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Abstract: For any graph ¢ = (V,E ), the Lict graph n(G) of a graph Gis a graph whose set of vertices is the union of the set of
edges and cutvertices of G in which two vertices are adjacent if and only if the corresponding edges of G are adjacent and the
corresponding cutvertices are incident to the edges. For any two adjacent vertices u and v we say that u strongly dominates vif
deg (u) = deg (v). A dominating set D of a graph n(G) is a strong Lict dominating set if every vertex in V[n(G)] — D is
strongly dominated by at least one vertex in D. Strong Lict domination number yg, (G) of G is the minimum cardinality of
strong Lict dominating set of G. In this paper, we study graph theoretic properties of yg, (G) and many bounds were obtain in
terms of elements of G and its relationship with other domination parameters were found.

Keywords: Dominating set/Line graph/Lict graph/Restrained domination/Edge Lict domination/ connected Lict
domination/Strong split domination/Strong non split domination/Strong Lict domination.
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I. INTRODUCTION

In this paper, all the graphs consider here are simple and finite. For any undefined terms or notation can be found in Harary [2]. In
general, we use <X > to denote the subgraph induced by the set of vertices X and N(v) and N([v]) denote open (closed)
neighborhoods of a vertex v. The minimum distance between any two farthest vertices of a connected G is called the diameter of
G and is denoted by diamG .

A set ScV(G) is a dominating set of G, if every vertex in V — S is adjacent to some vertex in S. The minimum cardinality of
vertices in such a set is called the domination number of G and is denoted by y(G). A dominating set ScV(G) is a connected
dominating set, if the induced subgraph< S > has no isolated vertices. The connected domination number y.(G) of G is the
minimum cardinality of a connected dominating set of G. A dominating set S of a lictgraph is a restrained dominating set of n(G),
if every vertex not in S is adjacent to a vertex in S and to a vertex in V[n(G)] — S. The restrained domination number of a lict graph
n(G) is denoted by y,,(G) is the minimum cardinality of a restrained dominating set in n(G). The concept of restrained
domination in graphs was introduced by Domke [1]and further studied in graph valued functions by M.H.M.[10].

The concept of a dominating set D of a graph G is a strong split dominating set if the induced subgraph(V — D) is totally
disconnected with at least two vertices. The strong split domination number y,,(G) of graph G is the minimum cardinality of a
strong split dominating set of G. Hence the concept of Strong Split Block domination was introduced by M.H. Muddebihal and
Nawazoddin U. Patel(see[5]). A concept of a lict dominating set D <V [Nn(G)] is said to be dominating set of n(G), if very

vertex in V[N(G)]— D is adjacent to some vertex in D . The domination number of n(G) is denoted by y, (G)and is the minimum

cardinality of a dominating set in N(G) . Analogously, the connected domination number in lict graph is as follows. A dominating

set D of lict graph J = n(G) is connected dominating set, if the induced subgraph<D> is also connected .The connected
domination number of n(G) is the minimum cardinality of a minimal connected dominating set in n(G)and is denoted by
}/nc(G) . The Lict domination and connected Lict domination in graphs, introduced by M.H. Muddebihal [8]. A set
D c V[L(G)] is said to be a line dominating set of L(G) , if every vertex notin D is adjacent to atleast one vertex in D .The
domination number of L(G) is denoted by ¥,(G) and is the minimum cardinality of a dominating set in L(G) . Analogously,
we define edge domination number in lictgraph . A set F of edges of lict graph J =n (G) is called edge dominating set of n(G)

if every edge in E [n (G )] —F is adjacent to at least one edge in F .The edge domination number }/r'] (G) ofagraph N (G) is
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the minimum cardinality of a edge dominating set in n(G). Hence The edge dominating set F is called connected edge
dominating set of N (G) if the induced subgraph <F> is also connected. The connected edge lict domination number is denoted by

}/r:c (G) see [8]. Further, edge domination, strong domination, strong split domination and strong non split domination in some

graph valued functions were studied see [4,6,7 and 9].

