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Abstract: In this paper, making use of certain known summation formulae an attempt has been made to establish certain very 
interesting summation and transformation formulae for basic hypergeometric series.  
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I. INTRODUCTION 
In  1972, Verma [2] established the following very general transformation formulae: 

n
n n j2 kn n n

j jn k n k
n n n 2n 1

n jn 0 n 0 k 0 j 0n k k

(q , q ;q) A ( q)( , ;q) B x(x ) ( x) qA B
(q;q) (q, , ;q)(q, q ;q) (q;q) ( q ;q)

 
     

 


   

   


  
       (1.1)  

Making use of certain known summation formulae due to Verma and Jain [4] and the expansion formulae (1.1) , an attempt has been 
made to establish certain very interesting summation and transformation formulae for basic hypergeometric series. 

II. DEFINITIONS AND NOTATIONS 
The following result will be required in our analysis:- 

 2 1

cq cq, ;qca, b;q; a b ab(1 c) (a b)c
ab

cq ab ccq, ;qcq
ab





 
                     

 

      (2.1) 

 
 n 2 2 2 2 2 2n 2 2 1 n

m mn
4 3 2 2 2 2 2 2 22

n m m

x q;q (x q ;q ) (y q ;q )q , x y q , x, xq;q;q
(x q;q) (x y q ;q ) (q ;q )xyq, xyq, x q

  
  

  
     (2.2) 

Where m is the greatest integer n / 2   

n 2 1 n
2

3 2 n n(n 1) 2n n
2 2 2

n

0 if n is odd
q , x q ,0;q;q

(q;q )
( 1) q x if n is evenxy, xy

(x q ;q )

 




        



    (2.3) 

 
1/2 1/2

1 n n n
nn

5 4
n n1/2 1/2

aq aqx,aq , , ,q ;q;q x q;q (aq / x;q)b b
(aq;q) (xq;q)aq(aq) , (aq) , , xq

b

 
        

     
 

 
 

 

2 2 2
2

6 5 2 2

aqa,q a , q a ,b, x, xq;q ;
bx

aq aq aqa , a , , ,
b x x

  
  
 

  

 to (n+1) terms, (2.4) 

Where m is the greatest integer n / 2  
2 2 n n n 2 2 3 2 2 2 2

n n m m 2m
4 3 2 2 2 2 2 3 2 22 2

n n m m 2m

x, xq, bx q ,q ;q;q x (q;q) (bxq ;q) (bx q ;q ) (bq ;q ) (xq ;q)
(xq;q) (bx q ;q) (q ;q ) (x q ;q ) (bxq ;q)x q , xq b, xq b

  
  

  
   (2.5) 

Where m is the greatest integer n / 2  
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1/2 1/2
n m 2 2 21 n n

n m m
n

5 4
m 2 2 21/2 1/2 n n m

m

aqx x x ;q (q;q) (aq ;q ) (xq;q )x,aq , , ,q ;q;q xq q
aqx q (aq;q) (xq;q) (q ;q ) ;q(aq) , (aq) , , xq xq

 
      
                
       

   (2.6) 

Where m is the greatest integer n / 2    

III. MAIN RESULTS 
In this section we shall establish our main results : 

2 2 2 2
2 22 2

2 2 2 2 2 2 2 2
n 2n m

4 3 2 2 2 2 2 2
n 02 2 2 2 2 2 n 1 2 2 2 2 2 2 2 22

m
n

x y x yq , q ;qx y q, , x, xq;q, ( , ;q) (x y q ;q) (x q , y q ;q )

x y x y x yx y q , q ;q x y q , q , q , x q;q (x y q ,q ;q )xyq, xyq, x q




 



 
                                

  

  
n3 2 2 2 2n 1 2 2 n 1

n(n 1)/2
2 2

x y (1 x y q ) x y q ( )q
x y q

 
                   

  (3.1) 

