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Abstract: In this Paper, an attempt has been made to establish modular identities with the help of Ramanujan’s modular 
equations and using these identities, we have evaluated certain theta functions defined by Ramanujan. 
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I. INTRODUCTION 

For real and complex ݍ	ݍ|)| < 1), let 

;ߙ] ஶ[ݍ = ෑ(1− (௞ݍߙ
ஶ

௞ୀ଴

, 

where 	ߙ is any complex number Also, 
[ܽଵ,ܽଶ, … … . , ܽ௥; ஶ[ݍ = [ܽଵ; ஶ[ݍ;ଶܽ]	ஶ[ݍ … … 	[ܽ௥;  .ஶ[ݍ
Ramanujan defined the general theta function as: 

݂(ܽ,ܾ) = ෍ܽ௡(௡ାଵ) ଶ⁄
ஶ

௡ୀ଴

ܾ௡(௡ିଵ) ଶ⁄ ,																																																																																																							(1.1) 

Which by an appeal of Jacobi’s triple product identity yields: 

݂(ܽ,ܾ) = [ܾܽ,−ܽ,−ܾ;ܾܽ]ஶ.																																																																																																																	(1.2) 
The most important special cases of (1) are: 

(ݍ)߶ = ෍ ௡మݍ =
ஶ

௡ୀିஶ

;ݍ−] ஶ[ݍ
ஶ[ݍ−;ݍ]

= ;ݍ−]ஶ[ଶݍ;ଶݍ] ଶ]ஶଶݍ 	,																																																																			(1.3) 

Ψ(ݍ) = ෍ݍ௡(௡ାଵ) ଶ⁄
ஶ

௡ୀ଴

=
ஶ[ଶݍ;ଶݍ]
;ݍ] ଶ]ஶݍ

	,																																																																																																			(1.4) 

(ݍ−)݂ = ෍ (−)௡
ஶ

௡ୀିஶ

௡(ଷ௡ିଵ)ݍ	 ଶ⁄ = ;ݍ]  (1.5)																																																																																								ஶ[ݍ

and  (ݍ−)ݔ = ;ݍ]  .ଶ]ஶݍ
Let ݖ௥ = ,ݎ)ݖ 12 (ݔ F  [1 ,ݎ ݎ) − 1 ) ⁄⁄;ݎ 1;  (1.6)																																																																																							[ݔ

and ݍ௥ = (ݔ)	௥ݍ = exp ൥−ߨ cosecߨ ⁄ݎ 12 F [ଵ ௥,⁄ (௥ିଵ) ௥⁄ ;ଵି௫]

12 F [ଵ ௥,(௥ିଵ) ௥;ଵ;௫⁄⁄ ]
൩ ,																																																							(1.7)  

where r=2,3,4,6 and |ݔ| < 1. 

			 12 F [ܽ; ܾ; ܿ; [ݔ = ෍
(ܽ)௞(ܾ)௞ 	

(ܿ)௞ 	݇!

ஶ

௞ୀ଴

௞ݔ	 , 

with (ܽ)௞ = ܽ(ܽ + 1)(ܽ + 2) … (ܽ + ݇ − 1); 	(ܽ)଴ = 1. 

II. NOTATIONS AND DEFINITIONS 
 Let n denote a fixed natural number and assume that  
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݊ 12 F [1 ,ݎ ݎ) − 1 ) ;ݎ 1; 1 − ⁄⁄[ߙ

12 F [1 ⁄ݎ , ݎ) − 1 ) ⁄ݎ ; [ߙ;1
= 12 F [1 ,ݎ ݎ) − 1 ) ;ݎ 1; 1− ⁄⁄[ߚ

12 F [1 ⁄ݎ , ݎ) − 1 ) ⁄ݎ ; [ߚ;1
,																																												(2.1) 

where ݎ = 2,3,4 and	6. Then a modular equation of degree ‘n’ in the theory of elliptic function of signature ‘r’ is a relation between 
(ݎ)݉ and ߙ	 has degree n order ߚ	 include by (2.1). We often say that ߚ	 and ߙ	 =  .is called the multiplier (ߚ,ݎ)ݖ/(ߙ,ݎ)	ݖ
We shall use the following modular equations due to Ramanujan in our analysis. 

