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Abstract: In this paper, we discuss the notion order, degree and size of a vertex in intuitionistic fuzzy graph structure (IFGS)
G and their properties are studied. We also study the concept of regularity in intuitionistic fuzzy graph structures. Some

characterization of regular IFGS on Bi -cycle are also provided and properties of regular IFGS are introduced.
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I. INTRODUCTION
The idea of fuzzy sets was introduced by Prof. Zadeh [8] in 1965. Rosenfeld [9] in 1975 gave the concept of fuzziness in relations
and graphs. Atanassov [5] introduced the idea of intuitionistic fuzzy sets. Further the notion of graph structure was discussed by
Sampathkumar [1]. Dinesh and Ramakrishnan [2] gave fuzzy graph structure. The notion of intuitionistic fuzzy graph structure
(IFGS) G= (A,B1,B,,...B) are defined and discussed by the authors in [6] ,[7] and [14]. In this paper, we discussed various

properties of regularity in intuitionistic fuzzy graph structures.

Il. PRELIMINARIES
In this section, we review some definitions and results that are necessary in this paper, which are mainly taken from [1], [2], [6] -
[14].
1) Definition (2.1): An intuitionistic fuzzy graph (IFG) is of the form G = (V, E) where
a) V={vi, Vv, ..., Vn} such that u;: V— [0,1] and yi: V— [0,1] denote the degree of membership and non membership of the
element vi € V, respectively and 0 < pu(vi) + y1 (vi) <1, foreveryvi eV, (i=12,....,n),
b) EcVxVwhere n: VxV — [0,1]andy2: VXV — [0,1] are such that

(Vv <miniy ()1 (Vi) b oand 7, (v,vy) < max{y, (v ).7, (v;) }
and 0 < o (i, vj )+ y2 (vi, vj)) <1, forevery(vi,vi) €EE, (i,j=12,....,n),

2) Definition (2.2): Let G = (V, E) be an IFG. Then the degree of a vertex v is defined by
d(v) = (du(v), dy(v)) where g ,, (v)=> u,(viu) anddy (v)=> 7,(v.u).

3) Definition (2.3): G is said to be regular fuzzy graph if each vertex has same fuzzy degree. It is said to be k-regular fuzzy graph
if (fd)(v)=k,vVvEeV.

4) Definition (2.4): An Intuitionistic fuzzy graph G = (V, E) is said to be regular IFG if all the vertices have the same degree.

5) Definition (2.5): An Intuitionistic fuzzy graph is complete if

Loij = min ( pai, paj) and yoij = max (y 2i ,Y2j) for all (vi ,vj )eV.

6) Definition(2.6):The minimum degree of G is 8(G) = (3u(G), 8y(G)) where du (G) = A {du (V)/ve V} and &y (G) = A {dy (v)/v
eV}

7) Definition(2.7):The maximum degree of G is A(G) = (Ap (G), Ay (G)) where

Ap (G)=V{du (v)/v eV} and Ay (G)=V {dy (v) /v eV}.

8) Definition (2.8): Let G = (V, Ry, Ry,..., R«) be a graph structure and let A be an intuitionistic fuzzy subset (IFS) on V and By,B>
.-, Bk are intuitionistic fuzzy relations (IFR) on V which are mutually disjoint, symmetric and irreflexive such that

Mg (U,V) SHA(U) A HL (V) and vg (U,V) Sv,(U) vva(V) YuveVandi=12 .. k. Then

G = (A, By, Ba,...,By) is an intuitionistic fuzzy graph structure (IFGS) of G.
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9) Note(2.9): Throughout this paper , unless otherwise specified & = (A, B1, Bo,...,B) will represent an intuitionistic fuzzy graph

structure with respect to graph structure G = (V, Ry, R2,..., R) and i =1, 2,..., k will refer to the number of intuitionistic fuzzy
relations on V.

10) Definition (2.10): The 73 -strength of connectedness between u and v is ya“’(u,v) = _v1 y&j (u,v). and the Ve -strength of
J:

0

connectedness between u and v is vE;o uv)y= A vE%j (u,v).
j=1

IILREGULAR INTUITIONISTIC FUZZY GRAPH STRUCTURE
1) Definition (3.1): Let G = (A,B1,By,....,Bx) be an intuitionistic fuzzy graph structure (IFGS) of G. The e, - degree of vertex u is
the sum of 4, -edge starting from u. It is denoted bydﬂa (U). Thus, d#ai (u) = Z 15, (U, V).