A dominating set D of a graph B(G) is a strong nonsplit block dominating set if the induced subgraph(V[B(G)] — D) is complete.
The strong nonsplit block domination number y.,, ., (G) of G is the minimum cardinality of strong nonsplit block dominating set
of G. Hence A dominating set D of a graph n(G) is a strong non split Lict dominating set if the induced subgraph (V[n(G)] — D) is
complete. The strong nonsplitLict domination number y,,,, (G) of G is the minimum cardinality of strong nonsplitLict dominating
set of G. The concept of strongnonsplit Block domination was introduced by M.H. Muddebihal and Nawazoddin U. Patel(see[6]).
The concept of strong domination was introduced by Sampath kumar and PushpaLatha in [11]. Given two adjacent vertices u and v
we say that u strongly dominates vif deg (u) = deg (v). A set DcV(G) is strong dominating set of G if very vertex in V — D is
strongly dominated by at least one vertex in D. The strong domination number y,(G) is the minimum cardinality of a strong
dominating set of G. A dominating set D of a graph n(G) is a strong Lict dominating set if every vertex in (V[n(G)] — D) is
strongly dominated by at least one vertex in D. Strong Lict domination number ys, (G) of G is the minimum cardinality of strong
Lict dominating set of G.

In this paper, many bounds on y, (G) were obtained in terms of elements of G but not the elements of n(G). Also its relation with
other domination parameters were established.

The following figure shows the formation of lict graph n(G) and relation between y,, (G) and diameter of G.

4
G :n(G): 3 \ /
1l 3 415

2 Cy 1 5

1

Diameter of G = 3{2} =y, — set

diam(G) + 2

Yon(6) = 1= 2

We need the following theorem for our further results.

Theorem A[3].If G is non-trivial connected graph whose vertices have degree di and |i be the number of edges to which cutvertex

2
C, belongs in G, the lict graph n(G) has q vLZ:Ci vertices and —( +2[d7i+lijedges.

1. MAIN RESULTS

diam(G)+2
Theorem 1. For any connected ( p, q)graph G.7s, (G) > {%—l
Proof.Let S ={e; .5 ,€3, ... ... ,e,} C E(G) be the set of edges which constitute the longest path between two distinct vertices

u,v € V(G) such that d(u, v) = diam(G). Now, let S; CE(G), Ve; € S; has a maximum edge degree in G. Since S; < V[n(G)] be
the minimal set of vertices which covers all the vertices of n(G), then S; is a minimal dominating set of n(G). Further if e; € S;,
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deg (e;) = deg (e;)where e; € V[n(G)] — Sy, then S; is a minimal strong lict dominating set. It follows that |S;| > |S%2| Hence
v (G)> {dlam(SG)jLZ—l.

The next theorem gives a upper bound for ¥, (T) in terms of the vertices and end vertices of G .

Theorem 2. For any (p, q)tree T.,7s (T) < p—m, where M is the number of endvertices in T . Equality holds if T =K, |
with p > 2 vertices.

Proof. If diam(T)<3, then the result is obvious. Let diam(T)>3 and V, ={V;,V,,Vy,........ ,V, } be the set of all end

vertices of T with |V1| =m. Further E = {el, €,,€51 0 € } . C = {Cl,cz,cg, ....... ,Ci}be the set of edges and cutvertices in

i
T.In n(G),V[n(T)]=E (T)uC(T)and in T Ve, incident with C;, 1< j<i forms a complete induced subgraph as a
block in N(T). Hencethe number of blocks in N(T) = ‘C‘ Let {el,ez,eg, ........ ,ej} € E'(T) which are nonendedges of G
forms a  cutverticesC, = {Cl, CyyCqynnnne : Cj} in  n(T).Suppose C,<C,. deg(C,)=deg(C,)VC, €C,and
VC,eVI[n(T)]-C,;1<k < j. Then <Ck> forms a minimal strong dominating set of n(T). Thus |C2| =y,(T). For any
nontrivial tree p > ¢ and |C2| < p—m which gives ¥, (T)< p—m. Further equality holds if T = K, ,then n(K, ) =K,
and YSH(Kl,p) = p_ m.

The following theorem gives lower bound in terms of lict domination.

Theorem 3. For non- trivial connected (, g) graph G, 7,(G) > ¥, (G).

