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Abstract: In this paper, the new notion which is called GK algebra from a non-empty set is introduced. The basic properties of
GK algebra are analyzed.
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L. INTRODUCTION
In 1966, the concept of BCK and BCI algebras are introduced by Iseki [3]. Since Kim and Yon [8] studied on dual BCK
algebras and MV algebra, it is known that BCK algebras is a proper subclass of BCI algebras. The concept of BE algebra
which is a generalization dual BCK was introduced by Kim and Y.H. Kim [7]. Meng [9] introduced the concept of CI
algebra as a generalization of BE algebra and also discussed about some of its properties and relations with BE algebras.

1. PRELIMINARIES
A. Definition:2.1 [7] Analgebra (X;*,1) of type (2,0) is said to be a BE-algebra if it satisfies the following
1) xxx=1
2) xx1=1
3)  1xx=Xx
4)  xx(yxz)=y*(x*z) for all x,y,zeX

B. Definition:2.2 [9] A Cl-algebrais an algebra (X,x,1) of type (2,0) satisfying the following axioms
1) xxx=1

2) 1xx=X

3)  x*(y *z) = yx(x*z) for all x,y,z eX

C. Proposition:2.3[7] If (X,*,1) isa BE-algebra, then x x(y*x) =1
Definition:2.4 [7] A BE-algebra (X,*,1) is said to be self distributive if xx (y * z)=(x * y)* (x * z) forall x,y,z€eX.
E. Proposition:2.5[9] Any Cl algebra X satisfies the condition y=*((y*x)*x)=1 for anyx, y €X,

o

1. THE NOTION AND ELEMENTARY PROPERTIES OF GK ALGEBRA.

A. Definition:3.1
A non-empty set X with fixed constant 1 and a binary operation = is called GK-algebra if it satisfying the following axioms
X*Xx=1

(i) x *1=x

(iii) x*y=1 andy * x =1 impliesx =y

(iv) (y*2) *(x*2) =y* X

(V) (x*y)*(1=*y)=x forall x,y,zeX

B. Example:3.2
Consider the set X={1,2,3}. The binary operation = is defined as follows
Table:1
*11]12]3
) 11132
~(X;*,1) isa GK-algebra. 5121113
313|121
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C. Remark:3.3

1) A GK algebra need not be a BE algebra, for 2x1=2+#1,3%1=3#1.

2) A GKalgebra need not bea Clalgebra, for 1x3=2+#3,1%2=3£2.

3) A GK algebrais saidtobea CIl algebraifit satisfies the additional relations,
1xx = x and x*(y*z)=y*(x*Zz)

4) A GK algebra is said to be a BE algebra if it satisfies the additional relations,

xx1 =1, 1xx =X and xx(y*z) = y*(x*z).

D. Theorem:3.4 Let (X,*,1) be a GK-algebra. Then
1) 1x(1xx)=x

2)  (xxy)¥l = (xx1)*(yx1)

3) yx(1x(lxy)) =1

4) If 1xx =1xythen x =y for any x,yeX

5) x*(1*x) )*x = x for any xeX

6) xx(xxy) = x=y= yx(xxx) for any x,yeX

7)) xx*(yxX) =x =y =y*(x*x) for any x,yeX

8)  Lx(xxy)=y*x

Proof:
a) Inaxiom (v) (xxy)*(1xy)=x of GK-algebra,
replacing y by x,
we have (x#x)*(1*x) = X
=1x(1xx) =X by axiom (i) of definition:3.1
b) By axiom (ii) xx1=1 of GK algebra
we have (xxy)*1 = xxy
=(x*1)*(y*1) by axiom(ii) of definition:3.1
c) Intheorem 3.4 (i), we have 1%(1% X )=x
Now yx (1x(1xy) ) =yxy=1 by axiom (i) of definition:3.1
d) Let 1sx=1xy
Now X = 1x(1*X) by theorem 3.4 (i)
=1x(1xy) since lsx = 1lxy
=y by theorem 3.4 (i)
e)  (xx(1xx) )xx = (X*(1*x) )*(1*(1*x) ) by theorem 3.4 (i)
=x by axiom (v) of definition 3.1
f)  xx(xxy) =x 1 byaxiom (iii) of definition 3.1
=X by axiom (ii) of definition 3.1
=y by axiom (iii) of definition 3.1
=yx*1 byaxiom (i) of definition 3.1
=yx* (x*X) byaxiom (i) of definition 3.1
g) The proof is similar to previous proof of (vi).
h) In axiom (iv) (y*z)*(x*z)=y*x of GK algebra,
replacingz by y , we have (y*y)*(X*y)=y*X
=1x(xxy)=y*x by axiom (i) of definition 3.1.

E. Theorem:3.5

Left and Right cancellation law holds in GK-algebra
1) Right cancellation law : if x¥y = zxy then x =z
2) Left cancellation law : if zxx =zxy then x =y
Proof:
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a) Let us assume that xxy =zxy
Then, x = (xxy)*(1xy) by axiom (v) of definition 3.1
= (zxy)*(1xy)
=z by axiom (v) of definit ion 3.1
b) Assume that zxx =zxy
Now, zx(zxx) =x*(z+z) by theorem 3.4 (vi)
=x*1 by axiom (i) of definition 3.1
=x  byaxiom (ii) of definition 3.1
and, zx(zxy) = yx(z*z) by theorem 3.4 (vi)
=yx1 by axiom (i) of definition 3.1
=y  byaxiom (ii) of definition 3.1
Since zxx = zxy implies x = y.