(u.v)eB;

2) Definition (3.2): In an IFGS, the v, - degree of vertex u is the sum of v, -edge starting from u. It is denoted by d, (U). Thus,
]

d, ()= D v (W),

(u.v)eB;
3) Definition (3.3): The B-degree of vertex u is d, (u) :(duﬁ. W.d,, (u))

Or dBi(u):{ D mg (U,v), Y vBi(u,v)Jand pg (U,V) =vg (u,v) =0 for (u,v)¢ B,.

(u.v)eB; (u.v)eB;

4) Definition (3.4): Let G = (A,By1,Bs,....,Bk) be an IFGS of G. The degree of vertex u is the sum of Bi-degrees of u for various i.

i.e., Degree of vertex u of G = d(u)= id& (u)= {idy (u), idv 7 (u)j-

i=1
5) Example (3.5): Consider an IFGS 'E’; = (A, B, By, Bg) such that VV = { Uo, U1, U2, Us, Us, Us } Let Ry = {(Uo,Ul),(Uo,Uz ), (Ug, U4)},
Ro ={ {(uz, u2),(us,us)}, Ras={(uz, us),(uo, Us)} are the relations on V. Let A = {< uo, 0.8,0.2 >, <uy, 0.9,0.1>, <uz, 0.6,0.3 >,
<us, 0.5,0.4>, <us, 0.6,0.1 >, <us, 0.7,0.2>}} bean IFSon V and B = { (uo, uy), 0.8,0.1 >, < (U, Uz), 0.5,0.4>, < (U3, Ug),
0.4,0.5>}, B2 ={< (uy, uz), 0.6,0.3 > ,< (U4, Us), 0.6,0.2 > }, B3 = { < (U, u3), 0.3,0.5 >, <(uo, Us), 0.3,0.4 >} are IFRs on V.

w0504 (40, (060.1)

w(0802) -

08,0.1)

w0901 (0603) w(0603) 15(07.02)

dg (1) = (dum W.d,, (u)) = (1.3,05),dg (1) = (0,0),d () = (03,0.4);
dg (1) =(08,0.0),dy, (1) = (0.6,03),dg (1) = (0,0);
g (1) = (05,04),d;, (1) = (0.6,0.3),dg, (1) = (0.3,0.5);
dg (U;) = (0.4,0.5),dg (u,) = (0,0),dg, (u;) = (0.3,0.5);
dg (u,) = (0.4,0.5),d, (u,) = (06,02),d (u,) = (0,0);
dg, (Ug) = (0,0), dg (Us) = (0.6,0.2),d (g) = (0.3,0.4).
Also d(Uy) = dy (Uy) +dg (Uy) +dg (Uy) = (16,09),d(u;) = (14,04),
d(,) = (1.4,1.2),d(u,) = (0.7,1.0),d (u,) = (1.0,0.7), d (1) = (0.9,0.6).
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6) Definition (3.6): Let G be an intuitionistic fuzzy graph structure (IFGS) of G. If d, (W=p VueV then G is said to be P- ty -
By
regular and if d (u=q VYueVv then G is said to be q-vy -regular.
B
In the above example (3.5), & is 0.3-;133-regular and G is 0.6-,uBZ -regular, but no Ve -regular.
7) Definition (3.7): Let G be an intuitionistic fuzzy graph structure (IFGS) of G. If dg (U) :(p,q) vueV then & issaid to be
(p,q)- Bi-regular and if d(u) :(p,q) vueV then (& is said to be (p,q)- regular IFGS.
In the above example (3.5), & is also not Bi-regular.
8) Theorem (3.8): Let (7 be an IFGS of G and & * = (V,R1,Rz,...,R«) be an odd Bi-cycle. is Bi-regular iff
Ug (U,Vv) andvy (U, V) are constant for all Bi-edges in Ri.

Proof: Let y, (u,Vv) and v, (u,V) be constant function say g, (U,V) =c¢; and v, (U,v) =d; V(uv)eRi ie. d, (u=2c
1 1 1 1 a
andd, (U).=2di VueV
]

G is (2ci 2d;) Bi-regular.

Conversely, Let (G be (rs) Bi-regular and let Bi-edges of Ri be ey, €2,..., ean+1 and let
ﬂe,(el) =r; and let ﬂe,(el) =r; then /,JB‘(EQ) =rry,
7y (e3) =r-(r-ra) =ry, 7y (€s) =111, 7y (B5) = r=(I=T1) =M1, ceeie e e
7y (em) =r1 ifmisodd,

=r-ryif miseven
Similarly, let Ve (e1) =s1 then Ve (e2) =551,
Ve (e3) = s-(s-51) =51, Ve (e4) =551, Ve (es) =s-(s-51) =81,

Ve (em) =s1 ifmisodd,
=s-s; if mis even,

If e1and ezn+1 are incident with u, d, () =ri+ri=2riand d, (U)= s+ s1=2s1
B 1

d, W=randd, (W=s =2r=rand 2s=s
] ]

=ri=r/2and $1=5/2
r S
~d (e)=— andd (e )=—
‘ua ( m) 2 va ( m) 2

= Hg (U, V) and v, (U, V) are constant in Ri.