Proof. Let E ={e.6,,6 . e .e,} cE(G),deg(e;) 23;1<i<n and E,=E(G)-E,. Since
V[n(G)]=E,UE, UC, Vv, e Cis cutvertexG . Then there exists a minimal set E, < E, which cover all the vertices of
n(G). Clearly E forms a minimal y —set of G . Ifdeg(e;) > deg(e, ).e, €V[n(G)]- E,, then E, itself is a y,, —Set.
Otherwise, there exist €; € E'2 c E, such that E1' o E; forms a minimal strong dominating set of Nn(G). Hence
‘El' U Ez‘ Z‘El"which gives 7,(G) > 7,(G).

For equality, we can give at least one graph such as, if G = K, 7,,(G) =7, (G).
Now we can extend this result for the connected domination in lict graph.
Theorem 4. For any acyclic (p, ) graph G, ¢, (G) > 7,.(G).

Proof.From the above Theorem, if <E1> is connected, then the result is true.Otherwise, consider the set E, <V [n(G)]-E,
which gives <E1 U E3> connected. Hence ‘El U Ez‘ > ‘ E, U ES‘ which gives ¢, (G) 2 7,.(G).

Theorem 5.For any acyclic (p,q) graph G, 7,,(G) +7(G)+m(G) < p+y.(G), where m(G) is the maximum number of end

vertices of G .

Proof. Let F' ={v, vy ,V5,....... ,Um} S V(G) be the set of all endvertices in Gwith |F’'| =m. Further, Let V(G) =
{vy v3,V3, 00 , U} be the set of vertices in G. Suppose there exists a minimal set of vertices S’ = {v, ,v, ,v5,...... .. , Ut ©
V(G) such that N[v;] = V(G), Vv;eS’, 1 < i < k. ThenS’ forms a minimal dominating set of G. Suppose the sub graph < S’ > has
exactly one component. ThenS'is itself is a connected dominating set of G. Otherwise, if S’ has more than one component, then
attach the minimal set of vertices S” of V(G) — S’ which are in every u — w path, ¥ u, weS gives a single component S; = S' U S”.
Clearly,S, forms a minimal y, — setof G.
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Suppose D ={v; v, ,V3,...... ... Ut V[n(G)] and deg(v,)=>deg(v,), Vv, eV[n(G)]-DandVv, €D such that
N [Vm] =V (n(G)) Then D forms a strong dominating set of N(G) . Hence it follows that |D|U‘S“U‘F“ < |V(G)|U|Sl|

.Clearly 75, (G)+y(G)+m(G) < p+7.(G).
We need the following theorem to establish the relation between strong lict domination and edge lict domination.
Theorem A[3]. If G is non-trivial connected graph whose vertices have degree di and |i be the number of edges to which

d-2
cutvertexC; belongs in G, the lict graph n(G) has q vLZ:Ci vertices and —( +2[7'+|ijedges.

Now we have the following theorem.
Theorem 6. For any acyclic (p, ) graph G, 74, (G) <7, (G).

Proof.LetD = {v, v, , Vs , .o ... ,vn}gV[n(G)] with min [A{n(G)}]. Suppose there exists a set D < Dwith

diam(u, v) = 3,vu, v € D which covers all the vertices inn(G). Then D forms strong lict dominating set of n(G) .By Theorem

—q+§(d—2‘2—lij

7, (G) —set . Hence ‘E‘ > ‘D‘ gives ¥, (G) < 7, (G).
Next we can extended this result for the connected edge domination in lict graph.
Theorem 7. For any connected (p, Q) graph G, y,(G) + (G) >y (G) -3.

A, >‘D" ,and letE < E[n(G)], Ve, € E is adjacent to at least one edge of E[n(G)]-E . Thus Eisa

Proof. Let F'={0;,0,,0g,.cccoemm. ,0,}be a minimal edge dominating set of n(G), if H=E[n(G)]-F'and
Fo={0,, 05,05, .0,}:V g, €E[n(G)], such that F'eN(F') and H<F' in n(G).Then (F'UH)is
connected. Then {F" U H }is a connected edge dominating set of n (G) .Clearly |F' U H | =¥ (G) .

