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Abstract: A set D of a graph G = (V, E) is a dominating set, if every vertex in V(G) - D is adjacent to some vertex in D. The
domination number y(G) of G is the minimum cardinality of a dominating set. A dominating set D is called a distance two
complementary tree dominating set,if for each u € V - D, d(u,v) < 2 for some v in D and also <V — D> is a tree. The minimum
cardinality of a distance two complementary tree dominating set is said to be distance two complementary tree domination
number of G and is denoted by ¥ 42.:4(G)- In this paper, bounds for y4,.:4(G) and its exact values for some particular classes of
graphs are found. Some results on distance two complementary tree domination number are also established.
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L. INTRODUCTION

Graphs discussed in this paper are finite, undirected and simple graphs. For a graph G, let V(G) and E(G) denote its vertex set and
edge set respectively. A graph with p vertices and g edges is denoted by G(p, ). The concept of domination in graphs was
introduced by Ore[6]. A set D €V(G) is said to be a dominating set of G, if every vertex in V(G) —D is adjacent to some vertex in
D. The cardinality of a minimum dominating set in G is called the domination number of G and is denoted by y(G). The problem of
finding a minimal distance k-dominating set (call k-basis) was considered by Slater[7] with special reference to communication
networks while the distance k-dominating set was defined by Henning etal. [4]. For an integer k >1, a set D V (G) is a distance k-
dominating set of G if every vertex in V(G) — D is within distance k from some vertex v € D. The minimum cardinality among all
distance k-dominating sets of G is called the distance k-domination number of G and is denoted by v, (G).Muthammai, Bhanumathi
and Vidhya[5] introduced the concept of complementary tree dominating set. A dominating set D €V(G) is said to be a
complementary tree dominating set (ctd-set) if the induced subgraph <V(G) —D >is a tree. The minimum cardinality of a ctd-set is
called the complementary tree domination number of G and is denoted by y.4(G). Any undefined terms in this paper may be found
in Harary[1].

In this paper, bounds foryg,..q(G) and its exact values for some particular classes of graphs are found. Also, the graphs for
whichyg,ta(G) =1, 2, p—1or p -2 are characterized.

1. PRIOR RESULTS
Theorem 2.1[5] For any connected graph G, Y(G) < v 4 (G).

Theorem 2.2[5] For any connected graph G with p>2, v 4(G)<p-1.
Theorem 2.3[5] Let G be a connected graph with p > 4. Then v, (G)=p-Llifandonlyif G is a star on p vertices.

Theorem 2.4[5] Let The a tree with p vertices which is not a star. Then, v 4 (T) =p—-2(p>5)ifand only if T is a path or T is
obtained from a path by attaching pendant edges at atleastone of the end vertices.
Theorem 2.5[5]Let Gbe a connected graph containing a cycle. Then,y (G) =p—2(p=>5)ifand only if G is isomorphic to one of

the following graphs C,,K,or G is the graph obtained from a complete graph by attaching pendant edges at atleast one of the vertices
of the complete graph.

1. MAIN RESULTS
In this section, a new parameter called distance two complementary tree domination numberis defined, bounds and exact values of
this parameter are found.
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A. Definition 3.1
A subset D €V(G) is said to be a distance two complementary tree dominating set (d2ctd-set), if for each u € V - D, d(u,v) < 2 for
some v in D and also <V — D> is a tree. The minimum cardinality of adistance two complementary tree dominating set is said to be
distance two complementary tree domination number of G and is denoted byy 4,¢tq(G)-
1) Observation 3.1
a) Since any ctd-set is a d2ctd-set, Ygzctd(G) < Yera(G).
Equality holds if, G = P, 0K, .
b) Since d2ctd-set is a distance two dominating set, Y,(G) < Y4zcta(G)-
Equality holds if, G = p; C;
c) For any connected graph G with p vertices, 1< y4,.q(G) < p -1, since yq4(G) <p-1.
2) Theorem 3.1: For any connected graph G, Yg4,.ta(G) =p—1, p =2 ifand only if G =K,
3) Proof.:By the Observation 3.1, Y 42cta(G) < Yeta(G).
If Ya2cea(G) = p— 1, then yq(G) = p— 1. But yq(G) < p—land yq(G) = p—1ifand only if G = Ky ,.1 If p = 3, then ygzcq (Ky,
p)=1<p-1,
Therefore yg,.q(G) = p—1, if p=2, Hence G =K,
Conversely if G = K; thenyg,.:4(G) =1=p-1.

