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Abstract: In this paper transformation formulae for poly-basic hypergeometric functions have been established by making use of 
Bailey’s transform. 
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I. INTRODUCTION 
The well-known Bailey’s transformation states that, if   

               β୬ = ෍α୰

୬

୰ୀ଴

u୬ି୰v୬ା୰                                                                                                                (1.1) 

and      γ୬ = ෍δ୰

ஶ

୰ୀ୬

u୬ି୰v୬ା୰ = ෍δ୰u୰v୰ାଶ୬ 

ஶ

୰ୀ଴

                                                                                    (1.2) 

whereα୰,δ୰, u୰,v୰  are any functions of r only, and that the series for γ୬ exists, then, subject to convergence, 

෍α୬

ஶ

୬ୀ଴

γ୬ =  ෍β୬

ஶ

୬ୀ଴

δ୬                                                                                                        (1.3)   

Bailey’s transform (1.3) has been exploited, both as a tool to find new transformations of both ordinary and basic, hypergeometric 
series and also to find new q-identities of Rogers-Ramanujan type. We shall make use of the following summation in our analysis. 

33 ቈq
ୟ        ∶ qଵୠ       ; zqୟାଵqଵୠାଵ ∶ q, qଵ: qqଵ: z 

zqୟାଵ ∶ zqଵୠାଵ; zqୟqଵୠ
቉
୒

 

 

=  
(1 − zqୟ)(1− zqଵୠ)
(1 − z)(1 − zqୟqଵୠ)

−
[qୟ; q]୒ାଵൣqଵୠ; qଵ൧୒ାଵz୒ାଵ

(1 − z)൫1− zqୟqଵୠ൯[zqୟାଵ; q]୬ൣzqଵୠାଵ; qଵ൧୒
.                                                                  (1.4) 

As N → ∞, yeilds  

33 ቈq
ୟ       ∶ qଵ      

ୠ     ; zqୟାଵqଵୠାଵ; q, qଵ; qqଵ; z
zqୟାଵ ∶ zqଵୠାଵ ; zqୟqଵୠ

቉
୒

 

=
(1− zqୟ)(1− zqଵୠ)
(1− z)(1 − zqୟqଵୠ)

.                                                                                                                                                         (1.5) 

 

෍
൫1− ap୩q୩൯[a; p]୩[c; q]୩cି୩

(1 − a)[q; q]୩[ap c; p⁄ ]୩

୬

୩ୀ଴

=
[ap; p]୬[cq; q]୬

[q; q]୬[ap c; p⁄ ]୬
 

                                                                                                                                                                                                    (1.6) 

෍
(1− ap୩q୩)(1− bp୩qି୩)[a, b; p]୩[c, a bc;⁄ q]୩q୩

(1− a)(1 − b)[q, aq b; q⁄ ]୩[ap c, bcp; p⁄ ]୩

୬

୩ ୀ଴

 

=  
[ap, bp; p]୬[cq, aq bc; q⁄ ]୬

[q, aq b; q⁄ ]୬[ap c, bcp; p⁄ ]୬
                                                                                                                                          (1.7) 

II. NOTATIONS AND DEFINITIONS 
A RATIONAL FUNCTION OF Q୒, Q BEING FIXED COMPLEX PARAMETERS CALLED THE BASE OF THE SERIES, USUALLY WITH MODULUS 

LESS THAN ONE. AN EXPLICIT REPRESENTATION OF SUCH SERIES IS GIVEN BY: 

sr  ൤
aଵ , aଶ,…, a୰; q; z
bଵ  , bଶ,…, bୱ; q୧ ൨ 
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     = ෍ q୧ቀ
୬
ଶቁ

ஶ

୬ୀ଴

[aଵ, aଶ, … , a୰; q]୬z୬

[bଵ, bଶ, … , bୱ; q]୬
                                                                                                                                     (2.1) 

where ቀn
2ቁ = n(n − 1)/2 And  

[aଵ, aଶ, … , a୰; q]୬ = [aଵ, q]୬[aଶ, q]୬ … [a୰, q]୬ 
 
With the q-shifted factorial defined by  

[a; q]୬ = ൜1, if n = 0
(1 − a)(a − aq) … (1− aq୬ିଵ),  if n = 1,2 … 

 
(2.2)  
 For the convergence of the series (2.1) we need |q| < 1 and  |z| <  ∞  when i = 1,2 …  or max. {|q|,     |z|} < .ݎ When  i = 0 
provided no zeros appear in the denominator. 

