(ଶߤ
and 

( ଵߴ ∘ (ݔ)(ଶߴ = sup
௫ஸ௫భఊ௫మ

{min{  {{(ଶݔ)ଶߴ,(ଵݔ)ଵߴ

≥ sup
௫ஸ௬ஸ௬భఊ௬మ

{min{  {{(ଶݕ)ଶߴ,(ଵݕ)ଵߴ

= sup
௬ஸ௬భఊ௬మ

{min{  {{(ଶݕ)ଶߴ,(ଵݕ)ଵߴ

= ( ଵߴ ∘  .(ݕ)(ଶߴ
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Hence ଵܲ ∘ ଶܲ is an anti Q-Pythagorean fuzzy ideal of semiring ܵ.  
 
 

11) Definition 3.11 A Pythagorean fuzzy subset ܲ =  is called an anti Q-Pythagorean fuzzy bi-ideal of semiring ܵ, for all (ߴ,ߤ)
,ݔ ,ݕ ݖ ∈ ܵ, ݍ ∈ ܳ. 

(i) ݔ)ߤ + (ݕ ≤ max{(ݔ)ߤ, ݔ)ߴ;{(ݕ)ߤ + (ݕ ≥ min{(ݕ)ߴ,(ݔ)ߴ} 
(ii) (ݕݔ)ߤ ≤ max{(ݕ)ߤ,(ݔ)ߤ};(ݕݔ)ߴ ≥ min{(ݔ)ߴ,  {(ݕ)ߴ
(iii) (ݖߚݕݔ)ߤ ≤ max{(ݖ)ߤ,(ݔ)ߤ};(ݖߚݕݔ)ߴ ≥ min{(ݔ)ߴ,  {(ݖ)ߴ
 
 

12) Theorem 3.12 Intersection of a non empty collection of anti Q-Pythagorean fuzzy bi-ideals is also anti Q-Pythagorean fuzzy 
bi-ideal of semiring ܵ.  

Proof. Let { ௜ܲ = ௜ߤ) ݅|(௜ߴ, ∈ ,ݔ be a family of anti Q-Pythagorean fuzzy bi-ideals of semiring ܵ and {ܫ ݕ ∈ ݍ ,ܵ ∈ ܳ. 
Then 

ራ  
௜∈ூ

(ݖߚݕݔ)௜ߤ = sup
௜∈ூ

 {(ݖߚݕݔ)௜ߤ}

≤ sup
௜∈ூ

{max{ߤ௜(ݔ),ߤ௜(ݖ)}} 

= max{sup
௜∈ூ

,(ݔ)௜ߤ sup
௜∈ூ

 {(ݖ)௜ߤ

= max{⋃  ௜∈ூ ⋃,(ݔ)௜ߤ  ௜∈ூ  .{(ݖ)௜ߤ
Finally 

ሩ  
௜∈ூ

(ݖߚݕݔ)௜ߴ = inf
௜∈ூ

 {(ݖߚݕݔ)௜ߴ}

≥ inf
௜∈ூ

{min{ߴ௜(ݔ),  {{(ݖ)௜ߴ

= min{inf
௜∈ூ ,(ݔ)௜ߴ inf

௜∈ூ
 {(ݖ)௜ߴ

= min{⋂  ௜∈ூ ⋂,(ݔ)௜ߴ  ௜∈ூ  .{(ݖ)௜ߴ
Hence ௜ܲ is an anti Q-Pythagorean fuzzy bi-ideal of semiring ܵ.  

 
 

13) Theorem 3.13 Let ଵܲ and ଶܲ be two anti Q-Pythagorean fuzzy bi-ideal of semiring ܵ. Then ܲ is an anti Q-Pythagorean fuzzy 
bi-ideal of semiring ܵ.  

Proof. Let ݔ, ,ݕ ݖ ∈ ܵ, ݍ ∈ ܳ. 
ଵߤ) ⋅ ݔ)(ଶߤ + (ݕ = max{ߤଵ(ݔ + ݔ)ଶߤ,(ݕ +  {(ݕ
≤ max{max{ߤଵ(ݔ),ߤଵ(ݕ)}, max{ߤଶ(ݔ),ߤଶ(ݕ)}} 
= max{max{ߤଵ(ݔ),ߤଶ(ݔ)}, max{ߤଵ(ݕ),ߤଶ(ݕ)}} 

= max{(ߤଵ ⋅ ,(ݔ)(ଶߤ ଵߤ) ⋅  {(ݕ)(ଶߤ
and 

( ଵߴ ⋅ ݔ)(ଶߴ + (ݕ = min{ ݔ)ଵߴ + ,(ݕ ݔ)ଶߴ +  {(ݕ
≥ min{min{ ,(ݔ)ଵߴ ,{(ݕ)ଵߴ min{ߴଶ(ݔ),  {{(ݕ)ଶߴ
= min{min{ ,{(ݔ)ଶߴ,(ݔ)ଵߴ min{ ,(ݕ)ଵߴ  {{(ݕ)ଶߴ