B. Observation 3.2

1) For any path P, on p vertices, Yq,.a(G) =p—-4, p=6.

Yazetd(P3) = 1, Yazcea(P4) = Yazeea(Ps) = 2.

2) For any cycle C,on p vertices, Ygzctq(Cp) = p — 4, p =5.

Yazetd (C3) = Yazera(Ca) = 1.
If vy Vp,v3,v4 be any four consecutive vertices of degree 2 in Py(or Cp), V(Pp) - {viV2,Va,Va} (0r V(Cp) ~{V1V2,V3,Va}) IS @ Yaacra-
set of Py( or Cp).

3) Forany star Ky p1, Yazera(Ka, p2) =1

4) For any complete graph K, vazcta(Kp) = p -2, p=3.

5) For any complete bipartite graph Kp n,Yazcta(Kmn) =m-1,n=m >2.

6) Yazcra(MK;)=2m-3,m =>2.

7) For the graph K, — e, Yqacta(Kp — €) = p— 3, where e is an edge in K,

8) For the graph Kinn —€, Yazeta(Kmn —€) = min {m, n} - 1.

9) Forthegraph Ky, ,— € Yazcta(Kmn— €) =m+n-4.

10) Yazcta(Pne Ky) =n.
11) Yazeta(CroKy) =n—1,n=3.

C. Observation 3.3
1) For the Fan Fy, Ygacra( Fp) = 1, where Fy= Py + Ky (p = 3).
2) For the Wheel W, yazcta( Wp) = 2, where W= Cpi + Ky (p = 3).

D. Definition 3.2

The one point union Cflt) of t-copies of cycle C, is the graph obtained by taking a new vertex u as a common vertex such that any
two distinct cycles C; and C; are edge disjoint and do not have any vertex in common except u.

E. Observation 3.4
t, if n<5

For t= 2 and n > 4, yang(CY) = {(n —5)t+1, ifn>5.
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F. Definition 3.3
Let Gy, G, ...,Gx be k copies of a graph G, where k > 2. G(k) is a graph obtained by adding an edge from G;to Gi.q; 1=1, 2, 3, ...,
k-1 and the graph G(K) is called the path union of k copies of the graph G.

G. Observation 3.5
. t, ifn <5
Let Cn(t), t = 2, n = 3 be the path union of t cycles of length n. Then ymg(Cn(t))= {(n —a)t ifn>5,
H. Definition 3.4
A t-ply Py(u,v) is a graph with t paths joining vertices u and v, each of length atleast two and no two paths have a vertex in common
except the end vertices u and v in Py(u,v).

I. Observation 3.6
Yend(Pe(U, V)) = p — 2t, where p is the number of vertices in Py(u,v).

J. Observation 3.7
For the graph G, there is no relationship between y(G) and vaca(G) is not true in general. This is illustrated by the following
example.

K. Example 3.1.
For the graph given in Figure 3.1, {vi, V, V4} is a y-set of G and hence y(G) = 3 and {Vvi, V2} iS @ Yaacta-Se€t Of Gand ya2eta(G) = 2.
Therefore Y(G) >Yazctd(G).

Figure 3.1

For the graph given in Figure 3.2, {vs, vio} is a y-Set of G and hence y(G) = 2 and {Vi, V,} is a Ygoag-set of G and yarca(G) = 2.
Therefore y(G) = Ygacta(G)-

Vs
V4 VS ‘V6
G: Vi Vs, Vs
Vs Vio Vo
Vll
Figure 3.2

For the graph given in Figure 3.3, {v;} is a y-set of G and hence y(G) = 1 and { vi, V7 } is a Yaoaa-set of G and yaca(G) = 2.
Therefore y(G) < Ygacta(G)-
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Vs

G: Vi Vv,

Vz VS

Figure 3.3

L. Theorem 3.2
Let G be a connected graph. Thenyg,..q(G) = 1 if and only if there exists a vertex u € G such that G — u is a tree and d(u,v) < 2, for
allve G -u.