1) If 	ߚ and the multiplier ݉ have degree 3, then  

݉ଶ = 	 ൬
ߚ
ߙ
൰
ଵ/ଶ

+ ൬
1− ߚ
1− ߙ

൰
ଵ ଶ⁄

− ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/ଶ

,																																																											(2.2) 

9
݉ଶ = 	 ൬

ߙ
ߚ
൰
ଵ/ଶ

+ ൬
1− ߙ
1− ߚ

൰
ଵ ଶ⁄

− ൬
−1)ߙ ߙ
−1)ߚ (ߚ

൰
ଵ/ଶ

,	 																																																									(2.3) 

2) If 	ߚ and the multiplier ݉ have degree 5, then  

݉ = ൬
ߚ
ߙ
൰
ଵ ସ⁄

+ ൬
1− ߚ
1− ߙ

൰
ଵ ସ⁄

− ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/ସ

,	 																																																													(2.4) 

5
݉ = 	 ൬

ߙ
ߚ
൰
ଵ/ସ

+ ൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

− ൬
1)ߙ − (ߙ
1)ߚ − (ߚ

൰
ଵ/ସ

,																																																														(2.5) 

3) If 	ߚ and the multiplier ݉ have degree 7, then  

݉ଶ = 	 ൬
ߚ
ߙ
൰
ଵ/ଶ

+ ൬
1− ߚ
1− ߙ

൰
ଵ ଶ⁄

− ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/ଶ

− 8	 ൬
1)ߚ − (ߚ
1)ߙ − (ߙ

൰
ଵ/ଷ

,																						(2.6) 

49
݉ଶ = 	 ൬

ߙ
ߚ
൰
ଵ/ଶ

+ ൬
1− ߙ
1− ߚ

൰
ଵ ଶ⁄

− ൬
−1)ߙ ߙ
−1)ߚ (ߚ

൰
ଵ/ଶ

,	− 8 ൬
−1)ߙ ߙ
−1)ߚ (ߚ

൰
ଵ/ଷ

,	 																				(2.7) 

4) If 	ߚ and the multiplier ݉ have degree 9, then 

݉ଵ/ଶ = 	 ൬
ߚ
ߙ
൰
ଵ/଼

+ ൬
1− ߚ
1− ߙ

൰
ଵ ଼⁄

− ൬
1)ߚ − (ߚ
1)ߙ − (ߙ

൰
ଵ/଼

,																																																								(2.8) 

3
݉ଵ/ଶ = 	 ൬

ߙ
ߚ
൰
ଵ/଼

+ ൬
1− ߙ
1− ߚ

൰
ଵ ଼⁄

− ൬
−1)ߙ ߙ
1)ߚ − (ߚ

൰
ଵ/଼

,																																																								(2.9) 

5) If 	ߚ and the multiplier ݉ have degree 13, then 

݉ = 	 ൬
ߚ
ߙ
൰
ଵ/ସ

+ ൬
1− ߚ
1− ߙ

൰
ଵ ସ⁄

− ൬
1)ߚ − (ߚ
1)ߙ − (ߙ

൰
ଵ/ସ

− 4	 ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/଺

,																								(2.10) 

13
݉ = 	 ൬

ߙ
ߚ
൰
ଵ/ସ

+ ൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

− ൬
−1)ߙ ߙ
−1)ߚ (ߚ

൰
ଵ/ସ

		 − 4 ൬
−1)ߙ ߙ
1)ߚ − (ߚ

൰
ଵ/଺

,	 																				(2.11) 

