
 

6 II February 2018



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

   Volume 6 Issue II, February 2018- Available at www.ijraset.com 
    

 
2001 ©IJRASET (UGC Approved Journal): All Rights are Reserved 

 

Study of  Fuzzy Semi Open Sets in  Fuzzy 
Topological Spaces 

Dr. M. K Mishra1, D. Arockiya Selva Meena 2, A. Vetri Selvi 3 , P. Srilatha 4  
1Director R&D, 2,3,4PG Students, Edayathangudy G.S. Pillay Arts and Science College Nagapattinam 
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I. INTRODUCTION 
Let X be a non-empty set and I= [0,1]. A fuzzy set on X is a mapping from X in to I. The null fuzzy set 0 is the mapping from X in 
to I which assumes only the value is 0 and whole fuzzy sets 1 is a mapping from X on to I which takes the values 1 only. The union 
(resp. intersection) of a family {Aα: Λ}of fuzzy sets of X is defined by  to be the mapping sup Aα (resp. inf Aα) . A fuzzy set A of 
X is contained in a fuzzy set B of X if A(x) ≤ B(x) for each xX. A fuzzy point xβ in X is a fuzzy set defined by xβ (y)=β for y=x 
and x(y) =0 for y  x, β[0,1] and y  X .A fuzzy point xβ is said to be quasi-coincident with the fuzzy set A denoted by xβqA if and 
only if β + A(x) > 1. A fuzzy set A is quasi –coincident with a fuzzy set B denoted by AqB if and only if there exists a point xX 
such that A(x) + B(x) > 1 .A ≤ B if and only if (AqBc). 
A family  of fuzzy sets of X is called a fuzzy topology [2] on X if 0,1 belongs to  and  is super closed with respect to arbitrary 
union and finite intersection .The members of  are called  fuzzy super open sets and their complement are fuzzy super closed sets. 
For any fuzzy set A of X the closure of A (denoted by cl(A)) is the intersection  of all the fuzzy super closed super sets of A  and the 
interior of A (denoted by int(A) )is the union of all fuzzy super open subsets of A. 
 

II. PRELIMINIARIES 
In this section we recall some of the basic definitions and some theorems. 
1) Definition 2.1: Let (X,  ) be a fuzzy topological space. An operation  on the fuzzy topology  is mapping  from  on to power 

set  P(X) of X such that V  V  for each V , where V denotes the value of  at V. It is denoted  by  :   P (X). 
2) Definition 2.2: A subset A of  a fuzzy topological space (X,) is called fuzzy  - open set if for each x  A there exists a fuzzy 

open set U such that x   U and U  A.   denotes set of all fuzzy  - open sets in (X, ). 
3)  Definition 2.3: The fuzzy point x X is in the fuzzy  - closure of a fuzzy set A  X if U  A    for each open set U of x. 

The fuzzy  - closure of a set A is denoted by cl(A). 
4) Definition 2.4:Let (X,) be a fuzzy topological space and A be subset of X then   -cl (A)=  { F: A  F , X – F    } 
5) DEFINITION 2.5 : A subset A fuzzy topological space (X, ) is said to be  fuzzy  - generalized closed if  cl (A)  U whenever 

A  U and U is fuzzy  - open in (X,  ). 
6) Definition 2.6 :  A fuzzy  topological space (X, ) is called 
1)  fuzzy  - T0 space if for each distinct points x,y  X, there exists an fuzzy open set U such that either x  U and y  U or y  

U and x  U. 
2)  fuzzy  - T1 space if for each distinct points x,y  X there exists fuzzy open set U, containing  x and y respectively, such that y 

 U and x V. 
3)  fuzzy  - T2 space if for each distinct points x,y of X , there exists fuzzy open set  x U , y V  and U  V =  . 
       

