) iJRASET

& International Journal For Research in
Applied Science and Engineering Technology

INTERNATIONAL JOURNAL
FOR RESEARCH

IN APPLIED SCIENCE & ENGINEERING TECHNOLOGQGY

Volume: 2 Issue: i Month of publication: February 2014

DOI:

www.ijraset.com
Call: (£)08813907089 | E-mail ID: ijraset@gmail.com




www.ijraset.com

Vol. 2 Issue I, February 2014
ISSN: 2321-9653

INTERNATIONAL JOURNAL FOR RESEARCH IN APPLIED SCIENCE AND
ENGINEERING TECHNOLOGY (IJRASET)

Oscillation Theoremsfor a Second Order Delay
Difference Equations

Dr.P.Mohankumar®, A.Ramesh?
Y(Professor of Mathematics, Aaarupadaiveedu I nstitute of Techonology, Vinayaka Missions University,
Paiyanoor, Chengal pattu, Kancheepuram Dist- 603104 , Tamilnadu, India)
%( Ph.D Scholar Vinayaka Missions University , Salem-636 308, Tamilnadu India)

Abstract: The Oscillation Theorems for a Second Order Delay Difference Equations of the form
2
AU+ Pl oy =0, NED(Q) v, @
The method uses techniques based on signum functions. Exampleisinserted to illustrate the result.

Keywords. Delay Difference equation, signum functions, Boundedness

2010MSC: 39A10

1. INTRODUCTION

The purpose of this paper isto present conditions for

all solutions of the linear delay difference equations of the form
AU, + P oy =0, NED () v @
Where A istheforward difference operator i.e.
Au, =U,,, —U, [A%u, = A(Au,)] to be oscillatory, and to
present an oscillation theorem for the more general equation
A(rAu ) + Py F (U Ugy) = 0 (2
assume the condition without further mentions {r. },{ p.}
positive real sequenceoninterval nel] (a)
{r}>0{p,}20and0<c(n)<m Theassumptions

on f and g are stated proceeding Lemma 2 in section.
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Results on the growth and boundenss of non-oscillatory
solutions are presented in section 3. By a solution of (1) and (2)

we mean real sequence {U, } satisfying equation (1) for
nell (a). Weconsider only such solutions which are non-

trivial for all large N . A solution {U,} of (1) and (2) iscalled

non-oscillatory if it is eventually positive or negative.
Otherwise it is called Oscillatory.

The problem of determining oscillation theorem for
second order nonlinear difference egquation has been the subject
of investigation in [1-3]. Among the papers dealing with this
subject we refer to [4] in which oscillatory theorem of linear
difference equations of second order have been established.

The purpose of this note is to give some new criteria

(sufficient conditions for oscillation of all solutions of (1). The
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results we obtain the discrete analogues of some theorem for a
non-linear differential equation of second order with delay due
to katasatos [5] and staikes & petsoulat[6].

2. MAIN RESULTS
The following Lemma allows the use of technique
introduced by Coles[1] to give a short proof of aclassical
oscillation Theorem for equation (3).

Lemmal

If p,>20,(p,#0),0<c(n)<m foralln>a and
{u.} isasolutions of equation (1) that is positive, then
Au,, >0 for al N sufficiently large and there is a constant
Kk > 0 such that

Yoowm 5
u

n

Proof.

If {u,}is positive, then so is U, ), and there for
A%u, <0. Thismeansthe {U,} is bounded non-oscillatory so
that if Au, <0, {U_} become zero again. Therefore which is
contrary to the hypothesis. Hence Au, >0 for al n

sufficiently large. Now suppose that N, is larger than the last

zeroof U, . Then n=ny, U, < U (ny and

un—m

u

U (
u

n)) >

n n

Let g beafunction whose graph isthe line tangent to the graph

of {u}a (n—m,u, ) for some N> n,;thatis
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g, =AU, (s—t+m)+u,__,

Since {U,} is bounded,

Un-m > U m _ On-m
u, On g,
Let
X = U
Aunfm +N—m

Then g, =0 and because of similar triangles we have

_(X=n+m) _ U,
- (x=n) B [u, ., +mAu, ]

un—m 2 gn—m
un gn

But Au, . isdecreasing so that the last member of (4) increases

to apositivelimit Kk @S N — oo .Hence

u(n u

—c (n)) > _n-m >K

u u

n n

for al N sufficiently large.

