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Abstract: This research aims at studying the free vibration analysis of CNT reinforced functionally graded composite 
rectangular plate using higher order shear deformation theory. The equations of motion of the structural system are derived 
using the Hamilton’s principle. The vibration characteristics of the model in the closed form are obtained by using Navier’s 
method for different boundary conditions. The natural frequencies and vibration mode shapes of FG-CNT reinforced composite 
rectangular plate subjected to transverse loads with different boundary conditions are presented for different aspect ratios by 
using eigen value method. The present results are compared with the solutions of the material with different reinforcement 
available in the literature. It can be concluded that the proposed theory is accurate and efficient in predicting the vibration 
behaviour of FG-CNT plates. A computer program in C is developed for determining fundamental frequencies. 
Key words: Al-CNT, FG-CNT Reinforced Composite Plates, Effective Material Properties, HSDT, Navier’s Method. 

I. INTRODUCTION 
Functionally graded materials (FGMs) are multifunctional composites involving spatially varying volume fraction of constituent 
materials, thus providing a graded microstructure and macro-properties. CNT is an effective reinforcement material in the case of 
composite material developments, owing to its good physical and chemical properties. 
Guided by the concept of functionally graded (FG) materials, a class of new emerging composite materials, the FG-CNT reinforced 
composite, has been proposed making use of CNTs as the reinforcements in a functionally graded pattern. Using a powder 
metallurgy fabrication process, carbon-nano tube-reinforced composites (CNTRCs) may be achieved with a non-uniform 
distribution of CNTs through the media. This type of reinforced composite media is known as functionally graded carbon-nanotube-
reinforced composite (FG-CNTRC). This new type of FG-CNT reinforced composite will need further research so as to find out its 
mechanical properties. 
The advantages of FG-CNT include multi-functionality, ability to withstand at high pressures and in harsh environments, resistant to 
wear and tear and ability to remove stress concentrations. Using FG-CNT, intricate shapes can be easily produced and it has Cost-
effective manufacturing processes. 
A number of investigations have been carried out using CNT as reinforcement in different materials, namely polymer, ceramic and 
metals. The majority of the research has been carried out on reinforcement of polymers by CNT. This can be attributed primarily to 
the relative ease of polymer processing, which often does not require high temperatures for consolidation as needed for metals and 
ceramic matrixes. Aluminum and its alloys, being the most abundantly used non-ferrous structural materials, were the first choice 
for reinforcement with carbon nanotubes. The first publication on metal-CNT system was on Al-CNT in 1998 [1]. The powder 
metallurgy route has been used extensively due to ease of dispersing the CNTs within the aluminum matrix. A secondary 
consolidation by deformation processing is advantageous in obtaining higher densities and improved CNT distribution. The 
composite containing 5 vol.% CNT was found to have a tensile strength 128% higher than the unreinforced material[2]. Ball milling 
has been used extensively to disperse the CNTs in the Al powder. Depending on the degree of dispersion, different studies reported 
different degrees of strengthening. Aluminum 4.5 vol.% CNT composite prepared by hot rolling of ball milled powders was shown 
to have a tensile yield strength of 620 MPa and fracture toughness of 61 MPa.mm which are, respectively, 15 and 7 times more than 
that for aluminum [3]. Plasma sprayed aluminium composite coatings made by blended powder have been shown to improve the 
hardness by 72%, elastic modulus by 78%, marginal improvement in tensile strength, and 46% decrease in ductility with 10 
wt.%CNT addition [4]. Sintering at 673 K for 72 h of the plasma sprayed Al-10 wt.% CNT coating has been reported to further 
increase the elastic modulus of the composite coating by 80%, which has been attributed to reduction in porosity and residual stress 
[5]. Al-12 vol.% CNT composite produced by plasma spraying of spray-dried powders shows 40% increase in the elastic 
modulus[3].CNT addition results in an increase in the elastic recovery[3]. Al-1 vol.% CNT prepared by hot extrusion of SPS 
compacts have displayed tensile strengths upto four times (198 MPa) of aluminum (52 MPa)[6]. Strengthening has been observed 
irrespective of the formation of Al[7]. Significant strengthening has been achieved in samples produced by hot extrusion technique 
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because the technique can produce high densities and can lead to breakdown of CNT clusters[8].These results show that 
homogeneous distribution of CNTs, strong bonding with the matrix, and high density are the key factors to control the mechanical 
properties of the aluminum-CNT composites. 
