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Abstract:In this paper, for a marketing organization consisting of multi grades subject to the depletion of manpower(wastages) 
due to policy decisions with high or low attrition rate, is considered. An important system characteristic namely the mean time to 
recruitment is obtained for a suitable policy of recruitment when (i) wastages are independent and identically distributed  
Geometric process and (ii) threshold for each grade has single components with exponential distribution, and (iii) the inter-
policy decisions form an ordinary renewal process or order statistics is considered. 
Keywords: Geometric process, correlated, inter decision time, two types of policy decisions with high or low  
attrition rate, Hyper exponential,  Mean  time to recruitment. 
 

I. INTRODUCTION 
Exits of personal which is in other words known as wastage, is an importantaspects in the study of manpower planning.Many 
models have been discussed using different types of wastages and also different types of distribution for the loss of man powers, the 
thresholds and inter decision times.Such  models are seen in [1] and [2].In [3],[4],[5] and [6] theauthors have obtained the mean 
time to recruitment in a two grade manpower system based on order statistics by assuming different distribution for thresholds.in [8] 
for a two grade manpower system with two types of decisions when the wastages form a geometric process is obtained.The problem 
of time to recruitment is studied by several authors for the organizations consisting of single grade/two grade/ three grades .More 
specifically for a two grade system, in all the earlier work , the threshold for the organization is minimum or maximum or sum of 
the thresholds for the loss of manpower in each grades, no attempt has been made so far to design a comprehensive recruitment 
policy for a system with two or three grades . In [10] a new design for a comprehensive univariate CUM recruitment policy of 
manpower system is used with n grades in order to bring results proved independently for maximum, minimum model as a special 
case.In all previous work , the problem of time to recruitment is studied  an organization consisting of atmost three 
grades.In[11],[12] author has worked on  this comprehensive  univariate policy when wastages form ordinary renewal process and 
interdecision time form geometric and order statistics. In this paper an organization with n-grades is considered and the mean time 
to recruitment are obtained using an appropriate univariate CUM policy of recruitment (i.e)“The organization survives 
iffatleast࢘, (૚ ≤ ࢘ ≤  out of n-grades survives in the sense that threshold crossing has not take place in these grades” when the(࢔
inter decision time form an geometric process. 

II. MODEL DESCRIPTION AND ANALYSIS 
An organization having two grades in which decisions are taken at random epochs in (0,∞) and at every decision making epoch a 
random number of persons quit the organization. There is an associated loss of man hours to the organization if a person quits.   
It is assumed that the loss of man hours is linear and cumulative.  
The loss of manpower at any decision epoch forms a sequence of independent and  identically distributed random variables which 
form geometric process.  
The inter-decision times are independent and identically distributed random variables.  
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The loss of manpower process and the process of inter-decision times are statistically independent. 
The thresholds for the n-grades are independent and identically distributed exponential random variable. 
Univariate CUM policy of recruitment: “The organization survives iffatleastݎ, (1 ≤ ݎ ≤ ݊)out of n-grades survives in the sense that 
threshold crossing has not take place in these grades” 

III. NOTATIONS 
௜ܺ:the continuous random variable denoting the amount of    depletion caused to the organization due to the exit of persons 

corresponding to the jthdecision,j=1,2,3… and  ௜ܺ’s form a geometric process. 
(ݔ)ܩ distribution function of ଵܺ such that :(ݔ)ܩ = 1 − ܿ݁ି௖௫݃(ݔ): probability density function. 
.)௞ܩ ): The distribution function of ∑ ௜ܺ

௞
௜ୀଵ  

݃௞(. )its probability density function.  
௜ܷ: ݅ = 1,2,3 …the inter decision time between (݅ − 1)௧௛ and ݅௧௛decision. 
.)ܨ )[݂(. )]:distribution (density) function. 
.)௞ܨ ), ௞݂(. ) : The distribution(density) function of  ∑ ௜ܷ

௞
௜ୀଵ . ௞ܸ(ݐ) : The probability  that there are exactly k decision making epoch 

in (0,  .[ݐ
௝ܻ:The continuous random variable denoting the thresholds for the  jthgrade. 

Y: The continuous random variable denoting the  thresholds for the organization. 
.)ܪ ):the distribution function of Y. 
௝ܶ : Time taken for threshold crossing in the ݆௧௛ grade,j=1,2,3…n.  