Where m is the greatest integer n / 2  
2 2

2 22 n2 2 2
n(n 1)/2n 2n

3 2 2 2 2
n 02 2 2 2 n 1 2 2
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x xq , q ;qx q, ,0;q; ( , ;q) (x q ;q) x q
x x xxq, xq x q , q ;q q, x q , q , q ;q
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

 



 
                                      

  
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n

0, if n is odd
(1 x q ) x q ( ) if n is evenx (q;q )( 1) q ,x q

(x q ;q )

 




             



   (3.2) 
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x ax (1 aq ) aq ( )q
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 




                          

  

 

2 2 2
2

6 5 2 2

aqa,q a , q a , b, x, xq;q ;
bx

aq aq aqa , a , , ,
b x x

  
  
 

 
 

 to (m+1) terms,      (3.3) 

Where m is the greatest integer n / 2  

   2 3 2 32 2 2 2 3
n 2n

4 3
2 3 2 3 2 n 2 2 3 2 3 2 2n 02 2

n

b bx q , x q ;qbx q , ,bxq ;q bx q ;q, ,x, xq;q;
b b bbx q , x q ;q bx q x q , x q ,bx q ,xq;qx q ,xq b, xq b








                               

  
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   
 

2 3 2 2 2 3 2 2n 2 2 n 2
n(n 3)/2m 2m

2 22 3 2 2 2
2mm

bx q ,bq ;q xq ;q bx (1 bx q ) bx q ( )q
bx qx q ,q ;q (bxq ;q)

 
                    

 (3.4) 

Where m is the greatest integer n / 2  

2 2

5 4
2 2

a ax x aq q , q ;q, , x, , ;q;
q q

ax aq , q ;qaq, aq , , xq
q





   
           

   
       

 

 
n

2 m n(n 1)/2
2nn

n 1 2 2n 0

n

aq ax, , ;q aq ;q (xq) q
x

a aaq q , q ,aq, xq;q

 




           
 
   

  

 2 2 2n 1 n 1
m

2 2

m

aq , xq;q (1 aq ) aq ( )
aq aq,q ,q
x

              
 

   (3.5) 

Where m is the greatest integer n / 2 . 

2 2
1/3 1/3 2 1/3

6 5
2 2

a aaq q , q ;q, , x,a ,ba ,b a ;q;

aaq , q ;qa , a , aq, aq, xq





 
                    

 

 2
n

2n n(n 1)/2n

n 1 2 2n 0

n

aq, , ;q aq ;q
x ax q

a aaq q , q ,aq, xq;q






            
   

  

2n 1 n 1(1 aq ) aq ( )
aq

           
 

  

3 3 2 3
3

6 5 3 2

aa,q a , q a , x, xq, xq ;q ;
x

aq aq aqa , a , , ,
b x x

  
  
 

 
 

to (m+1) terms,  (3.6) 

Where m is the greatest integer n / 3.  
Proof of (3.1) - (3.6) 
In this section we shall give the outline of the proof of (3.1) – (3.6) 
1) In order to prove  (3.1), let us suppose that 

n
n 2 n

n

( , , x, xq;q)
A

(xyq, xyq, x q;q) ( )
  


 

,
n2

n
xy qB

 
    

 and 2 2x y q   

In (1.1), we get; 
n2 2 2 2 nn n 2 2 2

n
4 3 2 1 2 2 n 1

n 0 n2 2 2 2n 2

x y q x y q, , x, xq;q; q , q ;q, q ( , ;q) x y q
(q, x y q ;q)

xyq, xyq, x q x y q

 
 

  




   
          

                  

  



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                                        ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor:6.887 

            Volume 5 Issue IX, September 2017- Available at www.ijraset.com 
     

 
 

1366 ©IJRASET (UGC Approved Journal): All Rights are Reserved 
 

  
n 2 2 1 n

4 3 2

q , x y q , x, xq;q;q

xyq, xyq, x q

  
   

  
 