F. Theorem:3.6
Let (X,*,1) be a group with respect to xxy = xy?, then (X,*,1) is a GK algebra.
Proof:
We see that x*+x = xx1=1
and xx1=x11=x
For any x,y €X, we have xxy = xy?
when x =y, then xxy= xy* =xx =1 =yy 1 =yx1 = y*X.
For any x,y,z eX,we have (y*z)*(x*z) = (yz1) (xz1)?
=(yz'?) (2x7)
=y(zzh)x?
:yx*l
=y*X
For any x,y €X, (xxy)x(1xy) = (xy?) (Iy )™
=(xy ) ()
=x(y'ty)
=X
Hence (X,*,1) is a GK-algebra.

G. Definition:3.7
A GK algebra Xissaid to be associative if it satisfies (xxy)*z = xx(y=+z) for all x,y,z eX. Theorem:3.8 Every Gk algebra

(X,*,1) satisfying the associative law is group under the operation "x".
Proof:
Putting x =y =z in the associative law (Xxy)*z = x*(y*z)
we have (X*X)*X = X*(X*X)
= 1xx=xx1 byaxiom (i) of definition 3.1
=x by axiom (ii) of definition 3.1
= Lxx=xx1=x
This means that 1 acts as the identity element in X. By axiom (i) of definition 3.1, every element x of X has its own inverse.
Now, (y*z)*(x*z) = yx(z+(x+z) )
= yx(xx(z%2))
= y*X
and  (xxy)*(1xy) = X *(y*(1xy))
= x*((y*1)*y)
= X*(y*y)
=x*1
=X
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Therefore (X,*,1) is a group.

H. Definition:3.9

A GK-algebra (X,*,1) is a self-distributive if the operation = is

1) Right distributive law  (xxy)*z = (x*z)*(y=*z) for all x,y,z €X.
2) Left distributive law  xx*(yxz) = (x*y)*(x*z) for all x,y,z €X.

I.  Definition:3.10
A GK algebra X issaid to be commutative if it satisfies for all X,y €X, (x*y)xy = (y*X)*X.

J.  Proposition:3.11
Let X be a GKalgebra. If x#y andx *y =1 then y*x #1.

K. Proposition:3.12

Let (X,*,1) be a GK algebra. Then for any x,y,z €X,

1) xx(xx(y*x)) =1

2)  yx(yx(xxy)) =1

3)  (xxy)rx = (yxx)*y

4)  (xxy)xy = (y*x)*x

5)  (xxy)xx = (xxx)*y

6)  (xxy)xy = (yxy)*x

Proof:

a) Let us consider x*(x*(y*X) )
=xx(x*1) by axiom (iii) of definition 3.1
= X*X by axiom (ii) of definition 3.1

=1 by axiom (i) of definition 3.1.
b) The proof is similar to proof (i) in proposition 3.12 .
c) Consider (x*y)*x

=1xX
=1xy by axiom (iii) of definition 3.1
=(X*y)*y by axiom (iii) of definition 3.1
=(y*X)*y by axiom (iii) of definition 3.1
d) Consider (x*xy)*y
=1xy
=1xxX by axiom (iii) of definition 3.1
=(X*y)*X by axiom (iii) of definition 3.1
=(y*X)*X by axiom (iii) of definition 3.1

This proof shows that the commutativity of GK algebra.
(v) Consider (xxy)*x = 1xx = 1xy = (x*X)*y by axiom(i) & (iii) of definition 3.1
(vi) Proof is similar to (v) in proposition 3.12.

L. Theorem:3.13
In GK algebra X, for any x,y,z €X if associativity holds then the following are equivalent
1) xx(yxz) = (xx2)*y
2)  (yx2)x(xxz) = y*x
Proof
()=(ii) Assume xx(y*z) = (X*z)*y
Then  (y*2)+(xxz) = ((y*2)*2)*x
=(y*(z2))*x
=(yx1)*x by axiom (i) of definition 3.1
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=yxx by axiom (ii) of definition 3.1
(i)=>(1) Assume (yxz)*(x*z) =y*X
Then  xx(yxz) = (xx2)*((y*2)*z)
= (xx2)*(y*(2+2))
= (x*z)x(y*1) by axiom (i) of definition 3.1
= (X*Z)*y. by axiom (ii) of definition 3.1

M. Definition:3.14
Let (X,*,1) bea GK-algebra. Anon-empty subset A of X is calleda subalgebra of X if
xxy €A for any x,yeA.

N. Theorem:3.15
Let (X,*,1) be a GK algebra and A# ¢, ASX then the following are equivalent
1) Aisa subalgebra of X
2) xx(1xy), 1xy €A for any x,y €A
Proof:

(i)=(ii) Let A be a subalgebra of X. Since Ais a subset of X which is non-empty there exists an element xeA such
that xxx =1€A..
Since Xis closed under "', yeA, 1xy A= xx*(1xy)EA.

(ii)=(i) Since xxy=xx*(1x(1xy)) by theorem 3.4 (i)

which implies xxy €A for any x,yeA.
~ A is a subalgebra of X.

IV. CONCLUSION
In this paper the notion of GK algebra is introduced and studied about some of their properties. It may lead our future
study of GK algebra such as homomorphism of GK algebra, filter of GK algebra and Ideal theory on GK algebra.
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