T : Time to recruitment of the organization 
 .mean time to recruitment:(ܶ)ܧ

IV. MAIN RESULT 
The survival function of the time to recruitment is given by   

ܲ(ܶ > (ݐ = ෍ܲ(ܿ݋݌݁ ݊݋݅ݏ݅ܿ݁݀ ݇ ݕ݈ݐܿܽݔܧℎ(0,  ݀݁ݏݏ݋ݎܿ ݐ݋݊ ݏ݅ ܻ ݈݁ݒ݈݁ ݈݀݋ℎݏ݁ݎℎݐ ℎ݁ݐ ݀݊ܽ[ݐ
ஶ

௞ୀ଴

 

 (ݏ݁݀ܽݎ݃ ݎ ݐݏ݈ܽ݁ݐܽ ݊݅ ݏ݊݋݅ݏ݅ܿ݁݀ ݇ ݁ݏℎ݁ݐ ݊݅ ݏݎݑ݋ℎ݊ܽ݉ ݂݋ ݏݏ݋݈ ݈ܽݐ݋ݐ ℎ݁ݐ ݕܾ
 

݅. ݁ ܲ(ܶ > (ݐ = ෍ ௞ܸ(ݐ)ܲ(෍ ௜ܺ < ܻ)                                                                          (1)
௞

௜ୀଵ

ஶ

௞ୀ଴

 

        
By the law of total probability 

ܲ(෍ ௜ܺ < ܻ)
௞

௜ୀ

= න P[Y > ෍ x୧

୩

୧ୀଵ

෍x୧

୩

୧ୀଵ

= x]൙
ஶ

଴
݃௞(ݔ)dx                                                         (2) 

    

= න ݃௞(ݔ)
ஶ

଴
[1−  .ݔ݀[(ݔ)ܪ

= න ݃௞(ݔ)෍݊ܥ௜

௡

௜ୀ௥

ஶ

଴
[1−  .ݔ௡ି௜݀[(ݔ)ܪ]௜[(ݔ)ܪ

 

   = න ݃௞(ݔ)෍݊ܥ௜

௡

௜ୀ௥

ஶ

଴
ൣ݁ିఏ௫൧

௜ൣ1− ݁ିఏ௫൧
௡ି௜

 .ݔ݀

= ෍݊ܥ௜

௡

௜ୀ௥

න ݃௞(ݔ)݁ି௜ఏ௫
ஶ

଴
ൣ1− ݁ିఏ௫൧

௡ି௜
 ݔ݀

         
Using binomial expansion 
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                        = ෍݊ܥ௜

௡

௜ୀ௥

න ݃௞(ݔ)݁ି௜ఏ௫
ஶ

଴
[1− (݊ − ଵ݁ିఏ௫ܥ(݅ + (݊ − ଶ݁ିଶఏ௫ܥ(݅ +    … (−1)௡ି௜݁ି(௡ି௜)ఏ௫]݀ݔ 

= ෍݊ܥ௜

௡

௜ୀ௥

න ݃௞(ݔ)
ஶ

଴
[݁ି௜ఏ௫ − (݊ − ଵ݁ି(௜ାଵ)ఏ௫ܥ(݅ + (݊ − ଶ݁ି(௜ାଶ)ఏ௫ܥ(݅ +                      … + (−1)௡ି௜݁ି௡ఏ௫]݀ݔ. 

= ෍݊ܥ௜[݃௞തതത(݅ߠ) − (݊ − ݅))ଵ݃௞തതതܥ(݅ + (ߠ(1 + (݊ − ݅))ଶ݃௞തതതܥ(݅ + (ߠ(2 +  … (−1)௡ି௜݃௞തതത(݊ߠ)]
௡

௜ୀ௥

          (3) 

From renewal theory ௞ܸ(ݐ) = −(ݐ)௞ܨ (ݐ)଴ܨwith(ݐ)௞ାଵܨ = 1          (4) 
Substituting  (3) and (4) in (1) we get, 

ܲ(ܶ > (ݐ = ෍[ܨ௞(ݐ)− [(ݐ)௞ାଵܨ
ஶ

௞ୀ଴

෍݊ܥ௜[݃௞തതത(݅ߠ)− (݊ − ݅))ଵ݃௞തതതܥ(݅ + (ߠ(1 + (݊ − ݅))ଶ݃௞തതതܥ(݅ + (ߠ(2 +  … (−1)௡ି௜݃௞തതത(݊ߠ)]
௡

௜ୀ௥

    (5 ) 

Now , we evaluate ݃௞തതത(݅ߠ). 
As ௜ܺ , ݅ = 1,2,3 … form a geometric process with rate ‘a’, 

