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Abstract: A few interesting characteristics among the solutions and the patterns of non-zero integral solutions to the non-

homogeneous cubic equation with three unknowns represented by the Diophantine equation
322 64)(7)(4    are 

examined. 
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I.      INTRODUCTION 
Mathematics, conveys knowledge of number and is the global language of the world. Number theory is a field in pure mathematics 
that studies integral valued functions. In number theory, primes and prime factorization are highly important concepts. Fermat is 
recognized as the Father of modern number theory despite being lawyer by practice and an elementary “amateur” mathematician.  
Modern number theory is a broad subject that is classified into subheadings such as elementary number theory, algebraic number 
theory, analytic number theory, geometric number theory and probabilistic number theory. A Diophantine equation is a polynomial 
equation with two or more unknowns seeking only integer solutions. The word Diophantine refers to “Diophantus of Alexandria”, a 
Hellenistic mathematician who lived in the century and is credited with being one of the first who introduced symbolism of algebra. 
A homogeneous degree 3 polynomial in three variables is called a Ternary Cubic forms. All cubic equation have either three real 
roots or one real root with two imaginary roots. Three degree polynomials are referred to as cubic equation. In [1-5] Elementary 
Number Theory cconcepts are studied, [6-9] examined quadratic Diophantine equation, [10-15] referred the cubic Diophantine 
equation and exponential Diophantine equation. A non-homogeneous ternary cubic equation with three unknowns 

322 64)(7)(4    is solved in this paper and using some interesting number properties. 
 

II.      NOTATIONS 
1)  )1(2 nnTP nn Pronic number of rank n.  

2)  6243316 23 nnnTOn Truncated octrahedral number of rank n. 
3)  )23(,8 nnT n Octagonal number of rank n. 

4)  1)1(6 nnSn Star number of rank n. 
5)  )45(,12 nnT n Dodecagonal number of rank n. 

6)  )1112(,26 nnT n Icosihexagonal number of rank n. 

7)  12 nW n
n Woodall number of rank n. 

8)  )12( nGnon Gnomonic number of rank n. 
9)  )1314(,30 nnT n Triacontagonal number of rank n. 

10)  )910(,22 nnT n Icosidigonal number of rank n. 

 
III.      METHOD OF ANALYSIS 

Considering the Diophantine equation in ternary form 
                                  322 64)(7)(4                                               (1) 
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The linear transformation used is, 
                    and                  (2)                   
By (2), (1) reflects as, 
                    322 6415                      (3)     
Below is the theorem derived from solving equation (3) using different substitutions. 
Theorem: Multitude of solutions of 322 64)(7)(4    
Substitution: 1.1 
Taking,                22 15                                               (4) 

 We can write 64 as,    )157)(157(64 ii                                        (5)     
Substitute the equation (4) and (5) in (3), 

33 )15()15)(157)(157()15)(15(  iiiiii   
Equating the real and imaginary terms, 

3223 225453157    
3223 1052145    

Reducing equation (2) using )( and )( gives, 

     3223 120243608    
    3223 330662706    

                                      
22 15   

Inference: 1.1 
1. )7(mod072),( ,18  cc GnoTcc  

2. )1,1()1,1(    is a perfect square 

3. 08728816)1,(4)1,(3 ,26  cc GnoTcc   

4. 639)1,1(   is a woodall number 
5. )77(mod02)1,(5 ,12  cc GnoTc

 
Substitution: 1.2

 

Rewrite 64 as,        )1522)(1522(64 ii                                      (6)         
From (4) and (6) in (3), 

33 )15()15)(1522)(1522()15)(15(  iiiiii   
Equating the terms both real and imaginary, 

3223 45090902    
3223 306902    

Reducing equation (2) using )( and )( gives, 
3223 420841804    

32 48096    
22 15   

Inference: 1.2 

 161)1,1(.1    is a carol number 
2. )1213(mod0473101)1,(4 ,8  ccc GnoTTOc  

3. 3),(
2 

c
cc

 
is a star number 
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4. )534(mod03618)1,()1,(6 ,12  cc GnoTcc   

5. 50)1,1(   is a pronic number 
Substitution: 1.3 
Write equation (3) as, 

16415 322                                             (7) 
‘1’ can be written as, 

16
)151)(151(1 ii 

                                         (8) 

Equating (4), (5) and (8) in (7) we have, 

16
)151)(151()15()15)(157)(157()15)(15( 33 iiiiiiii 

   

Equating the terms both real and imaginary, 

)36036018008(
4
1 2233    

)243601208(
4
1 2233    

Reducing equation (2) using )( and )( gives, 
223 18084480    

 233 964204   
22 15   

 
Inference: 1.3 
1. )1,1(9)1,1(    is a pronic number 
2. )429(mod0516)1,( ,30  cc GnoTc  

3. 257),(32
3 

c
cc is a carol number 

4. )366(mod0548)1,(4)1,( ,22  cc GnoTcc   

5. 3)1,1(3  is a hexagonal number 
 

IV.      CONCLUSION 
In this paper, we've employed diverse substitutions to seek integral solutions for the non-homogeneous ternary cubic equation. 
These same substitutions can be applied to solve analogous equations. 
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