= min{( ଵߴ ⋅ ,(ݔ)(ଶߴ ( ଵߴ ⋅  .{(ݕ)(ଶߴ
Next 

ଵߤ) ⋅ (ݕݔ)(ଶߤ = max{ߤଵ(ݕݔ),  {(ݕݔ)ଶߤ
≤ max{max{ߤଵ(ݔ),ߤଵ(ݕ)}, max{ߤଶ(ݔ),ߤଶ(ݕ)}} 
= max{max{ߤଵ(ݔ),ߤଶ(ݔ)}, max{ߤଵ(ݕ),ߤଶ(ݕ)}} 

= max{(ߤଵ ⋅ ,((ݔ)ଶߤ ଵߤ) ⋅  {((ݕ)ଶߤ
and 

( ଵߴ ⋅ (ݕݔ)(ଶߴ = min{  {(ݕݔ)ଶߴ,(ݕݔ)ଵߴ
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≥ min{min{ ,(ݔ)ଵߴ ,{(ݕ)ଵߴ min{ߴଶ(ݔ),  {{(ݕ)ଶߴ
= min{min{ ,{(ݔ)ଶߴ,(ݔ)ଵߴ min{ ,(ݕ)ଵߴ  {{(ݕ)ଶߴ

= min{( ଵߴ ⋅ ,((ݔ)ଶߴ ( ଵߴ ⋅  {((ݕ)ଶߴ
Also 

ଵߤ) ⋅ (ݖߚݕݔ)(ଶߤ = max{ߤଵ(ݖߚݕݔ),  {(ݖߚݕݔ)ଶߤ
≤ max{max{ߤଵ(ݔ),ߤଵ(ݖ)}, max{ߤଶ(ݔ),ߤଶ(ݖ)}} 
= max{max{ߤଵ(ݔ),ߤଶ(ݔ)}, max{ߤଵ(ݖ),ߤଶ(ݖ)}} 

= max൛൫ߤଵ ⋅ ,൯(ݔ)ଶߤ ൫ߤଵ ⋅  .൯ൟ(ݔ)ଶߤ
and 

( ଵߴ ⋅ (ݖߚݕݔ)(ଶߴ = min{ ,(ݖߚݕݔ)ଵߴ  {(ݖߚݕݔ)ଶߴ
≥ min{min{ ,(ݔ)ଵߴ ,{(ݖ)ଵߴ min{ߴଶ(ݔ),  {{(ݖ)ଶߴ
= min{min{ ,{(ݔ)ଶߴ,(ݔ)ଵߴ min{ ,(ݖ)ଵߴ  {{(ݖ)ଶߴ

= min൛൫ ଵߴ ⋅ ,൯(ݔ)ଶߴ ൫ ଵߴ ⋅  .൯ൟ(ݖ)ଶߴ
Hence ଵܲ and ଶܲ  is an anti Q-Pythagorean fuzzy bi-ideal of ܵ.  

 
 

14) Definition 3.14 The product of ଵܲ and ଶܲ is a Pythagorean fuzzy subset ଵܲ ∘ ଶܲ: ܵ → [0,1] by 
ଵߤ) ∘ (ܽ)(ଶߤ = sup

௔ୀ௕௖
{min{ߤଵ(ܾ),  {{(ܿ)ଶߤ

( ଵߴ ∘ (ܽ)(ଶߴ = inf
௔ୀ௕௖

{max{  {{(ܿ)ଶߴ,(ܾ)ଵߴ

 
15) Theorem 3.15 If ଵܲ, ଶܲ be any two anti Q-Pythagorean fuzzy bi-ideals of semiring ܵ, then ଵܲ ∘ ଶܲ  is an anti Q-Pythagorean 

fuzzy bi-ideal of ܵ.  
Proof. Let ଵܲ , ଶܲ are any two anti Q-Pythagorean fuzzy ideals of semiring ܵ and ݕ,ݔ ∈ ߛ ,ܵ ∈ Γ.  