9) Remark (3.9): Note that theorem (3.8) also holds if & = is replaced by (supp (A), supp (Bi), supp (B2),...,supp (Bx)).

10) Theorem (3.10): Let G be an IFGS of G and G+ = (V, Ry, Rz ,.., Ry be an even Bi-cycle.G is Bi-regular iff
Mg, (u,v) and Ve, (u,V) are constant for all Bi-edges in R; or alternate Bi-edges in R; have the same membership and non-
membership value.

Proof: Let s (U, V) andvg (U, V) be constant in R;

d“a (u) and dva (U) are constant V ue V.

If alternate Bi-edges in Ri have the same membership and non- membership value,
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= d, (U)and d, (U) are constant V ue V.
] g

So G is Bi-regular.
Conversely, Let G bea (rs) Bi-regular and let Bi-edges of Ri be €1, €;.,..., €241
7 (&) =ry ifjisodd,

=r-r; ifjiseven
and Ve (&) =s. ifjisodd,

=s-51 if jiseven,

Ifro=rroands;=s-ss =2rr=rand 2s;=5
dugi (e;)=r=2r, =constant and dvsi (e;) =s=2s, = constant.

= g (U,v) and v, (U,V) are constant in R; . If not, alternate Bi-edges in R; have the same membership and non- membership
value.
11) Remark (3.11): Note that theorem (3.10) is true if G is replaced by (supp (A), supp (B1), supp (B2)......,supp (Bx)).

12) Definition (3.12): The 1, -size of an IFGS Gis S, (G)= > g (u,v) and g -size of Giss (G)= > Ve (U,v)-

(u.v)eB; (u.v)eB;

13) Definition (3.13): The B; -size of G is S, (G) = (SuB, (6), S, (G)) :[ S o), S vy (u,v)] and the size of G is

(u.v)eB; (u.v)eB;

(635, 0)=[35,, €135, @)

14) Definition (3.14): The y,-order of & is 0, (6)= > p,(u) and v,- order of Gis 0, (G) = PRAME

ueA u.eA

15) Definition (3.15): The B; - order of G is 0(G) = (oﬂA (G):OVA (é)) - {Z RO} ZVA(U)]'

16) Theorem (3.16): The B; -size of (rs) Bi-regular IFGS G of G on G# = (V, Ry, Rz,..., Ry) is (nr/2,ns/2) where n is the no. of

verticesin V. i.e. 5_(G) = (E,Ej_
' 2 2

Proof: The B; -size of G is Se, (G) :[ Z g (U, V), Z Vg, (u,v)].

(Uv)eB; (uv)eB;

=5,(6)=(s, ©6)5, (©).

Let d“a (U=r and dVa (U=sVue v

But uzevld“ﬁ (u) = 2(%;& pg, (U V) =28, (G) and Z\;d (u) = 2(%;& ve (Uv) =28, (G).

Let no. of vertices in V be n.

28#&((5):Zd#&(u):2r:nr and 28, (G)deV&(u)=ZS= ns.

uev uev ueVv uev

%~ nr %, hs
:S#B, (G)_? and SV&(G)_?.

:SBI(G):(%,§)

17) Remark (3.17): If G = is replaced by (supp (A), supp (B1), supp (Bz).... ,supp (Bx)), then theorem (3.16) also holds.
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18) Theorem (3.18): Let & be a Bi-regular IFGS of G where G+ is a Ri-cycle then G is Bi- cycle and it cannot be an intuitionistic
fuzzy B; —tree.
Proof: Let G be a B-regular on Ri-cycle .

Then 11, (u,v) and Vg, (u, V) are either constant for all Bi-edges in R; or alternate Bj-edges in R; have the same membership and

non- membership value.

~.there does not exist unique Bi-edge (u,v) in Ri s,t, 1 (U V)=~ (X Y) and  vq (U V) =W (X,Y)

= (7 is an intuitionistic fuzzy Bi-cycle.

= G cannot be an intuitionistic fuzzy Bi-tree.

19) Remark (3.19): Note that theorem (3.18) is true if G= is replaced by (supp (A), supp (Bi), supp (B2),....,supp (Bx)).