sr ൤
aଵ, aଶ, … , a୰; q; z
bଵ, bଶ, … , bୱ; q୧ ൨୒

means that the series runs  

From 0 to N only  
The poly-basic hypergeometric series is defined as: 

Ф ൤
cଵ,ଵ, … , cଵ,୰భ; … ; c୫,ଵ, … , c୫,୰ౣ  ; qଵ, qଶ, … , q୫; z
dଵ,ଵ, … , dଵ,ୱభ; … ; d୫,ଵ, … , d୫,ୱౣ

൨ 

=  ෍ z୬
ஶ

୬ୀ଴

m
Π

j = 1

ቂc୨,ଵ, … , c୨,୰ౠ; q୨ቃ୬
ቂd୨,ଵ, … , d୨,ୱౠ; q୨ቃ

୬

                                                                                                                                       (2.3) 

III. MAIN RESULTS  
Taking u୰ = v୰ = 1 and  

δ୰ =
[୯౗;୯]౨ቂ୯భౘ;୯భቃ౨

ൣ୶୯౗శభ୯౧ౘశభ;୯୯భ൧౨୶
౨

[୶୯౗శభ;୯]౨ൣ୶୯భౘశభ;୯భ൧౨ൣ୶୯
౗୯భౘ;୯୯భ൧౨

 in (1.2) we get  

n = 
[୯౗;୯]౤ቂ୯భౘ;୯భቃ౤

ൣ୶୯౗శభ୯౧ౘశభ;୯୯భ൧౤୶
౤(ଵି୶୯౗శ౤)(ଵି୶୯భౘశ౤)

[୶୯౗శభ;୯]౤ൣ୶୯భౘశభ;୯భ൧౤ൣ୶୯
౗୯భౘ;୯୯భ൧౤(ଵି୶)(ଵି୶୯౗శ౤୯భౘశ౤)

 

=
(1− xqୟ)൫1− xqଵୠ൯(qୟ; q)୬(qଵୠ; qଵ)୬x୬

(x − 1)(1− xqୟqଵୠ)(xqୟ; q)୬ൣxqଵୠ; qଵ൧୬
                                                                                                                           (3.1) 

Putting these values in (1.1) (1.2) and (1.3) we get the new form of the Bailey’s transform as  
If  

β୬ = ෍α୰

୬

୰ୀ଴

                                                                                                                                                                                    (3.2)   

Then  
(1 − xqୟ)൫1− xqଵୠ൯
(1 − x)(1− xqୟqଵୠ)

෍
(qୟ; q)୬ൣqଵୠ; qଵ൧୬x୬

(xqୟ; q)୬ൣxqଵୠ; qଵ൧୬

ஶ

୬ୀ଴

α୬ 

= ෍
(qୟ; q)୬ൣqଵୠ, qଵ൧୬ൣxqୟାଵqଵୠାଵ; qqଵ൧୬x୬

(xqୟାଵ; q)୬ൣxqୟqଵୠ; qqଵ൧୬ൣxqଵୠାଵ; qଵ൧୬

ஶ

୬ୀ଴

β୬                                                                                                                   (3.3) 

We shall make use of (3.2) and (3.3) in order to establish certain new transformation formulae  
(a) Choosing  
α୰ = z୰ in (3.2) we get  

β୬ =
1 − z୬ାଵ

1 − z  

Putting these values in (3.3) we get, 
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(1 − xqୟ)൫1− xqଵୠ൯
(1 − x)(1− xqୟqଵୠ) 

23 ቈ qୟ; qଵୠ; q, qଵ; xz
xqୟ; xqଵୠ

቉ 

=
(1− xqୟ)(1− xqଵୠ)

(1− z)(1 − x)(1− xqୟqଵୠ)
−

z
(1− z) 

 

✕
33 ቈq

ୟ       ∶ qଵୠ       ; xqୟାଵ; qଵୠାଵ; q, qଵ; qqଵ; xz
xqୟାଵ: xqଵୠାଵ; xqୟqଵୠ

቉,  

                                                                                                                                                                                                         (3.4) 

 

(b) Next, taking 

α୰ =  
[qଶ஑; qଶ]୰ൣqଷ

ஒ; qଷ൧୰ൣzqଶ஑ାଵqଷ
ஒାଵ; qଶqଷ൧୰z

୰

[zqଶ஑ାଵ; qଶ]୰ൣzqଷ
ஒାଵ; qଷ൧୰ൣzqଶ஑qଷ

ஒ; qଶqଷ൧୰
 

In (3.2) and making use of (1.4) we get: 

β୬ =
(1− zqଶ஑)൫1− zqଷ

ஒ൯
(1− z)൫1− zqଶ஑zଷ

ஒ൯
 

−
[qଶ஑; qଶ]୬ାଵൣqଷ

ஒ; qଷ൧୬ାଵz୬ାଵ

(1 − z)൫1− zqଶ஑qଷ
ஒ൯[zqଶ஑ାଵ; qଶ]୬ൣzqଷ

ஒାଵ; qଷ൧୬
                                                                                                                  (3.5) 

Putting these values in (3.3) we have  
(1− xqୟ)(1− xqଵୠ)
(1 − x)(1− xqୟqଵୠ)

. 