Suppose F, ={e;,e,,€,,........ ,€,} be an edge dominating set of G and let D, ={V}, V), Vg, oo V,} be the minimal

''n

dominating set of N(G). Since F, €V [n(G)] which is also a dominating set of N(G ). Then F, = D;and |D,|=y[n(G)]. In
nN(G). tet F, ={v,,V,,...,v,,} =V (n(G))and there exists D < F, be the set of vertices with N[D]=V (n(G))
andvw, e<v (n(G))- D>,deg (v) < deg (v;) where Vv, € D. Then Dforms a strong lict dominating set of G . Otherwise,
there exists at least one vertex {V} €V (n(G))—D such that deg (v) > deg (v;), ¥v; € D. Clearly D U{V} forms a
minimal 7, —setof G Thus |[F| U|D U {v}| 2|F" U H|-3.Hence 4,(G) +7,(G) > 7, (G)-3.

The following theorem relates ¥, (T) and ¢, (T) -

Theorem 8.For any connected (p,q) tree T with p >4, then ¢ (T) <y, (T).

Proof.Suppose B(T) = K,,. Then by definition of strong split domination, y,, (T) — set does not exist. HenceB(T) # K,,. Let
A={B; B, ,B;3 ... ,B,,} be the blocks of T and M ={b, ,b, ,b3,........ ,b,,} be the block vertices in B(T) corresponding to
the blocks of A.

Let {B; } c A such that each B; is an non end block of T. Then {b; } € V[B(T)] which are vertices corresponding to the set {B; }.
Since each block is complete inB(T). Again we consider a subset {b;'} such that {b;,"} € V[B(T)] — {b; }. Suppose there consists
at least one edge then V[B(T)] — {b;" U b;} = {b, } where each element of b, is an isolates. Then|[{b;" U b;}| = 4, (T).If b;,' =
@,thenV[B(T)] — {b; } give at least two isolates such that |b;| = v, (T).
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Now Suppose let F = {el,ez,es, ........ ,en} be an edge dominating set of T and C = {Cl,cz,cg, ....... ,Cn} be the set of cut
vertice sin T. Let D' ={V,,V,, V5, ........ ,V, } be the minimal dominating set of N(T ) corresponding to F and‘D" =y[n(G)].
If for some ¢ €C such that c,gDin n(T)ten D =Fufc}. Otherwise D =F. Further, Ilet
H={u; up uz,..... ,u;Yor some U, eV[N(T)],H e N(D)and H =V [n(T)]-D'. Now we consider H < H such that

<D'uH'>is the minimal strong lict dominating set of n(T). Clearly it follows that ‘D'UH"£|bi|, which gives

Yon(T) <7 (T).
Theorem 9. For any connected (p,q) tree T ¥ (T) <y (T).

Proof.letS; be a maximum independent set of vertices in T and S,cS,V v € (S,) is isolates. Then (V — S;) U S, is a strong split
dominating set of T. Since for each vertex v € (V — S;) U S, either v is an isolated vertex in < (V — ;) U S, > or there exists a
vertex u € S; — S, and v is adjacent to u, (V —S;) US, is minimal. Since S; is maximum, (V —S;) U S, is minimum. Thus
[(V —S)US,| =y, (T).Let F' ={e;, e, e3,...,e,}<E(T).Inn(T),D’ ={v; v, ,03,......... , ,} wWhich corresponds to Ve; € F'.
Let deg (e;).Ve; € F'and deg(e;) Ve; € E(T) — F'such that deg (e;) > deg (g;). Suppose D" ={v; v, ,v5 ... ... .. ,v;}cD'and

N [Vk] =V (n(G)) Vv, e D', 1<Kk <i. Then D" forms a ys, — set. It follows that ‘D‘ <|(V =S,) US,|. Hence

Vsn (T) < Vss (T)
Now next theorem gives a upper bound for y,,(T) in terms of the edges of T .
Theorem 10. For any (p, q)tree T with P =3 7,,(T)<q-1.

Proof.we consider the following cases.
Case 1: Suppose T isa path with P >3 vertices. Then

p-1
Veon = [TJ if P is even.

U
ySn_{leprSOdd

_p-t, p
<g-1 —|<qg-1
Smce{ > J q and{zJ q

Then one can easily claim that 7s, (M)<qg-1,

Case 2: Suppose T is not a path. Then there exists at least one vertex of degree at least three. Let A= {el, €585, i ) en} be
the set of all end edges in G, B= {el,ez,eg, ........ ,em} a set of non end edges. Now we consider
B, ={e,€, e ..cco. .6} =B Ve €B,,1< j<k have the maximum edge degree and B, :{el,ez,es, ........ ,ep} cB

Ve, € B,,1<1 < p are the edges which are adjacent to the edges of B,.Since E(T)— [{ Bl} —B,] isa yg,—setinn(T),
then it is easy to verify that ‘E(T) -[{B,}-{B, }]‘ <|E(G)| -1, which gives y,(T) <q-1,
Theorem 11.For any connected (p,q) graphG 7, (G) <7(G)+7,(G) -1.