20) Theorem (3.20): Let & be a Bi-regular IFGS of G on an odd Bi-cycle then G does not have an intuitionistic fuzzy Bi-bridge.
Hence & does not have an intuitionistic fuzzy Bi-cut vertex.

Proof: Let (G be a Bi-regular on an odd Bi-cycle =

Then g (U,V) andv, (U, V) are constant for all Bi-edges in R; by theorem (3.8).

= If we remove an intuitionistic fuzzy B;-bridge, it will not reduce the strength of connectedness between any pair of vertices.

= G will not have an intuitionistic fuzzy B;-bridge.

Also a vertex is an intuitionistic fuzzy Bi—cut vertex iff it is a common vertex of two B;-bridges.
. (7 does not have an intuitionistic fuzzy Bi—cut vertex.

21) Theorem (3.21): Let 7 be a Bi-regular IFGS of G on an even Bi-cycle then G either does not have an intuitionistic fuzzy Bi-
bridge or it has ri/2 intuitionistic fuzzy Bi-bridges where r; = | B i.e. ri = no. of edges. Also G does not have a B; —cut vertex.

Proof: Let G be a Bi-regular on an even Bi-cycle G+ .

Then by theorem (3.10), Mg, (u,v) and Vg, (u, V) are either constant for all Bi-edges in R; or alternate Bi-edges in R; have the same

membership and non- membership value.

a) Casel: Let ug (u,v) andvg (U, V)be a constant in R;.

= If we remove an intuitionistic fuzzy Bi-edge, it will not reduce the strength of connectedness between any pair of vertices.

= G will not have an intuitionistic fuzzy B;-bridge.

= G will not have a Bi-cut vertex.

b) Case Il: Alternate Bj-edges in R; have the same membership and non- membership value.

G=isa Bi-cycle.

. Bi-edges with greater membership and lesser non- membership value are the Bi-bridges of .

= there are ri/2 such Bi-edges where r; = no. of edges.

Two Bi-bridges will not have a common vertex.

Hence G does not have a Bj-cut vertex.

22) Remark (3.22): If G= is replaced by (supp (A), supp (B1), supp (B2)....,supp (Bx)), then theorem (3.21) is true.

23) Theorem (3.23): A Bi-connected (rs) Bi-regular IFGS G of G where r > 0, s > 0 with no. of vertices greater than or equal to 3,
cannot have an end vertex of Bi—paths.

Proof: Let d, (u)>0 and dva (uy>0 vue V.
B

= each vertex is adjacent to atleast one vertex by a Bi-edge.
If possible, let v be an end vertex of a Bi—path.

Let (u,v) beinR; , d“a (U)=r= 1 (V) and dva W=5=v, V)
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= G is Bi-connected and no. of vertices are greater than or equal to 3.
= u is adjacent to some vertex z =V by a B; —edge.
:dﬂﬁ (U) 2 24 (U V) + 14 (v, 2) > g (U V) =T and dva U) 2vg UV)+vg (v, 2) > vy (U V) =s.

= d“a (u)>r and dvB (U)>s which is a contradiction.

Hence & cannot have an end vertex of Bi—paths.

24) Definition (3.24): The minimum,ua -degree of G is the minimum of d“a (U). Thus, 5yai (u) = /\{d"ei (u) :u e A} and the
minimum v, - degree of G is the minimum of dVa ).

i.e. 5@\ (u)= /\{dv& (u):ue A}

25 Definition (3.25): The minimum Bi-degree of & is 5Bi(G~)=(5,, @), 5, (G)) or 5&(6)=A{(d” u).d, (u)):UeA} and the

minimum degree of & is 5(G) = A {5, (G)1i=12,..k]. ie. 5(6):(@8‘ ©), A3, (G)) where i=1,2,...k
26) Definition (3.26): The maximum g, -degree of IFGS G is the maximum of d“a (U). Thus, AH& (u) = V{d"ei (u):ue A} and
the maximum v, - degree of G is the maximum of dVa ().
e, A, . (u) = v{dvBi (u):ue A}
27) Definition (3.27): The maximum Bi-degree of & is A, (©) Z(Auai (G)'Ava, (G)) or A, (6) ZV{(duE, W.d, (u)):uE A} and the
maximum degree of G is AG) =v{Ag (6):i=12...k). ie. A(G)z(vA”BI ©), v, (©)) where i=12,..,k
Definition (3.28): The minimum degree of IFGS & is the minimum of O, (G) ,-.5((2):/\{5B| ©):i=123,..., k} and the maximum

28)
degree of IFGS G is the maximum of A_ (G) ,-.A(G):V{AB| ©):i=123... k}.