M. Proof.

Let there exist vertex u € G such that G — u is a tree and d(u,v) < 2,for all v € G — u. Let D = {u}.Since d(u,v) < 2, forallve G —u,
D is a 2-distance dominating set of G. Also, since G — u is a tree, D is a complementary tree dominating set. Therefore D is a d2ctd-
set of G and hence yg4,.q(G) = 1.

Conversely, assume yq,.ta(G) = 1. Let D be a d2ctd-set of G such that |D| = 1. Then <V(G) — D> is a tree and all the vertices of
V(G) — D are at a distance <2 from the vertex of D.

N. Example 3.2
For the graphs given in Figure 3.4,y42ct4(G) = 1.

Figure 3.4

O. Remark 3.1
Let v be a support of G with minimum number t of pendant vertices vy,vy, ..., vy such that T = G - {v;,V,, ..., i} is a tree and each
vertex of T is of distance atleast 2 from v. Then yg,.q(G) <t + 1.

P. Theorem 3.3
Let G be connected graph with atleast three vertices. Then y4,..q(G) = 2 if and only if there exist two vertices u and v such that G —
{u,v} is a tree and each vertex in G — {u,v} is at distance at most 2 from atleast one u and v and if atleast one of the following holds
(i) G-—{u}orG-{v}isnotartree.
(i) d(u,v) =3.
1) Proof.Assume Yq,ctqa(G) = 2.
Then there exists a d2ctd-set D of G such that |D| = 2.
Let D = {u,v}, where u, ve V(G).
Then G - {u,v} is a tree and each vertex in G — {u,v} is at distance atmost 2 from atleast one of u and v. If G — {u} or G -
{v} istree or d(u,v)< 2, then {u} or {v} is a d2ctd-set of G.
Therefore G — {u} or G — {v} is not a tree and d(u,v) = 3.
Conversely, if the conditions given in the theorem holds, then D = {u,v} is a d2ctd-set of G and hencey4,cta(G) < 2. AlSO Y42¢ta(G)
#1. Henceyg,ca(G) = 2.

Q. Example 3.3
For the graphs given in Figure 3.5,y42cta(G) = 2.
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Figure 3.5

R. Theorem 3.4
For any connected graph G with atleast three verticesyq,.q(G) = p— 2 if and only if G= P; P4 K, p =3.
1) Proof. Assumeyg,.tq(G) =p — 2.
Since by the Observation 3.1,Yq2ctq(G) < Yera(G). That is, p — 2 < y.q(G). Therefore, y.q(G) = p — 1 or p — 2, Since
Yera(G) <p-1.
2) Casel.y, q(G)=p-1.
Then G = Ky pq,p>3
But Yg,cq(G) =1 =p—-2implies p = 3.
Therefore G = Ky ;= Py,
3) Case 2. ¥gzca(G) =p-2.
a) Subcase 2.1.Gis atree.
By Theorem 2.4, G is a path or G is a tree obtained from a path by attaching pendant edges at atleast one of the end vertices.

p—4 ifp=6
If G is a path P, thenyy,.q(G) =42 if p=45
1 if p=3.

Yazetd(G) =p — 2 implies G = P4 or Pj,

Let G be a tree obtained from a path P, n<p by attaching pendant edges at atleast one of the end vertices.

Ifn <4, then vq,.q(G) =2 #p - 2.

Ifn>35, then yq,cq(G) =p-5.

b) Subcase 2.2.

By Theorem 2.5, G is isomorphic to (i) C, (ii) K, or (iii) G is the graph obtained from a complete graph by attaching pendant edges
at atleast one of the vertices of the complete graph.

-4, ifp=5
If G = Cyp, Yazera(G) ={ P P

1 ifp=3,4.
Therefore G = C5.
If G =K, thenyg,q(G) =p - 2.
Let G be the graph obtained from a complete graph by attaching pendant edges at atleast one of the vertices of the complete graph
Kn, n <p. Then G contains an induced PzandV(G) — V(P3) is a d2ctd-set of G and hence y45..4(G) < p - 3.
From Case 1 and Case 2, G = P3 P, K, p =3.
c) Remark 3.2
Let G be a graph such that both G and its complement G are connected. Then,
8) 4<Yaz2cta(G) + Yazera (G) <2(p-2)
b)  4<Vd2cta(B) - Yazera (G) < (p - 2)2.
Both lower and upper bounds are attained, if G is a path on 4 vertices.
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