Proof. Suppose S’ ={v; vy, V3,0 cev .l ,v;} € V(G) be the set of vertices with deg(v;) = 2 suppose exists a set S;=S’ of vertices
with dist(u,v) = 3,Vu,v € S;which covers all the vertices in G. Then S; forms a dominating set of G. Otherwise,if diam(u, v) <

3,then there exists at least one vertex x ¢ S; such that S” = S; U {x} form a minimal y — set of G. Hence ‘S‘ =7(G). Let

C = {vl,vz,...,vj } cV (L(G)) be the set of vertices with diSt(u,V) > 3. Suppose there exists a set D° < C which
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covers all the vertices in L(G). Then D itself is a line dominating setof G. If diSt(u,V) <3and N [D] #V (L(G))
then D =D U {W} , where W ¢ N [V] ve D forms aminimal dominating set of L(G) . Hence ‘D' U{W}‘ =7,(G).
Further, letF = {e,,e,,€,,........ €} be an edge dominating set of G and C ={c,,C,,C, ...... ,C, } be the set of cut vertice sin
G. In n(G),{FuC,}cVI[n(G)Jsuch that N[{F, UC,}]=V[n(G)] where F,cF,C,cCform a minimal
dominating set of n(G). Suppose deg(v;)>deg(u;) Vv, e {F, UC,},Vu, e V[n(G)]-{F, UC,}. Then{F, UC,}isa
strong dominating set of N(G) . Hence |F, UC,|< ‘S‘ + ‘ D u {W}‘ —1gives 7, (G) <y(G)+7,(G)-1.

The following theorem relates cutvertices of tree T and ¥, (T).

Theorem 12.For any tree T with K number of cutvertices, then y, (T) < K. Further equality holds if T = Kl,p ,p =3

Proof. Let H = {vl,vz,...,vn} cV (T) be the set of all cutvertices in T with ‘H ‘ = K. Further, let E = {el,ez,...,ek} be
the set of edges which are incident with the vertices of H . Now by the definition of lict graph, suppose
D = {ul,uz,...,un} < E(T) be the set of vertices which covers all the vertices in n(T), deg (u;) = deg (u,,) where

Vu, € D' and u,, € V[n(T) — D']. ClearlyD’ forms a minimal strong lict dominating set of n(T), which gives ‘D‘ < ‘H‘
Hence ¥, (T) <K.
Theorem 13. For any non trivial (p, () tree T ,every cutvertex of N (T) which is incident to end blocks is in every ¥, (T ) —set

.Proof. Let C = {Vl,v2 , ...,Vn} cV|[n (T )] be the set of all cutvertices which are incident to the end blocks. Suppose D < C
be the set of cut vertices with N[D]=V[n(T )]and deg () = deg (v), Vu € D, v € V[n(T) — D. Then D forms a strong minimal
dominating set of n(T). Suppose B ={B; ,B, B3 ,....... ... ,B,} be the set of blocks in n(T). D c DandVy, € D is

adjacentto VVv; € B. Then D" is a proper subset of cut vertices of D . Hence D" isinevery yg (T ) —set of n(T )

In the following theorem,we establish the relation between ¢ (G) and ¥, (G)

Theorem 14. For any (P, q) graph G, 7, (G) <Ysm (G)

Proof. LetE ={e,,€,,€5....... e, }and C(G)={c,,C,,C;,........C, } be the edge set and cutvertexset of G . In n(G),
V[n(G)]={EUC}. Now E, ={e, e, &,,..... &} < E(G) with deg(e;)>3 Ve, e E,and E, =E(G)—E,(G). Let
V.V, and V, are the corresponding vertex set of E,E, and E,in n(G). Suppose D, =V, and D ={D,}U{V,}is a
dominating set of N(G) . Then deg(v) >deg(u),vve D and ue V[n(G)]-D forms a strong dominating set of n(G) . If
<V[n(G)]— D> is connected, then D itself is a strong non split lict dominating set. Otherwise, if<V[n(G)]— D> has at least

two  components  let  the  components  be 70 A A f ). Suppose K>2.  Then
{ | F PR PR , fk} u(V[n(G)] — D>forms Yo —S€L. If K =2, then consider VveV[n(G)]-Dsuch that
{VIn(G)]- D} u{v} forms y, —set.Hence |D|< ‘{V[n(G)]— D} u{v}‘ gives ¥, (G) <Ven (G) .