൥ qୟ; qଵୠ   ; qଶ஑, qଷ
ஒ;

xqୟ, xqଵୠ; zqଶ஑ାଵ;
zqଶ஑ାଵ,
zqଷ

ஒାଵ,
 zqଷ

ஒାଵ; q, qଵ, qଶ, qଷ, qଶqଷ; xz
 zqଶ஑qଷ

ஒ ൩ 

 

=  
(1 − zqଶ஑)൫1− zqଷ

ஒ൯(1− xqୟ)൫1− xqଵୠ൯
(1− z)(1− x)(1 − zqଶ஑qଷ

ஒ)(1− xqୟqଵୠ)
−

z(1− qଶ஑)൫1− qଷ
ஒ൯

(1 − z)൫1− zqଶ஑qଷ
ஒ൯

 

✕
55 ൥

qୟ; qଵୠ; xqୟାଵqଵୠାଵ; qଶ஑ାଵ; qଷ
ஒାଵ, q, qଵ, qqଵ, qଶ, qଷ; xz

xqୟାଵ; xqଵୠାଵ; xqୟqଵୠ; zqଶ஑ାଵ; zqଷ
ஒାଵ ൩ 

 

                                                                                                                                                                                 (3.6) 
 (c) Again, taking 

α୰ = (ଵି஑୔౨୕౨)[஑;୮]౨[ஒ;୕]౨ஒష౨

(ଵି஑)[୕;୕]౨[஑୔ ஒ;୔⁄ ]౨
in (3.2)  

And making use of (1.6) we get, 

β୬ =
[αP; P]୬[βQ; Q]୬

[Q; Q]୬[αP β; P⁄ ]୬
 

Putting these values in (3.3) we obtain, 
(1 − xqୟ)൫1− xqଵୠ൯
(1 − x)൫1− xqୟqଵୠ൯ 55 ቈq

ୟ; qଵୠ;αPQ;α;β; q; qଵ, PQ, P, P, Q; x β⁄
xqୟ; xqଵୠ;α;αP β; Q;⁄

቉ 

 

✕ 56 ቈq
ୟ; qଵୠ; xqୟାଵqଵୠାଵ;αP;βQ; q, qଵ, qqଵ, P, Q; x

xqୟାଵ; xqଵୠାଵ; xqୟqଵୠ;αP β; Q;⁄
቉. 

                                                                                                                                                                                    (3.7) 
(d) Lastly, taking 
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α୰ =
(1− αP୰Q୰)(1− βP୰Qି୰)[α,β; P]୰[γ,α βγ; Q⁄ ]୰Q୰

(1− α)(1− β)[Q,αQ β; Q⁄ ]୰[αP γ,βγP; P⁄ ]୰
 

In (3.2) and making use of (1.7) we get, 

β୬ =
[αP,βP; P]୬[γQ,αQ βγ; Q⁄ ]୬

[Q, αQ β; Q⁄ ]୬[αP β,βγP; P⁄ ]୬
 

Now putting these values in (3.3) we find: 
(1 − xqୟ)൫1− xqଵୠ൯
(1 − x)(1− xqୟqଵୠ)

✕ 89 ቈq
ୟ; qଵୠ;α;β; γ, a βγ;αPQ;βP Q; q, qଵ, P, Q, PQ, P Q; xQ⁄⁄⁄

xqୟ; xqଵୠ;αP γ,βγP, Q,αQ β;α;β⁄⁄
቉ 

= 78 ቈq
ୟ; qଵୠ; xqୟାଵݍଵ௕ାଵ;αP,βP; γQ, αQ βγ; q, qଵ, qqଵ, P, Q; x⁄

xqୟାଵ; xqଵୠାଵ; xqୟqଵୠ;αP γ, βγP, Q, αQ β⁄⁄
቉ 

                                                                                                                                                                                   (3.8) 
A number of otherinteresting results can also be obtained by taking suitable values of  α୰ and β୬. 

IV. CONCLUSIONS 
Six transformation formulae for poly-basic hypergeometric functions are established by making use of Bailey’s Transform. 
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