29) Proposition (3.29): In an IFGS, if we take sum i.e. addition of membership degree and non membership degree of all the nodes
(or vertices) of IFGS, it is always equal to double the sum of membership value and non membership value of all the edges of

IFGS.
e y'd, (u) :(Zduﬁ (u),ZdvE‘_ (u))
Or =[22 yBl(u,v),zsz,(UYV)]
Proof: Let (7 be an IFGS and let V = {ug, U, Us,....... \Un }

Yo )= (X d,, ()X d, (u)) VYueV for j=12...n.
S odo ()= (d,, (), )+ (4, ()d, (u))+ e (d,, (u)d, | (u,))

= (me, (uuy) vy (U uy) )+ (g, (Up uy) v (Up Ug) )+ . + (me, (U, uy), v (U u,))+
(s, (upiuy),vg (uy u) )+ (g (Uy ug), v Uy, Ug) )+ o + (e, (Up uy)vg (Uy,u,) )+
0L EEE Ottt

+ (e (U uy) v (Ue,u) )+ (g (U up) v (Ug Up) )+ o + (s, (U, ), v (Uy U, )

=2 ((#s, (upsuy)vg (ugouy) )+ (pg (Ugus)vg (U Ug) )+ s + (mg (upu) v (U u,)))

= [22 IUBI(U,V),ZZ VBI(U,V)]

uzv u#v;

Hence the resultis proved.
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Example (3.30): Consider IFGS G and V as shown in Example (3.5), clearly
30)

Here 5 d(u,) =(7.48) and{22;1&(uj,us),ZZva(uj,uS)J:(2><3.5,2><2.4):(7,4.8).

J U=V U=Y;

31) Proposition (3.31): In an IFGS having n vertices, the maximum membership degree and maximum non membership degree of
any vertex is n-1.

Proof: Let G be an IFGS and no. of vertices = n.

The maximum membership degree of any edge is 1and the no. of edges incident on a vertex can be atmost n-1.

Thus, the maximum degree of membership of any vertex in an IFGS having n vertices is n-1.

Similarly, the maximum degree of non membership of any edge is 1and the no. of edges incident on a vertex can be atmost n-1.

Thus, the maximum degree of non membership of any vertex in an IFGS having n vertices is n-1.

32) Proposition (3.32): In an IFGS, the number of vertices with odd degree of membership and that of odd degree of non
membership is even.

Proof: Let (G be an IFGS and V be the set of all vertices.
Let the vertices have both odd and even degree of membership.

Zduﬁ_ (U)=Zdua(u)+2dua(u), vueV (1)

even

whereZd“ (u) =Sumof the degree of membership of all the vertices in G
Bi

=sum of 2 sums each of taken over vertices with degree of membership as even and odd respectively.
Also by above Proposition (3.29),

2d, (W) =2 (V) -

u=v

= ZduE (u) is even by above equation (2)

Z d, (u)iseven since itis the sum of even numbers,
Bj

even

> d, (u)isalsoeven (by equation (1))

odd

a3 d, (u)=-even no.

odd
~each)’ d, (u)is odd
= the total no. of terms in the sum = even
(- their sum is an even no.)

.. The number of vertices with odd degree of membership is even.
Similarly the number of vertices with odd degree of non membership is also even.
33) Example (3.33): Consider IFGS T as given in example (3.5),

d(u,) =(1.6,09), d(u)=(14,0.4),d(u,)=(141.2),

d(u;) =(0.7,1.0),d(u,) = (1.0,0.7),d(u;) = (0.9,0.6).
In this example, vertices with odd degree of membership are us and us and their no. = 2 (even).
Similarly the number of vertices with odd degree of non membership (i.e. uo and us) = 2(even).
Degree of membership of us = 0.7, Degree of membership of us = 0.9,

Degree of membership of up = 0.9, Degree of membership of us = 0.7
These are all odd.

34) Proposition (3.34): Let Ghea complete IFGS, then it will have at least one pair of vertices with same degree of membership
and at least one pair of vertices with same degree of non membership.
Proof: Let G be a complete IFGS and V = {Us,Uz,Us,.....,Un } be the set of all vertices.
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Case I: Let 1, (U;) andv,(u;) areequal Vue V,

Then clearly g (uj,u,) andvg (u;,u,) areall equal.

= The Bi-degree of all vertices are all equal.
= The degree of all vertices are all equal.
Therefore, the result is proved.

Case II: Let 1, (u;) andv,(u;) aredifferent V uje V,

=d, (u)= D g (Uj,u,) and d, ()= 3 ve(u,u) (- u, areadjacenttou, )

uj Uy uj Uy

Hence the required result is proved.
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