The following theorems relates restrained lict domination number of G and y g, (G) .

Theorem 15.For any non-trivial connected (P, q) graph G with G = C, then
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}/Sn (G) S }/rn (G)_l
Proof.Since G =Cstheny (C.)=7,.(C,). Hence G # Cs .Suppose E ={e,e, e . € }and

C :{Cl,cz,cg, ....... ,Cj} be the set of edges and cutvertices inG . In n(G), V[n(G)]=E (G)uUC(G)and in G Ve,

incident with C;, 1< j <i forms an edge disjoint induced subgraph which is complete in n(G) , such that the number of blocks

in n(G)= ‘C‘ . Let {el,ez,eg, ........ ,ej} €E(G), are non end edges of Gwhich forms cutvertices
C“(G):{Cl,cz,cg, ....... ,Cj} in N(G). Let C, <C'be a restrained dominating set inNn(G), such that ‘Cl"‘:;/m(G).
Otherwise, let D' = {v; v, ,v3,.. ... ... ,v,} € V[n(G)] such that deg(u,v) > 2, Yu eV [n(G)]-D and Vv € D and D covers

all the vertices of N(G) . Then D forms a minimal restrained dominating set of N(G) . Hence ‘D‘ =7.(G).

letH' = {u; u, ,ug, ..., ,up} € V[n(G)] be the set of vertices such that {u;} = {e;} € E'(G), 1 < i < n where {e;} are incident
with the vertices of E'(G). Suppose DcH'’ be the set of vertices with deg (w) = 3 for every w € D such that N[D] = V[n(G)] and

if vv; € V[n(G)] — D withdeg(v;) > 3. Then {D} u {v;} forms a strong lict dominating set. It follows that [{D} U {v;}| < ‘Cl‘ -1
which gives ¥, (G) <7 (G) —lorl{D} u {v;}| S‘D" —Lgives y, (G) <7 (G) -1

The following theorem relates ¥, (G)with Y snsh (G) :

Theorem 16. For any acyclic connected (p,q) graph G, 7, (G) < 7.4, (G).

Proof. Suppose G = K, N=2.Then y, (G)=1=y4 (G).Nowassume G isapath B, n>2, hence g, —Set consists

of {E(G) -1} +{C(G)—1} elements and y, — Set consists of either g—l or {EJ elements. Clearly 7, (G) < 74,4, (G) .

Further, we consider a tree which is neither a star nor a path. Assume A(T) >3, in n(T) each block is complete and every
cutvertex of N(G) lies on exactly two blocks which are complete. Let K= {vl,vz, V3...,Vn} be a set of cutvertices with a
maximum degree and VYV, € K are incident with B,,B,,...... ,B,, blocks which are complete. Suppose M < K such that

Vv; € V[n(T)]—M is adjacent to at least one vertex of M anddeg(v;) < deg(v,) Vv, €M .Then M isa y5, —setof T .
But in case of yg,, —Set, let N = {vl,vz, V3...,Vp}be the set of cutvertices of N(T), S = {Vl,VZ, V3...,Vj} be the set of
vertices lie on the corresponding blocks By,B,,......,B,,. Consider S, < S such that V[n(T)]—{N US} = J and its induced
graph is complete. Hence |M | < |J| which gives ¥, (T) < 7 (T) .

By considering these cases, we have |M | < |J | which gives ¥, (T) < 7gq (T) .

Corollary.For any graph G with exactly one cutvertex incident with at least two blocks and each vertex of each block is adjacent to a
cutvertex, then that cutvertexis in y, —Setof G.

In the following result we prove the Nordhaus-Gaddum type results.

Theorem 17. Let G beany (p,q) graph G . If G and its complement G are connected, then
}/Sn (G) + ;/Sn (G) < (P_l)

}/Sn (G)}/Sn (6) < (P_:I-)2 .
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