6) If 	ߚ and the multiplier ݉ have degree 25, then 

√݉ = 	 ൬
ߚ
ߙ
൰
ଵ/଼

+ ൬
1− ߚ
1− ߙ

൰
ଵ ଼⁄

− ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/଼

− 2	 ൬
−1)ߚ (ߚ
−1)ߙ (ߙ

൰
ଵ/ଵଶ

,																			(2.12) 

5
√݉

= 	 ൬
ߙ
ߚ
൰
ଵ/଼

+ ൬
1− ߙ
1− ߚ

൰
ଵ ଼⁄

− ൬
1)ߙ − ߙ
−1)ߚ (ߚ

൰
ଵ/଼

,	− 2 ൬
−1)ߙ ߙ
1)ߚ − (ߚ

൰
ଵ/ଵଶ

,	 																	(2.13) 

We shall also make use of the following results due to Ramanujan. 

(ସݍ)߶ =
ݖ√
2
൫1 + √1− రݔ 	൯																																																																																																																						(2.14) 
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ψ(଼ݍ) =
ݖ√
ݍ4

൫1 + √1− రݔ 	൯																																																																																																																						(2.15) 

߶൫ݍଵ ଶ⁄ ൯ = ට1	ݖ√ +  (2.16)																																																																																																																												ݔ√

߶൫−ݍଵ ଶ⁄ ൯ =  (2.17)																																																																																																																								ݔ√−ට1	ݖ√

߶൫ݍଵ ସ⁄ ൯ = ൫1ݖ√ + రݔ√ 	൯																																																																																																																											(2.18) 

߶൫−ݍଵ ସ⁄ ൯ = −൫1ݖ√ రݔ√ 	൯																																																																																																																							(2.19) 

(ݍ)߶ =  (2.20)																																																																																																																																																				ݖ√

From (2.14) and (2.15), we have  

−(ସݍ)߶ (଼ݍ)Ψݍ2 = −1√			ݖ√ రݔ 																																																																																																										(2.21)  

From (2.18) and (2.19), we get  

߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯ = రݔ√		ݖ√2 																																																																																																										(2.22) 

III. MAIN RESULT  
 Modular Identities of Degree 3. 
In modular equations (2.2) and (2.3), ߚ and the multiplier m have degree 3,so from (2.20),(2.21)and (2.22), let  

ܲ =
(ݍ)߶
(ଷݍ)߶ = √݉,																																																																																																																																						(3.1) 

ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2
−(ଵଶݍ)߶ (ଶସݍ)ଷΨݍ2 = √݉	൬

1− ߙ
1− ߚ

൰
ଵ ସ⁄

	,																																																																																(3.2) 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
ଷݍ)߶ ସ⁄ )− ଷݍ−)߶ ସ⁄ ) = √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																																										(3.3)	 

Also  

ܵ = ܴܳ = ݉ ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

.																																																																																																																			(3.4) 

1) Now, 

ܳ
ܲ = ൬

1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																																																																																(3.5) 

Eliminating ߚ,ߙ and m from (2.2) and (2.3) using (3.1) and (3.5), we get the modular identity 

ܲସܳସ − 8ܲଶܳଶ + 9 = ܲସ + ܳସ.																																																																																																													(3.6) 

2) From (3.2) and (3.3) we get: 

ܴ
ܲ = ൬

ߙ
ߚ
൰
ଵ ସ⁄

																																																																																																																																																	(3.7) 

Eliminating ߚ,ߙ and m from (2.2) and (2.3) using (3.1) and (3.7), we get: 

ܲସܴସ − 8ܲଶܴଶ + 9 = ܲସ + ܴସ.																																																																																																													(3.8) 
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3) ௌ
௉మ

= ቄఈ(ଵିఈ)
ఉ(ଵିఉ)

ቅ
ଵ ସ⁄

,																																																																																																																													(3.9)					 

So, eliminating ߚ,ߙ and m from (2.2) and (2.3) using (3.1) and (3.9), we get: 