Now making use of  (2.1) and (2.2), we get (3.1) after some simplifications. 
2) In order to prove  (3.2), let us suppose that 

n
n n

n

( , ,0;q)
A

(xq, xq;q) ( )
 


 

,
n

n
xqB  

   
 and 2x q   

In (1.1) , we get; 
n 22 n n n2 2 n 2 n 1

n
3 2 2 1 3 22 n 1

n 0 n 2 2n 2

x qx q q , q ;q,, ,0;q; q ( , ;q) x q q , x q ,0;q;q
xq, xq(q, x q ;q)xq, xq x q

 
 

   


 

  
                                   

  

Now making use of  (2.1) and (2.3), we get (3.2) after some simplifications. 
3) In order to prove  (3.3), let us suppose that 

n

n
n

n

aq aq( , , x, ; ;q)
b bA
aq( aq, aq, , xq;q) ( )
b

  


 
,

n

n
aqB

x
 

   
 and aq   

In (1.1) , we get ; 
n

n nn2
n

5 4 2 1n 1
2n 2nn 0

aq aq aq aq, , x, , ;q; q , q ;q,q ( , ;q) aqb b
(q,aq ;q)aq aqaq, aq, , xq

b

 
   




                               

  

n 1 n

5 4

aq aqx,aq , , ,q ;q;q
b b

aqaq, aq, , xq
b

  
 

  
 

  

 

Now making use of  (2.1) and (2.4), we get (3.3) after some simplifications. 
4)      In order to prove  (3.4), let us suppose that 

n
n 2 2 n

n

( , , x, xq;q)
A

(x q , xq b xq b;q) ( )
  


 

,
n2

n
bxqB

 
    

 and 2 2bx q   

In (1.1), we get; 
n2 2 2 2n n n2 2 2

n
4 3 2 12 n 2

nn 02 2 2 2n 3

bx q bx q, , x, xq;q; q , q ;q,q ( , ;q) bx q
(q, bx q ;q)

x q , xq b, xq b bx q

 
   


 

   
         

                 

  

     
2 2 n n

4 3 2 2

x, xq, bx q ,q ;q;q

x q , xq b, xq b

  
   

  
 

Now making use of  (2.1) and (2.5), we get (3.4) after some simplifications. 
5)      In order to prove  (3.5), let us suppose that 

n

n
n

n

x x( , , x, ; ;q)
q q

A x( aq, aq, , xq;q) ( )
q

  


 
,

n

n
aqB

x
 

   
 and aq   

In (1.1), we get; 
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n
n nn2

n
5 4 2 1n 1

2n 2nn 0

x x aq aq, , x, , ;q; q , q ;q,q ( , ;q)q q aq
(q,aq ;q)xaq, aq, , xq aq

q

 
   




 
                              

  

n 1 n

5 4

x xx,aq , , ,q ;q;q
q q

xaq, aq, , xq
q

  
 

  
 

 
  

 

Now making use of  (2.1) and (2.6), we get (3.5) after some simplifications. 
 
6)      In order to prove  (3.6), let us suppose that 

1/3 1/3
n

n n
n

( , , x,a ,ba ;q)A
( a , a , aq, aq, xq;q) ( )

 


  
,

n

n
aqB

x
 

   
 and aq   

In (1.1), we get ; 
n

1/3 1/3 2 1/3 n nn2
n

6 5 2 1n 1
2n 2nn 0

aq aq, , x,a , ba , b a ;q; q , q ;q,q ( , ;q) aq
(q,aq ;q)

a , a , aq, aq, xq aq

 
   




                             
  

1/3 1/3 2 1/3 n 1 n

6 5
a , ba , b a , x,aq ,q ;q;q

a , a , aq, aq, xq

  
   

   
. 

Now making use of (2.1) and (2.7), we get (3.6) after some simplifications. 

IV. CONCLUSION  
 In this paper, an attempt has been made to establish six certain transformation formulae for basic hypergeometric series by making 
use of the identity (1.1) 
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