In this paper an attempt is made to study the vibration characteristics of Al-CNT  where CNT is functionally graded(discrete). There 
were many studies of vibration behaviour on various materials using higher order theory. This is the first study where the vibration 
characteristics are studied for aluminium with functionally graded CNT. 
FG-CNTs have wide applications in aerospace structures to withstand aero-thermal loads [9]. They are used as a reactor shield in 
nuclear reactors to reduce chemical corrosion and thermal stress and also as TBCs in combustion chambers. It is used in 
manufacturing the components of propulsion system, submarines, etc and for cutting tools. 
The buckling, vibration, linear and nonlinear bending behaviours of FG-CNT reinforced composite structures have attracted much 
attention from researchers [10]. Using HSDT theory, L.W. Zhang et al.[11] studied the vibration analysis of FG-CNT reinforced 
composite plates subjected to in-plane loads based on State-space Levy method.  
B. Sidda Redddy, J. Suresh Kumar, C. Eswara Reddy and K. Vijaya Kumar Reddy[12] investigated Free 
Vibration Behaviour of Functionally Graded Plates Using Higher-Order Shear Deformation Theory. In  
this paper the aluminium reinforced with zirconium is taken and vibration behaviour for different aspect ratios are determined and 
compared with the exact solution. 
Mohammad Rahim Nami et al.[13] investigated the free vibration of thick functionally graded carbon nanotube-reinforced 
rectangular composite plates based on three dimensional elasticity theory via differential quadrature method. Based on the first-
order shear deformation plate theory, Zhu et al.[14] carried out bending and free vibration analyses of thin-to-moderately thick FG 
composite plates reinforced by single-walled carbon nano-tubes. Results revealed the influences of the volume fractions of CNT and 
the edge -to- thickness ratios on the bending responses, natural frequencies and mode shapes of FG-CNTRC plates. A first known 
free vibration characteristics of functionally graded nano-composite triangular plates reinforced by single-walled carbon nanotubes 
(SWCNTs) is presented by L.W. Zhang et al.[15]. They studied the free vibration analysis of functionally graded carbon nanotube 
reinforced composite triangular plates using the FSDT and element-free IMLS-Ritz method. 
T. Kant and K. Swaminathan [16] presented the analytical formulations and solutions to the natural frequency analysis of simply 
supported composite and sandwich plates using higher order shear deformation theory. The equations are formulated using 
Hamilton’s principle and are solved by the Taylor’s series of Navier’s solution. 
Most of the above discussed theories do not account for transverse shear stresses on the top and bottom surfaces of the plate. This 
must be considered while modeling of the FG-CNT Plates, because of the transverse shear stresses and strains are not zero, when the 
FG-CNT Plates used in aerospace structures that are subjected to transverse load/pressure 
The present paper deals with the analytical formulations and solutions for the vibration analysis of FG-CNT reinforced composite 
plate using higher order shear deformation theory (HSDT) without enforcing zero transverse shear stress on the top and bottom 
surfaces of the plate. In this paper an attempt has been made to study the vibration characteristics of Aluminium reinforced with 
various volume fractions of CNT. The theoretical model presented herein incorporates the transverse extensibility which accounts 
for the transverse effects. Thus a shear correction factor is not required. The plate material is graded through the thickness direction. 
The plate’s governing equations and its boundary conditions are derived by employing the principle of virtual work. Solutions are 
obtained for FG-CNT reinforced composite plate in closed-form using Navier’s technique and solving the Eigen value equation. The 
present results are compared with the solutions of Al with ZrO2 as reinforcement available in the literature to verify the accuracy of 
the proposed theory in predicting the natural frequencies of FG-CNT reinforced composite plate. The effects of side-to-thickness 
ratios and volume fraction exponent on the natural frequencies are studied after establishing the accuracy of the present results for 
FG-CNT reinforced composite plate. 

II. THEORETICAL FORMULATION 
In formulating the higher-order shear deformation theory, FG-CNT reinforced composite plates with two different distributions of 
CNT are considered. The length, width and thickness of the FG-CNT reinforced composite plate are a, b and h respectively.FG-
CNT reinforced composite plates with these CNT configurations are displayed in Figure 1. One is uniform distribution of CNT 
denoted by UD and other is FGX for which both the top and bottom surfaces of the plate are CNT-rich. 
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Figure 2.1 UD distribution of CNT in FG CNT plate. 

 
Figure 2.2 FG X distribution of CNT in FG CNT plate. 

The voume fractions of the two distribution types are expressed as follows: 
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in which ݉஼ே் is the mass fraction of the CNTs, and ߩ௠ and ߩ஼ே் are densities of the matrix and CNTs.  