7) DEFINITION 2.7 : Let (X, ) be a fuzzy topological space. An operation  is said to be fuzzy regular if, for every fuzzy open 
neighborhood U and V of each xX, there exists an fuzzy open neighborhood W of x such that W  U  V  



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

   Volume 6 Issue II, February 2018- Available at www.ijraset.com 
    

 
2002 ©IJRASET (UGC Approved Journal): All Rights are Reserved 

 

8) Definition 2.8:: A fuzzy topological space (X, ) is said to be fuzzy -regular ,where  is an operation on  , if for each x  X 
and for each fuzzy open neighborhood V of x, there exists an fuzzy open neighborhood U of x such that U contained in V.  

9) Remark 2.1: Let  (X,  ) be a fuzzy topological space, then for any subset A of  X, A  cl (A)  cl  (A)    - cl(A) 
 

III. FUZZY  - SEMIOPEN SETS 
A. Definition 3.1: A subset A of fuzzy  topological space (X, ) is said to be a fuzzy  - semi open set if and only if there exists a 

fuzzy  - open set U such that U  A  cl ( U). 
1) Remark 3.1 : The set of all fuzzy  -semi open set in (X, )fuzzy topological space  is denoted as  fuzzy - SO(X).  
2) Definition 3.2: Let A be any subset of X. The fuzzy - int(A) is defined as fuzzy - int(A)=  { U : U is a fuzzy  - open set 

and U  A}. 
3) Remark 3.2: A subset A of fuzzy topological space  (X,) is fuzzy   - open then  fuzzy - int(A)= A. 
4) Proof: Proof is straight forward from the definition. 
5)  Theorem 3.1: If A and B are any two subsets of (X, ) fuzzy topological space , the 
6) PROOF: Proof of (i) and (ii) is follows from the definition. 
 
B. Theorem 3.2: A subset A of ( X, ) fuzzy topological space is fuzzy  - semi open if and only if A  cl(-int(A)). 
1) Proof: Let A  cl(-int(A)). Take U =- int(A)then U is a fuzzy  - open set. We have U  A  cl(U) .Hence A is a fuzzy  -

semi open set. 
Conversely, Given A is a  fuzzy  - semi open set in X, Then U  A  cl(U) for some     fuzzy      -open set in (X,).Since U  -
int(A),thus we have cl(U)cl(-int(A)).Hence A  cl(-int (A)). 
 
C. Theorem 3.3: If A is a fuzzy  - open set in (X, ), then A is a fuzzy  - semi open set. 
1) Proof: Given A is a fuzzy -open set in (X, ), therefore by remark 3.5 -int(A)= A. Since A  cl(A), implies A  cl (-

int(A)). Hence A is a fuzzy  -semi open set. 
 
D. Theorem 3.4: If (X,) is  -regular space, then every -semi open set is a semi open set. 
1) Proof: Easy 
E. Definition 3.3: A fuzzy subset A of X is said to be fuzzy  -semi closed if and only if X – A is fuzzy -semi open. 
F. Definition 3.4: Let A be a subset of X. Then -scl(A) = {F : F is  - semi closed and A  F} 
G. THEOREM 3.6: For fuzzy point x  X , x -scl(A) if and only if V A   for any V- SO(X) such that x  V. 
1) Proof: Let F0 be the set of all y  X such that V  A   for every V  - SO(X) and y V. Now to prove the theorem it is 

enough to prove that F0= -scl(A).Let x  -scl(A). Let us assume x F0 then there exists a fuzzy  -semi open set U of x such 
that U  A = . This implies A Uc. Hence  -scl(A)  Uc. Therefore x   -scl(A) .This is a contradiction. Hence - scl(A) 
 F0. Conversely, Let F be a fuzzy set such that A  F and X – F   -SO(X). Let x F then we have x X – F and ( X – F )  
A = . This implies x  F0. Therefore  F0  F. Hence F0  -scl(A). 

  
IV. FUZZY  - SEMI  i -SPACES 

 In this section we investigate a general operation approaches on fuzzy   Ti spaces . 
 