ܲସܵଶ + ܲସ = ܵଶ + 9 
Modular Identities of Degree 5 
In modular equations (2.4) and (2.5), ߚ and the multiplier m have degree 5, so from (2.20), (2.21) and (2.22), let us take: 

ܲ =
(ݍ)߶
(ହݍ)߶ = √݉	,																																																																																																																																				(3.10) 

ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2

−(ଶ଴ݍ)߶ (ସ଴ݍ)ହΨݍ2 = √݉	൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																																	(3.11) 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
ହݍ)߶ ସ⁄ )− ହݍ−)߶ ସ⁄ ) √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

																																																																																														(3.12) 

ܵ = ܴܳ = ݉	 ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

																																																																																																																	(3.13) 

4) From (3.10) and (3.11), we have : 

ܳ
ܲ = ൬

1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																																																																																							(3.14) 

Eliminating ߚ,ߙ and m from (2.4) and (2.5) using (3.10) and (3.14), we get: 

ܲଶܳଶ − 4ܲܳ + 5 = ܲଶ + ܳଶ.																																																																																																															(3.15) 

5) From (3.10) and (3.12), we have :  

ܴ
ܲ = ൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																																																																																										(3.16) 

Eliminating ߚ,ߙ and m from (2.4) and (2.5) using (3.10) and (3.16), we get: 

ܲଶܴଶ − 4ܴܲ + 5 = ܲଶ + ܴଶ.																																																																																																											(3.17) 

6) From (3.10) and (3.13), we have 

ܵ
ଶ݌ = ൜

−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

																																																																																																																											(3.18) 

Eliminating ߚ,ߙ and m from (2.4) and (2.5) by making use of (3.10) and (3.18), we get: 

ܲଶܵଶ + ܲଶ = ܵ + 5																																																																																																																												(3.19) 
Modular Identities of Degree 7. 
In modular equations (2.6) and (2.7), ߚ and the multiplier m have degree 7, so from (2.20), (2.21) and (2.22), we have: 

ܲ =
(ݍ)߶
(଻ݍ)߶ = ඥ݉, 																																																																																																																														(3.20) 

ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2

−(ଶ଼ݍ)߶ (ହ଺ݍ)଻Ψݍ2 = √݉	൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

,																																																																											(3.21) 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
଻ݍ)߶ ସ⁄ )− ଻ݍ−)߶ ସ⁄ ) = √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																																			(3.22) 

ܵ = ܴܳ = ݉ ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

	.																																																																																																											(3.23) 
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7) From (3.20) and (3.23), we have: 

ܵ
ܲଶ = ൜

1)ߙ − (ߙ
1)ߚ − (ߚ

ൠ
ଵ ସ⁄

																																																																																																																		(3.24) 

Now, Eliminating ߚ,ߙ and m from (2.6) and (2.7) using (3.20) and (3.24), we get: 

ܲସܵଶ + ܲସ + 8ܲଷ ଼⁄ 	ܵଶ ଷ⁄ = 49 + ܵଶ + 8ܲସ ଷ⁄ 	ܵସ ଷ⁄ 																																																																				(3.25) 

Modular Identities of Degree 9. 

In modular equations (2.6) and (2.7), ߚ and the multiplier m have degree 9, so from (2.20), (2.21) and (2.22), we have: 

ܲ =
(ݍ)߶
(ଽݍ)߶ = ඥ݉, 																																																																																																																													(3.26) 

ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2
−(ଷ଺ݍ)߶ (଻ଶݍ)ଽΨݍ2 = √݉	൬

1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																											(3.27) 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
ଽݍ)߶ ସ⁄ )− ଽݍ−)߶ ସ⁄ ) = √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																																		(3.28) 

and  

ܵ = ܴܳ = ݉ ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

	.																																																																																																					(3.29) 

8) From (56) and (57), we have : 

ܳ
ܲ = ൬

1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																																																																			(3.30) 