The effective Young's module and Poisson's ratio along the thickness are calculated by: 
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߭ଶଵ =  ߭ଵଶܧଶଶ ⁄ଵଵܧ      ….(2) 

where ܧଵଵ஼ே்  ௠ are the correspondingܩ ௠ andܧ .ଵଶ஼ே் are the elastic and shear moduli of the transversely isotropic CNTܩ ଶଶ஼ே் andܧ, 
properties of the isotropic matrix. CNT efficiency parameters ߟଵ ,ߟଶ ܽ݊݀ ߟଷ are introduced to account for load transfer between the 
CNT and polymeric phases as the load transfer between the CNT and matrix is less than perfect. ஼ܸே்  ܽ݊݀ ௠ܸ  are the volume 
fractions of the CNT and matrix, and their sum must be equal to 1, that is ஼ܸே் +  ௠ܸ = 1. 
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A. Displacement Model 
In order to approximate 3D-elasticity plate problem to a 2D one, the displacement components   u (x, y, z), v (x, y, z) and w (x, y, z) 
at any point in the plate are expanded in terms of the thickness coordinate. The elasticity solution demonstrates that the transverse 
shear stress varies parabolic ally through the plate thickness. This demands the use of a displacement field, in which the in-plane 
displacements are expanded as cubic functions of the thickness coordinate. The displacement field which assumes w (x, y, z) 
constant throgh the plate thickness thus setting ߝ௭ = 0 is expressed as:  

),(),,(
      ),(),(),(),(),,(

),(),(),(),(),,(
*3*2

*3*2

yxwzyxw
yxzyxvzyxzyxvzyxv

yxzyxuzyxzyxuzyxu

o

yoyo

xoxo











...(3) 
where ݑ଴, ݒ଴, ݓ଴  denote the mid-plane displacements of a point (x, y) and ߠ௫, ߠ௬ are the rotations of the normal to the mid-plane 
about y and x axes, respectively. The parameters ݑ଴∗ , ∗௢ݒ , ,∗௫ߠ  .௬∗are the corresponding higher-order deformation termsߠ
By substituting displacement relations of Eq. (3) in to strain displacement equations of the classical theory of elasticity the following 
relations are obtained: 
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B. Elastic Stress-Strain Relations 
 Since ߝ௭ = 0, the transverse normal stressߪ௭, although not zero identically, does not appear in the virtual work statement and hence 
in the equations of motion. Consequently, it amounts to neglecting the transverse normal stress. Thus we have, in theory, a case of 
plane stress [17]. For an FG-CNT rein forced composite laminate, the plane stress reduced elastic constants and the transformed 
plane stress reduced elastic constants will be same i.e., ܥ௜௝ =  ܳ௜௝. The constitutive relations for FG-CNT materials can be written 
as: 
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where,    

௫ߪ ௬ߪ,  , ߬௫௬ , ߬௬௭ , ߬௫௭ are the stresses and ߝ௫  , ௬ߝ ,  ௫௭ are the strains with respect to the axes. ܳ௜௝ are the plane stress reducedߛ, ௬௭ߛ, ௫௬ߛ
elastic constants in the plate axes that vary through the plate thickness and are given by: 
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 ,   ܳସସ = ଶଷ ,ܳହହܩ  =  ଵଷܩ 

Where,  

 .௜௜ = Young’s modulus of elasticity in the i directionܧ

߭௜௝  = Poisson’s ratios that give strain in the j direction due to stress in the i direction. 

 .௜௝ = shear moduli , and these are computed using Eq. (2)ܩ

C. Governing Equations of Motion 
The energy principle states that the work done by actual forces in moving through virtual displacements, that are consistent with the 
geometric constraints of a body is set to zero to obtain the equations of motion. This principle is useful in deriving governing 
equations, boundary conditions and obtaining approximate solutions by virtual methods. Energy principles provide another means to 
obtain the governing equations and their solutions. In the present work, the principle of virtual work is used to derive the equations 
of motion for FG-CNT plates. The governing equations of higher-order theory for the displacement model given in Eq. (3) will be 
derived using the dynamic version of the principle of virtual displacements, i.e. 
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V = Virtual work done by applied forces i.e., 
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U+V = Total potential energy 

where, 
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q = distributed load over the surface of the plate. 
  ૙ = Density of plate material࣋
On substituting for U, V and K in to the virtual work statement in Eq. (6) and integrating through the thickness, integrating by 
parts and collecting the coefficients of each of virtual displacements uov0, w0, x, y, u0
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differentiation the statement of virtual work is obtained as: 
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Where the in-plane force and moment resultants are defined as:  
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Transverse force resultants and the inertias are given by: 
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where, 