1) Definition 4.1: A fuzzy topological space (X,) is called fuzzy  - semi T0 space if for each distinct points x,y X there exists a 

fuzzy - semi open set U such that x  U and yU or y U and xU. 
2) Definition 4.2: A fuzzy topological space (X,) is called a fuzzy - semi T1 space if for each distinct points x, y X, there exists 

a fuzzy -semi open set U, V containing x and y respectively such that yU and xV. 
3) Definition 4.3: A fuzzy  topological space (X,) is called a fuzzy -semi T2 space if for each x, y X there exists a fuzzy -semi 

open sets U, V such that xU and y V and UV =. 
4) Definition 4.4: A subset A of fuzzy topological space  (X, ) is said to be fuzzy -semi g closed if -scl(A)  U whenever AU 

and U is a fuzzy -semi open set in (X,). 
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5) Definition 4.5: A fuzzy topological space (X,) is said to be fuzzy -semi T½  space if every fuzzy -semi g closed set in fuzzy 
topological space  (X,) is fuzzy -semi closed. 

6) theorem 4.1: A subset A of  fuzzy topological space (X,) is fuzzy -semi g closed if and only if -scl({x}) A  holds for 
every x -scl(A). Let U be fuzzy -semi open set such that AU. Let x-scl(A). By assumption there exists a z-scl({x}) 
and zAU. then U{x}.Hence xU. This implies -scl(A)U. Therefore A is fuzzy -semi g closed set in (X,). 

Conversely, suppose x-scl(A) such that -scl({x})A=.Since, -scl({x}) is fuzzy -semi closed set in fuzzy topological space 
(X,). Therefore (-scl({x}))c is a fuzzy -semi open set. Since A(-scl({x}))c and A is fuzzy -semi g closed implies that -
scl(A) (-scl({x}))c holds, and hence x-scl(A). which  is a contradiction. Hence -scl({x})A  . 
 
7) Theorem 4.2: If -scl({x})A   holds for every  x -scl(A), then -scl(A) – A does not contain a non-empty  fuzzy - 

semi closed set. 
a) PROOF: Suppose there exists a non-empty fuzzy  -semi closed set F such that F  -scl(A) – A. (-scl(A)).Let xF, x-

scl(A) holds. It follows from remark 3.23 such that F  A = -scl(F)  A  -scl({x})  A .Hence F  A  .This is a 
contradiction. 

8) Theorem 4.3: Let  :P(X) be an mapping .Then for each xX, {x} is fuzzy - semi closed or {x}c is fuzzy -semi g. closed 
set in (X, ). 

a) Proof: Suppose that {x} is not fuzzy -semi closed then X-{x} is not fuzzy -semi open. Let U be any  fuzzy -semi open set 
such that {x}c  U. Since U=X, implies -scl({x}c) U. Therefore {x}c  is fuzzy -semi g closed. 

 
V. FUZZY  (, )- SEMI CONTINUOUS MAPPINGS 

Through out this chapter let (X,) and (Y,.) be two fuzzy topological spaces and let : P(X) and :p(Y) be mapping on  
and  respectively. 
 
A. Definition 5.1: A fuzzy mapping f: (X,)  (Y,) is said to be fuzzy (, )- semi continuous if for each x of X and each fuzzy 

-semi open set V containing f(x) there exists a fuzzy -semi open set U such that   x  U and f(U)V. 
B. Remark 5.1: If (X,) and (Y,) are  both fuzzy  - regular spaces then the concept of fuzzy (,) - semi continuity and fuzzy 

semi continuity are coincide. 
C. Theorem 5.1 : Let f: (X,) (Y,) be fuzzy (,)- semi continuous mapping. Then,   

f (-scl(A))  -scl(f(A)) holds for every subset A of (X,) 
Let  be mapping , then for every fuzzy -semi closed set B of (y,) f –1 (B) is fuzzy  - semi closed in (X, ). 