Theorem 1

If {p,}>0,0<c(n)<m for all n>aand ) p, =, then a

s=a
proof:

If {u, } be anon oscillatory solution of the equation (1)

andthere A’u <0, Au <0

n

for sufficiently large N Let o, = . Then (1) becomes

n

Pldno oy _

Ao +o >+
u

n
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And since the divergence of the summation Z P, impliesthat
S=a

P, # Oit follows from Lemma1l that
Ao, +o,>+Kxp, <0

Thusfor nysufficiently largeand N2 n,

0)n+zn:con2£cono—1<z Ps <O (5)
s="p

n
Let h,=> . . Then it follows from (5) that Ah, >h?
S=Ny

from which it follows that

1 1 1
n-n <—-—

) <
LN
For large N. Which contradiction to fact that

0,20 for nzn, .
Ifr =1{p,} >0,9, > o asn— oo theall solutions

equation (2) is oscillatory.
Thefollowing lemmais helpful is proving an oscillation

theorem for (2) with non-constant r

If f(y,w) hasthe signof yand w when they have the
same sign, and f (', W) isnon-decreasingin y and w . For
the oscillation Theorem presented here we make the following

assumptionson f and g:

0 g, > ©asn—ow
(ii) If y and w areonesign, the f(y,w) hasthat
sign

(iii) f (y, w) isbounded and zero.
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Note that condition (ii) and (iii) is satisfied and f isnon
decreasingin y and w.

Lemma?2

If{p.} 20.(p, #0),r, 20, il:oo Conditions  (i)-

sals
(iii) hold and {u.} is a solutions of equation (1) that is
positive, then Au, > O for al N sufficiently large

Pr oof

If {u}>0 for large N andlemmais false. Then thereisa

point N larger than the last zero U, and larger than the last zero

Uy SUch that Au, <0. for n=n,

A(r,Au,) =-p, f(u,,uy,) <0 and therefore

rAu, <r . Au, < O it follows dividing by I, and summing
from N, ton and N— oo then {U,} is negative. This is
contrary to the hypothesis. A similar argument treats the case of

eventually positive or eventually negative If {u.} <O for

large N

Theorem 2

If p,>0,r, >0, il=oo, Z‘O: P, = oo Conditions (i)-(iii)
r -

n <
S=a's S=a

hold and {U,} isasolutions of equation (2) is oscillatory if
interval (@, o)

Pr oof:
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Suppose thereisasolutions {U,} ontheinterval (@,0) and
that If {u .} >0 for large N.

By lemma2 Au,_ >0 for al N sufficiently large so that {U,}
is non-decreasing; it then follows from conditions (i)-(iii) that
there is positive constant ¢ such that ¢ < f(g(n),u,,) for
al nsufficiently large. ThusA(r,A(u,)+ p,f <0 and for

N, sufficiently and N> N_ and Taking summation

F AU, =T AU+ PO, (6)

s=n,

n
But EZ p, — o as N — oo thiscontrary that to lemma. A
=1

similar argument left to reader if U, <0 for large n

3. Boundedness and Non-Oscillation
The proof of Lemma 2 suggests the following theorem
Therom 3
If (i)-(iii) hold p, =0 and{u.} is a non-oscillatory

solution of (2) on an interval (&,), then there are non-

51
negative constants ¢,/ , such that |un|££1+€22—. In

S=Ny s

n
particular, if Z P, < oo then all solutions existing on (&, )
s=ny

are oscillatory or bounded.

Pr oof:
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If {u,} is non-oscillatory solution of (2) that is

positive then A(r.Au.) <0, for al nNnsufficentely large.

Summing the N, t0 N

51

O<u, <u, +rnoAunozr—

S=ny 's

We take £ =|u |0, =1, [Au | it {u}is

negative for al large N, the process used above leads to the
inequality

51
u, U, +r, Au, P
S=Ny 's
Inthis case
u, >
O<u,|=-u,<-u, —r Au —
Mo N =N
0?[10 rs
This complete the proof
Theorem 4

Let p, =0, supposethat { p,} isreal sequence with
0<o(n) <m supposethat y >1,y isratio of odd integers
the signum fuctions:

sgnu, =1if {u } >0, sgnu, =-1if {u .} <0,sgn0=0

Then the condition

I's necessary condition that all solutions of the equation

A2ur\ + pn (u(n_c(n)) )1—Y ‘%n un Een ¥ (8)
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Areoscillatory. For y =1, (7) isasufficient condition that all

bounded solutions of (8) are oscillatory.

Proof:
For y >1,,if {u.} isabounded solution, and {u,} > O for all
N sufficiently large, Then thereiapoint C such that

A%u <0,Au, >0,u, >0, for n>c .then

n
N2C,U, < Uy ;) S0 themultiplying T by (8)
(n-o (n))

and summing Ccton

summing the fact that AU, > AUy itisclear that (9) can be

S—m —
written as
su |T @ N SAU.AU_ 3
L s } “>u., +Zﬁs =>" p,......(10)
s-m ¢ S=C S=C s—m S=C

Since {u, } isbounded, the left side of (10) is bounded below

while the right tends —oo

This contradiction completes the proof.

Example:1

Consider the difference equation

A%u +

n®+1

All condition to Theorem 1 to Theorem 4 satisfied and all

solution of equation (11) is oscillatory.
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u(r)

m

"
+
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