݃௞തതത(݅ߠ) = ෑ݃̅൬
ߠ݅
ܽ௜ିଵ

൰                                                                                                                                             (6) 
௞

௝ୀଵ

 

Since ݃(ݔ) = ܿ݁ି௖௫ 

݃௞തതത(݅ߠ) = ෑන ݁ିቀ
೔ഇ

ೌ೔షభ
ቁ௫ܿ݁ି௖௫݀ݔ

ஶ

଴

௞

௝ୀଵ

 

            = ෑන ܿ݁ିቀ௖ା
೔ഇ

ೌ೔షభ
ቁ௫݀ݔ

ஶ

଴

௞

௝ୀଵ

     = ෑቈ
ܿܽ௝ିଵ

ܿܽ௝ିଵ + ߠ݅
቉ = ,ߠ݅)ܸ ݇)

௄

௝ୀଵ 

 

,ߠ݅)ܸ   ݁ݎℎ݁ݓ ݇) = ෑቈ
ܿܽ௝ିଵ

ܿܽ௝ିଵ + ߠ݅
቉                                                                                      (7)            

௞

௝ୀ௜

 

ܲ(ܶ > (ݐ = ෍[ܨ௞(ݐ)− [(ݐ)௞ାଵܨ
ஶ

௞ୀ଴

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇)
௡

௜ୀ௥

+   … (−1)௡ି௜ܸ(݊ߠ,݇)]                                                                                                                 (8) 
(ݐ)ܮ = 1 − ܲ(ܶ >  (ݐ

= 1−     ෍[ܨ௞(ݐ)− [(ݐ)௞ାଵܨ
ஶ

௞ୀ଴

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇)
௡

௜ୀ௥

+  … (−1)௡ି௜ܸ(݊ߠ,݇)]                                                                                                                    (9) 
Diff. with to respect to t 

(ݐ)݈ = −෍[ ௞݂(ݐ)− ௞݂ାଵ(ݐ)]
ஶ

௞ୀ଴

෍݊ܥ௜[ܸ(݅ߠ, ݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + (݇,ߠ(2
௡

௜ୀ௥

+   … (−1)௡ି௜ܸ(݊ߠ,݇)]                                                                                                                     (10) 
Taking Laplace  Transform on both sides 

(ݏ̅)݈ = −෍ൣ݂௞̅(ݏ) − ݂௞̅ାଵ(ݏ)൧
ஶ

௞ୀ଴

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇)
௡

௜ୀ௥

+   … (−1)௡ି௜ܸ(݊ߠ,݇)]                                                                                                                    (11) 
A. Case(i) 
{U୧}୧ୀଵஶ form an geometric process 
Assume that the inter decision times ௜ܷ , ݅ = 1,2,3 …  form a geometric process with rate b ,(b>0).It is assumed that the probability 
density function of ଵܷ is hyper exponential density function 

(ݐ)݂ = ௛݁ିఒ೓ߣ݌ + ௟݁ିఒ೗ߣݍ ݌, + ݍ = 1. 
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(ݏ)݂̅ =
௛ߣ݌
௛ߣ + ݏ +

௟ߣݍ
௟ߣ + ݏ ݂

̅(0) =
௛ߣ݌
௛ߣ

+
௟ߣݍ
௟ߣ

= ݌ + ݍ = 1 

݀
ݏ݀
ቀ݂̅(ݏ)ቁ =

௛ߣ݌−
௛ߣ) + ଶ(ݏ +

௟ߣݍ−
௟ߣ) + ଶ(ݏ ,൭

݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

= −൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰ 

݂௞̅(ݏ) = ෑ݂̅ ቀ
ݏ

ܾ௜ିଵ
ቁ

௞

௜ୀ

 

    