଴ߩ = ஼ܸே்(ݖ)ߩ஼ே் + ௠ܸ(ݖ)ߩ௠ 

The resultants in Equations (8)-(10) can be related to the total strains in Eq. (4) by the following matrix: 
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Where, 
t*

xy
*
y

*
x

*t
xyyx ]N  N  [NN;]N  N  [N  N 

 

N, N*  are called the in-plane force resultants  
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M, M* are called as moment resultants 
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Q, Q* denotes the transverse force resultants and also 
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The elements of matrices [A], [B], [D], and [Ds] are calculated using Eq. (5), and Eq. (8)-(10) using the effective properties of the 
respective FG-CNT plate from Eq. (2). 

III. ANALYTICAL SOLUTIONS 
Composite plates are generally classified by referring to the type of support used. The analytical solutions of the Eq. (7) - (12) for 
simply supported FG-CNT plates are dealt here. Assuming that the plate is simply supported in such a manner that normal 
displacement is admissible, but the tangential displacement is not, solution functions that completely satisfy the boundary conditions 
in the equations below are assumed as follows:   
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for  ૙ ≤ ࢞ ≤ ૙; ࢇ ≤ ࢟ ≤  ࢈

The mechanical load is expanded in double Fourier sine series as: 
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Where, 

a
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and b
n 

 
Substituting Eq. (13) into Eq. (7) and collecting the coefficients we obtain: 
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..(15) 

We may obtain the natural frequencies and vibration modes for the plate problem, by solving the eigen value equation ([S]-[M]⍵2)X 
= 0 where X are the modes of vibration associated with the natural frequencies defined as ⍵. 

IV. RESULTS AND DISCUSSION 
A.  Comparative Studies 
In this section, examples are presented and discussed to validate the accuracy of the present higher-order shear deformation theory 
in predicting the frequencies of a simply supported functionally graded CNT reinforced composite plates.The material properties of 
which are as follows: 

௠ܧ = , ܽܲܩ 70 ௠ߩ = 2.7
݃
ܿ݉ଷ ௠ߴ, = 0.34 

SWCNT (single-walled carbontubes) are taken as the reinforcements and its properties are: 
ଵଵ஼ே்ܧ = ଶଶ஼ே்ܧ ,ܽܲܶ 5.6466 = 7.0800ܶܲܽ,  
ଵଶ஼ே்ܩ = 1.9445 ܶܲ, ଵ߭ଶ

஼ே் = 0.1and ߩ஼ே் = 1400 ݇݃/݉ଷ 
The value of volume fraction of CNT i.e., ஼ܸே் 

∗ is taken as 0.11, and the corresponding CNT efficiency parameters are ߟଵ =
ଶߟ ݀݊ܽ 0.149 = 0.934. It is assumed that the effective shear moduli ܩଵଷ = ଶଷܩ  = ଷߟ ݀݊ܽ ଵଶܩ  =  .ଶߟ 
 

Table 1: Non dimensional Fundamental Frequency of FG-CNT composite for uniform distribution subjected to sinusoidal loading 

a/h values V = 0.11 V = 0.14 V = 0.17 

5 0.240742 0.250640 0.299307 

10 0.067167 0.070113 0.083075 
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20 0.017381 0.018264 0.021210 

50 0.002828 0.002945 0.003417 

100 0.000589 0.000589 0.000589 

Table2: Non dimensional Fundamental Frequency of FG-CNT composite for uniform distribution subjected to sinusoidal loading 
a/h 
values 

V = 0.11 V = 0.14 V = 0.17 

5 0.251347 0.263838 0.315804 

10 0.070702 0.074826 0.088967 

20 0.014435 0.019443 0.022978 

50 0.003142 0.003181 0.003708 

100 0.000589 0.000589 0.001178 

 
Presently computed results for different values of volume fraction and side-to-thickness ratios (a/h) are compared with those of  B. 

Sidda Reddy[12].For convenience, natural frequency has been non dimensional zed as =⍵ℎටߩ௠ ௠ൗܧ  

Table 3: non dimensional natural frequencies of a simply supported square Al/ZrO2 FG thick plate with m = 1 and n = 1 and 
different values of side-to-thickness ratios (a/h) 

a/h present B.siddaredy[12] Qian et al.[16] Exact[17] 

5 0.24078 0.2285 0.2152 0.2192 

10 0.06716 0.0619 0.0584 0.0596 

20 0.01738 0.0158 0.0149 0.0153 

 

Table 1 represents the non dimensional fundamental frequencies of Al FG CNT using the formula above. 