Eliminating ߚ,ߙ and m from (2.8) and (2.9) using (3.26) and (3.30), we get: 

ܲ	ܳ − 2ඥܲܳ + 3 = ܲ + ܳ																																																																																																									(3.31) 

9) From (3.26) and (3.28), we have : 

ܴ
ܲ = ൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																																																																										(3.32) 

Eliminating ߚ,ߙ and m from (2.8) and (2.9) using (3.26) and (3.32), we get: 

ܲ	ܴ − 2√ܴܲ + 3 = ܲ + ܴ																																																																																																											(3.33) 

10) From (3.26) and (3.29), we have : 

ܵ
ଶ݌ = ൜

−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

																																																																																																												(3.34) 

Now, Eliminating ߚ,ߙ and m from (2.8) and (2.9) using (3.26) and (3.34), we get: 

ܲ + ܲ	√ܵ = 3 + √ܵ.																																																																																																												(3.35) 

Modular Identities of Degree 13. 

In modular equations (2.10) and (2.11), ߚ and the multiplier m have degree, so from (2.20), (2.21) and (2.22), we have: 

ܲ =
(ݍ)߶
(ଵଷݍ)߶ = ඥ݉, 																																																																																																																						(3.36) 
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ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2

−(ହଶݍ)߶ (ଵ଴ସݍ)ଵଷΨݍ2 = √݉	൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																																		(3.37) 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
ଽݍ)߶ ସ⁄ )− ଽݍ−)߶ ସ⁄ ) = √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																													(3.38)	 

ܵ = ܴܳ = ݉ ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

	.																																																																																																					(3.39) 

From (3.36) and (.39), we have: 

ܵ
ଶ݌ = ൜

−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

																																																																																																												(3.40) 

Eliminating ߚ,ߙ and m from (2.10) and (2.11) by making use of (3.36) and (3.40), we have: 

ܲଶܵ + ܲଶ + 4ܲସ ଷ⁄ 	ܵଶ ଷ⁄ = ܵ + 4ܵଶ ଷ⁄ 	ܲଶ ଷ⁄ + 13.																																																																(3.41) 

Modular Identities of Degree 25 

In modular equations (2.12) and (2.13), ߚ and the multiplier m have degree 25, so from (2.20), (2.21) and (2.22), we have: 

ܲ =
(ݍ)߶
(ଶହݍ)߶ = ඥ݉, 																																																																																																																				(3.42) 

ܳ =
−(ସݍ)߶ (଼ݍ)Ψݍ2

−(ଵ଴଴ݍ)߶ (ଶ଴଴ݍ)ଶହΨݍ2 = √݉	൬
1− ߙ
1− ߚ

൰
ଵ ସ⁄

																																																														(3.43) 

 

ܴ =
߶൫ݍଵ ସ⁄ ൯ − ߶൫−ݍଵ ସ⁄ ൯
ଶହݍ)߶ ସ⁄ )− ଶହݍ−)߶ ସ⁄ ) = √݉	൬

ߙ
ߚ
൰
ଵ ସ⁄

.																																																																							(3.44)	 

And 

ܵ = ܴܳ = ݉ ൜
−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

	.																																																																																																		(3.45) 

From (3.42) and (3.45), we have 

ܵ
ଶ݌ = ൜

−1)ߙ (ߙ
−1)ߚ (ߚ

ൠ
ଵ ସ⁄

																																																																																																									(3.46) 

Now, Eliminating ߚ,ߙ and m from (2.12) and (2.13) using (3.42) and (3.46), we get: 

ܲ√ܵ+ ܲ + 2ܲଶ ଷ⁄ ܵଵ ଺⁄ = √ܵ+ 2ܵଵ ଷ⁄ 	ܲଵ ଷ⁄ + 5																																																																	(3.47) 
 

IV. CONCLUSIONS 
These modular identities of different degrees of theta functions are very useful in various branches of science and engineering. It is 
especially useful for direct calculation of problems involving quantum mechanics.   
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