Then 
ଵߤ) ∘ ݔ)(ଶߤ + (ݕ = inf

௫ା௬ஸ௖ାௗ
{max{ߤଵ(ܿ),  {{(݀)ଶߤ

≤ inf
௫ା௬ஸ(௖భఊௗభ)ା(௖మఊௗమ)ஸ(௖భା௖మ)ఊ(ௗభାௗమ)

{min{ߤଵ(ܿଵ + ܿଶ), ଶ(݀ଵߤ + ݀ଶ)}} 

≤ inf{max{ߤଵ(ܿଵ),ߤଵ(ܿଵ)}, max{ߤଶ(݀ଵ),ߤଶ(݀ଶ)}} 
= max{ inf

௫ஸ௖భఊௗభ
{max{ߤଵ(ܿଵ),ߤଶ(݀ଵ)}}, inf

௬ஸ௖మఊௗమ
{max{ߤଵ(ܿଶ),ߤଶ(݀ଶ)}}} 

= max{(ߤଵ ∘ ,(ݔ)(ଶߤ ଵߤ) ∘  {(ݕ)(ଶߤ
Also 

( ଵߴ ∘ ݔ)(ଶߴ + (ݕ = sup
௫ା௬ஸ௖ାௗ

{min{  {{(݀)ଶߴ,(ܿ)ଵߴ

≥ sup
௫ା௬ஸ(௖భఊௗభ)ା(௖మఊௗమ)ஸ(௖భା௖మ)ఊ(ௗభାௗమ)

{min{ ଵ(ܿଵߴ + ܿଶ), ଶ(݀ଵߴ + ݀ଶ)}} 

≥ sup{min{ ,ଵ(ܿଵ)ߴ ,{ଵ(ܿଶ)ߴ min{ߴଶ(݀ଵ),ߴଶ(݀ଶ)}} 
= min{ sup

௫ஸ௖భఊௗభ
{min{ ,{{ଶ(݀ଵ)ߴ,ଵ(ܿଵ)ߴ sup

௬ஸ௖మఊௗమ
{min{  {{{ଶ(݀ଶ)ߴ,ଵ(ܿଶ)ߴ

= min{( ଵߴ ∘ ,(ݔ)(ଶߴ (  .{(ݕ)(ଶߴܿݎଵܿ݅ߴ
Now let as consider ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy right ideals and we have 

ଵߤ) ∘ (ݕݔ)(ଶߤ = inf
௫௬ஸ௖ఊௗ

{max{ߤଵ(ܿ),  {{(݀)ଶߤ

≤ inf
௫௬ஸ(௫భ௫మ)ఊ௬

{max{ߤଵ(ݔଵݕߛ),  {{(ݕߛଶݔ)ଶߤ

≤ inf
௫ஸ(௫భఊ௫మ)

{max{ߤଵ(ݔଵ),ߤଶ(ݔଶ)}} 

= ଵߤ) ∘  .(ݔ)(ଶߤ
and 

( ଵߴ ∘ (ݕݔ)(ଶߴ = sup
௫௬ஸ௖ఊௗ

{min{  {{(݀)ଶߴ,(ܿ)ଵߴ

≥ sup
௫௬ஸ(௫భ௫మ)ఊ௬

{min{  {{(ݕߛଶݔ)ଶߴ,(ݕߛଵݔ)ଵߴ
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≥ sup
௫ஸ(௫భఊ௫మ)

{min{  {{(ଶݔ)ଶߴ,(ଵݔ)ଵߴ

= ( ଵߴ ∘  .(ݔ)(ଶߴ
Similarly assuming ଵܲ , ଶܲ are anti Q-Pythagorean fuzzy left ideal, 
we can show that ( ଵܲ ∘ ଶܲ)(ݕݔ) ≥ ( ଵܲ ∘ ଶܲ)(ݕ). 
Also 

ଵߤ) ∘ (ݔ)(ଶߤ = inf
௫ஸ௫భఊ௫మ

{max{ߤଵ(ݔଵ),ߤଶ(ݔଶ)}} 

≤ inf
௫ஸ௬ஸ௬భఊ௬మ

{max{ߤଵ(ݕଵ),ߤଶ(ݕଶ)}} 

= inf
௬ஸ௬భఊ௬మ

{max{ߤଵ(ݕଵ),ߤଶ(ݕଶ)}} 

= ଵߤ) ∘  (ݕ)(ଶߤ
and 

( ଵߴ ∘ (ݔ)(ଶߴ = sup
௫ஸ௫భఊ௫మ

{min{  {{(ଶݔ)ଶߴ,(ଵݔ)ଵߴ

≥ sup
௫ஸ௬ஸ௬భఊ௬మ

{min{  {{(ଶݕ)ଶߴ,(ଵݕ)ଵߴ

= sup
௬ஸ௬భఊ௬మ

{min{  {{(ଶݕ)ଶߴ,(ଵݕ)ଵߴ

= ( ଵߴ ∘  (ݕ)(ଶߴ
Hence ଵܲ ∘ ଶܲ is an anti Q-Pythagorean fuzzy ideal of semiring ܵ.  
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