Table 3 shows the non dimensional natural frequencies of Al/ZrO2 FG thick plate. the present results are compared with the 
Al/ZrO2 previous results and it can be observed that the inclusion of CNT as reinforcement improves the vibration behavior of the 
material. 

B. Parametric Study  
1) . Effect of Side-to-Thickness Ratio : ariation of non-dimensionalized natural frequencies for various side to thickness ratios 

ቀࢇ
ࢎ
ቁand for different volume fraction of CNT (ࢀࡺ࡯ࢂ∗ ) for the displacement model are shown in Figures 2 - 6 for two different 

distributions (UD and FGX) of CNT.  It is noticed that the volume fraction of CNT has little effect on natural frequencies as the 
side-to-thickness ratio increases. 
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Figure 4.1 Non-dimensionalized frequencies (ݓ)തതതതത as a function of side-to-thickness ratio ( ௔

ℎ
 ) of an UD-CNT and FG-X plate for 

volume fraction of CNT 0.11 
 
The above plot shows the variation of fundamental frequency for different aspect ratios for volume fraction 0.11. The aspect ratios 
are taken on the x-axis and the fundamental frequencies are taken on the y-axis. It is observed that as the aspect ratio increases, the 
fundamental frequencies decreases mas shown both for uniform and FG X distributions. The FG X distribution has slightly higher 
fundamental frequency when compared to the uniform distribution.  

 
Figure 4.2. Non-dimensionalized frequency (�)തതതതത as a function of side-to-thickness ratio ( �

ℎ
 ) of an UG CNT and FGX-CNT plate for 

volume fraction of CNT 0.14 

The above plot shows the variation of fundamental frequency for different aspect ratios for volume fraction 0.14. The aspect ratios 
are taken on the x-axis and uthe fundamental frequencies are taken on the y-axis. It is observed that as the aspect ratio increases,the 
fundamental frequencies decreases mas shown both for uniform and FG X distributions. The FG X distribution has slightly higher 
fundamental frequency when compared to the uniform distribution. 
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Figure 4.3 Non-dimensionalized frequencies as a function of side-to-thickness ratio ( �

ℎ
 ) of an UD-CNT and FG-X plate for 

different volume fraction of CNT. 

The above plot shows the variation of fundamental frequency for different aspect ratios for volume fraction 0.11. The aspect ratios 
are taken on the x-axis and the fundamental frequencies are taken on the y-axis. It is observed that as the aspect ratio increases,the 
fundamental frequencies decreases as shown both for uniform and FG X distributions. The FG X distribution has slightly higher 
fundamental frequency when compared to the uniform distribution. 

 
Figure 4.4 Non-dimensionalized frequencies as a function of side-to-thickness ratio ( �

ℎ
 ) of an UD-CNT plate for different volume 

fraction of CNT. 

The above plot shows the variation of fundamental frequency for different aspect ratios for different volume fraction. The aspect 
ratios are taken on the x-axis and the fundamental frequencies are taken on the y-axis. It is observed that as the aspect ratio 
increases, the fundamental frequencies decreases mas shown both for uniform and FG X distributions. The FG X distribution has 
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slightly higher fundamental frequency when compared to the uniform distribution. As the volume fraction of the CNT increases 
there is very slight increase in the fundamental frequency of the material. 

 
Figure 4.5 Non-dimensionalized frequencies as a function of side-to-thickness ratio ( �

ℎ
 ) of an FG-X CNT plate for different volume 

fraction of CNT. 

V. CONCLUSIONS 
A higher-order shear deformation theory was employed for static bending behavior of simply supported functionally graded CNT 
reinforced composite plates without enforcing zero transverse shear stresses on the top and bottom surfaces of the plate. This 
eliminates the requirement of shear correction factors. The governing equations and boundary conditions are derived by utilizing the 
principle of virtual work. The governing equations are solved using Navier’s type closed form solution, for FG-CNT plates 
subjected to sinusoidal load. Comparative studies are carried out to signify the accuracy and efficiency of the present theory. The 
gradation of material properties in the thickness direction can eliminate interface problems. The analytical formulations and 
solutions developed herein should be helpful in future studies in the design of FG-CNT plates for advanced technical applications. 
Also, the present research will be a useful benchmark for evaluating the other future plate theories and numerical methods, such as 
the finite element and mesh less methods. In conclusion it can be said that replacing zro2 with cnt in aluminium matrix improves 
vibration characteristics of the material. 
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