݀
ݏ݀
ቀ݂௞̅(ݏ)ቁ =

݀
ݏ݀
൭ෑ݂̅ ቀ

ݏ
ܾ௜ିଵ

ቁ
௞

௜ୀଵ

൱ =
݀
ݏ݀
ቆ݂̅(ݏ) × ݂̅ ቀ

ݏ
ܾ
ቁ× ݂̅ ቀ

ݏ
ܾଶ
ቁ× … × ݂̅ ቀ

ݏ
ܾ௞ିଵ

ቁቇ 

=
݀
ݏ݀
ቀ݂̅(ݏ)ቁ × ෑ݂̅ ቀ

ݏ
ܾ௜ିଵ

ቁ
௞

௜ୀଶ

+
1
ܾ
݀
ݏ݀
ቀ݂̅(ݏ)ቁ × ෑ݂̅ ቀ

ݏ
ܾ௜ିଵ

ቁ
௞

௜ୀଵ
௜ஷଶ

+
1
ܾଶ

݀
ݏ݀
ቀ݂̅(ݏ)ቁ × ෑ݂̅ ቀ

ݏ
ܾ௜ିଵ

ቁ+⋯           +
1

ܾ௞ିଵ

௞

௜ୀଵ
௜ஷଷ

݀
ݏ݀
ቀ݂̅(ݏ)ቁ

× ෑ݂̅ ቀ
ݏ

ܾ௜ିଵ
ቁ

௞ିଵ

௜ୀ

 

൭
݀
ݏ݀
ቀ݂௞̅(ݏ)ቁ൱

௦ୀ଴

= ቌ
݀
ݏ݀
൭ෑ݂̅ ቀ

ݏ
ܾ௜ିଵ

ቁ
௞

௜ୀଵ

൱ቍ

௦ୀ଴

= ൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

+
1
ܾ
൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

 +  
1
ܾଶ
൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

+ ⋯ 

+
1

ܾ௞ିଵ
൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

 

= ൬1 +
1
ܾ +

1
ܾଶ +

1
ܾଷ +⋯+

1
ܾ௞ିଵ

൰൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

 

= ෍
1
ܾ௜ିଵ

௞

௜ୀଵ

 × ൭
݀
ݏ݀
ቀ݂̅(ݏ)ቁ൱

௦ୀ଴

=  −൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰෍
1
ܾ௜ିଵ

௞

௜ୀଵ

 

  Consider  

෍൤൤
݀
ݏ݀
ቀ݂௞̅(ݏ)ቁ൨

௦ୀ଴
− ൤

݀
ݏ݀
ቀ݂௞̅ାଵ(ݏ)ቁ൨

௦ୀ଴
൨

ஶ

௞ୀ଴

= ෍−൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰ ൥෍
1
ܾ௜ିଵ

௞

௜ୀଵ

−෍
1
ܾ௜ିଵ

௞ାଵ

௜ୀଵ

൩
ஶ

௞ୀ଴

 

                                                   = ൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰෍
1
ܾ௞

ஶ

௞ୀ଴

                                                                             (12) 

(ܶ)ܧ = −൤
݀
ݏ݀ ൨((ݏ̅)݈)

௦ୀ଴
= −෍൤൤

݀
ݏ݀
ቀ݂௞̅(ݏ)ቁ൨

௦ୀ଴
− ൤

݀
ݏ݀
ቀ݂௞̅ାଵ(ݏ)ቁ൨

௦ୀ଴
൨

ஶ

௞ୀ଴

× 

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇) +   … (−1)௡ି௜ܸ(݊ߠ,݇)]
௡

  ௜ୀ௥

 

Substituting (12) in the above equation 

(ܶ)ܧ = ൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰෍
1
ܾ௞

ஶ

௞ୀ଴

෍݊ܥ௜ൣܸ(݅ߠ, ݇)− (݊ − ݅))ଵܸܥ(݅ + ,ߠ(1 ݇) + (݊ − ݅)ଶܸ൫ܥ(݅ + ,ߠ(2 ݇൯
௡

  ௜ୀ௥

+   … (−1)௡ି௜ܸ(݊ߠ,݇)൧                                                                                                    (13)  
B. Case(ii) 
When ௜ܷ

ᇱݏ  are correlated. 
The inter decision times are assumed to be exchangeable and constantly correlated exponential random variables with mean 
ଵ
ఓ

ߤ) > 0).Let R be the constant correlation between U୧ and U୨, i ≠ j. 

By taking Laplace Stieljes transform both side 
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(ݏ̅)݈ = −෍[ܨത௞(ݏ)−
ஶ

௞ୀଵ

[(ݏ)ത௞ାଵܨ × 

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + ,ߠ(1 ݇) + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇) +  … (−1)௡ି௜ܸ(݊ߠ, ݇))]
௡

  ௜ୀ௥

 

 

(ܶ)ܧ = −൤
݀
ݏ݀ ൨((ݏ̅)݈)