1) Proof: (i) Let y  f(-scl(A)) and V be any fuzzy - semi open set containing y. Then there exists a point x X and fuzzy - 
semi open set U such that f(x) = y and x U and f(U) V. Since x-scl(A) , we have U A  and hence  f(U  A) 
f(U)f(A)  V A. This implies  x  -scl(f(A)).Therefore we have f(-scl(A))-scl(f(A)). 

Let B be a fuzzy -semi closed set in (Y,) . Therefore -scl(B)=B. By using (i) we have f(-scl(f-1 (B))-scl(B)=B Therefore 
we have -scl(f–1(B))  f –1(B). Hence f –1(B) is fuzzy -semi closed by remark 3.24. 
  
D. Definition 5.2: A fuzzy mapping f: (X.) (Y,) is said to be fuzzy (, ) - semi closed  if for any  fuzzy  -semi closed set A 

of (X, ), f(A) is a fuzzy -semi closed.  
Let id: P(X) be the identity fuzzy mapping . Then, if f is fuzzy (id,)- semi closed , then f(F) is fuzzy -semi closed set for any 
fuzzy semi closed  set F of (X, ). 
 
E. Theorem 5.3: Suppose that f is fuzzy (, )- semi  continuous mapping and f is fuzzy (,)-semi  closed. Then, 
for every fuzzy -semi g closed set A of (X,) the image f(A) is -semi g. closed. 
for every fuzzy -semi g closed set B of fuzzy space (Y,) the inverse set  f –1(B) is fuzzy -semi g closed.  
1) Proof:(i) Let V be any fuzzy -semi open set in (Y, ) such that f(A)  V. By using theorem5.3(ii) f –1(V) is fuzzy  -semi 

open. Since, A is fuzzy -semi g  closed and A  f –1(V), we have   -scl(A)  f –1(V) ,and hence f(-scl(A)) V, then  f(-
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scl(A)) is a fuzzy -semi closed set. Therefore -scl(f(A)) -scl(f(-scl(A))=f(-scl(A))V. This implies f(A) is fuzzy -
semi g closed.  

 Let U be fuzzy -semi open set of (X, ) such that f –1(B)  U . Put F = -scl( f -1 (B)) Uc
. It follows from remark 3.24 and theorem 

3.17, that F is fuzzy -semi closed set in (X, ). Since f is fuzzy (,)-semi closed, f(F) is fuzzy -semi closed in (Y,).f(F) f(-
scl(f –1(B)Uc))                    -scl(f(f-1(B))f(Uc))  -scl(B)-B. This implies f(F) =,and hence F=.Therefore -scl(f-1(B))U. 
Hence f-1(B) is fuzzy -semi g closed in (X,). 
 
F. THEOREM5.4: Let f : (X, )  (Y, ) is fuzzy (, )- semi continuous and fuzzy (, ) – semi closed. Then, 
If f is injective and (y, ) is fuzzy -semi T½, then (x, ) is fuzzy -semi T ½ space. 
If f is surjective and (X, ) is fuzzy -semi T½ , then (Y, ) is fuzzy  -semi T½ . 
1) Proof: (i) Let A is fuzzy  -semi g. closed set in (X,). Now to show that A is fuzzy  -semi closed. By theorem 5.5 (ii) and 

assumption it is obtained that f(A) is fuzzy  -semi  g closed and hence f(A) is fuzzy   -semi closed. 
 Let B be fuzzy  -semi g closed set in (Y, ) then f-1 (B) is fuzzy -semi closed. Since,(X, ) is fuzzy  -semi T½ . It follows from 
the assumption that B is fuzzy  -semi closed in    (Y, ). Therefore (y, ) is fuzzy - semi T½ . 
 
G. Definition5.7: A fuzzy mapping f:(X,)(Y, ) is said to be fuzzy (,)- semi  homeomorphism, if f is bijective, fuzzy (,)- 

semi continuous and f-1 is fuzzy (, ) – semi continuous. 
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