௦ୀ଴
 

= ෍[
݀
ݏ݀

−(ݏ)ത௞ܨ] ௦ୀ଴[[(ݏ)ത௞ାଵܨ

ஶ

௞ୀ଴

෍݊ܥ௜[ܸ(݅ߠ,݇) − (݊ − ݅))ଵܸܥ(݅ + (݇,ߠ(1 + (݊ − ݅))ଶܸܥ(݅ + ,ߠ(2 ݇)
௡

  ௜ୀ௥

+   … (−1)௡ି௜ܸ(݊ߠ,݇)]                                                                                                       (14) 
The cumulative distribution function of the partial sum ଵܷ + ଶܷ + ⋯+ ௞ܷ is given by Gurland(1955) as  
 

(ݐ)௞ܨ = ൬
1 −ܴ

1− ܴ + ܴ݇
൰෍൬

ܴ݇
1−ܴ + ܴ݇

൰
௝ ߮(݇ + ݆, ௧

௨
)

(݇ + ݆ − 1)!

ஶ

௝ୀ଴

 

ݑ ݁ݎℎ݁ݓ =
1 −ܴ
ߣ  ܽ݊݀ ߮ ൬݇ + ݆,

ݐ
ݑ
൰ =  න ݁ି∈ ∈௞ା௝ିଵ ݀ ∈.

೟
ೠ

଴
 

(ݏ)ത௞ܨ = ൬
1− ܴ

1−ܴ + ܴ݇
൰෍൬

ܴ݇
1− ܴ + ܴ݇

൰
௝ 1

(݇ + ݆ − 1)!
න ߮(݇ + ݆,

ݐ
௦௧ି݁(ݑ

ஶ

଴

ஶ

௝ୀ଴

 ݐ݀

(ݏ)ത௞ܨ = ൬
1− ܴ

1−ܴ + ܴ݇
൰෍൬

ܴ݇
1− ܴ + ܴ݇

൰
௝ 1

(݇ + ݆ − 1)!
න ݁ି௦௧
ஶ

଴

ஶ

௝ୀ଴

݀
ݐ݀
൭න ݁ି∈ ∈௞ା௝ିଵ ݀ ∈.

೟
ೠ

଴
൱ 

(ݏ)ത௞ܨ = ൬
1− ܴ

1−ܴ + ܴ݇
൰෍൬

ܴ݇
1− ܴ + ܴ݇

൰
௝ 1

(݇ + ݆ − 1)!
න ݁ି௦௧
ஶ

଴

ஶ

௝ୀ଴

݁ି௧ ௨ൗ ൫ݐ ൗݑ ൯
௞ା௝ିଵ

݀൫ݐ ൗݑ ൯. 

(ݏ)ത௞ܨ = ൬
1− ܴ

1−ܴ + ܴ݇
൰෍൬

ܴ݇
1− ܴ + ܴ݇

൰
௝ 1

(݇ + ݆ − 1)!
න ݁ି௧(௦ାଵ ௨ൗ )
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Substituting (15) in (14) ,the mean time to recruitment is  
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V. NUMERICAL ILLUSTRATION 
The behavior of the performance measure due to the change in parameter is analyzed numerically for different values of n and r. 

A. Case(i) n=3,r=1 
From equation (13) the mean time for recruitment is given by 
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B. Case(ii) n=3,r=2 
From equation (13) the mean time for recruitment is given by 
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C. Case(iii) n=3,r=3 
From equation (13) the mean time for recruitment is given by 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                                        ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor:6.887 

   Volume 5 Issue X, October 2017- Available at www.ijraset.com 
     

 
1955 ©IJRASET (UGC Approved Journal): All Rights are Reserved 

(ܶ)ܧ = ൬
௟ߣ݌ + ௛ߣݍ
௟ߣ௛ߣ

൰෍
1
ܾ௞

,ߠ3)ܸ} ݇}
ஶ

௞ୀ଴

 

D. Case(iv) n=3,r=1 
From equation (16) the mean time for recruitment is given by 
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E. Case(v) n=3,r=2 
From equation (16) the mean time for recruitment is given by 

(ܶ)ܧ =
ݑ

1 −ܴ
෍{3ܸ(2ߠ,݇) − {݇,ߠ3)2ܸ
ஶ

௞ୀ଴

 

F. Case(vi) n=3,r=3 
From equation (16) the mean time for recruitment is given by 

(ܶ)ܧ =
ݑ

1 −ܴ
෍{ܸ(3ߠ,݇}
ஶ

௞ୀ଴

 

VI. CONCLUSION 
From the present work  we can study about  two grade and three grade manpower system. This work also can be extended in two 
sources of depletion. The influence of the hypothetical parameter on the performance measure can be studied numerically with the 
help of MATLAB. 
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