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Abstract: The binary quadratic equation represented by the negative pellian 3640 22  xy is analyzed for its distinct integer 
solutions. A few interesting relations among the solutions are given. Employing the solutions of the above hyperbola, we have 
obtained solutions of other choices of hyperbolas and parabolas. Also, the relations between the solutions and special figurate 
numbers are exhibited.   
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I. INTRODUCTION 
The subject of Diophantine equation is one of the areas in Number Theory that has attracted many Mathematicians since antiquity 
and it has a long history. Obviously, the Diophantine equation are rich in variety [1-3]. In particular, the binary quadratic 
diophantine equation of the form  freesquareandDNNDxy 0,022  is referred as the negative form of the pell equation 
(or) related pell equation. It is worth to observe that the negative pell equation is not always solvable. For example, the 
equations 13 22  xy , 47 22  xy have no integer solutions whereas 165 22  xy , 1202 22  xy have integer solutions. In this 
context, one may refer [4-10] for a few negative pell equations with integer solutions.  
In this communication, the negative pell equation given by 3640 22  xy is considered and analysed for its integer solutions. A 
few interesting relations among the solutions are given. Employing the solutions of the above hyperbola, we have obtained solutions 
of other choices of hyperbolas and parabolas. Also, the relations between the solutions and special figurate numbers are exhibited. 

II. NOTATIONS 

1)   




 


2
211,

mnnt nm - Polygonal number of rank n with size m 

2)       mnmnnpm
n  521

6
1 - Pyramidal number of rank n with size m 

III. METHOD OF ANALYSIS 
The negative Pell equation representing hyperbola under consideration is 
   3640 22  xy                                                   (1)  
whose smallest positive integer solution is 
   2,1 00  yx        
To obtain the other solutions of (1), consider the Pell equation 
   140 22  xy  
whose general solution is given by 

   nnnn fygx
2
1~,
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Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) are given by 

 nnn gfx
102

1
2
1

1   

 nnn gfy 101   

The recurrence relations satisfied by x and y are given by 
 038 123   nnn xxx  

 038 123   nnn yyy  
Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

Table: 1 Numerical examples 
n  

1nx  1ny  

-1 1 2 
0 25 158 
1 949 6002 
2 36037 227918 
3 1368457 8654882 
4 51965329 328657598 

From the above table, we observe some interesting relations among the solutions which are presented below: 
A. 1nx  is always odd, 1ny is always even. 
B. Relations Among the Solutions   
1) 0319 112   nnn yxx  

2) 0917127 122   nnn xxy  
3) 0197213 123   nnn xxy  

4) 038 123   nnn xxx   
5) 0372119 123   nnn yxx  

6) 0319 223   nnn yxx  
7) 0319 323   nnn yxx  

8) 0721114 113   nnn xyx  

9) 06 123   nnn xyx  
10) 0114721 313   nnn yxx  

11) 019120 112   nnn yxy  

12) 07214560 113   nnn yxy  
13) 012072119 123   nnn xyy  

14) 019120 122   nnn yyx  

15) 0240 123   nnn yxy  

16) 019120 223   nnn yxy  
17) 019721120 123   nnn yyx  

18) 04560721 133   nnn yxy  

19) 019120 233   nnn yyx  
20) 038 123   nnn yyy  
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C. Each Of The Following Expressions Represents A Nasty Number 

1)  5479
9
2

3222   nn xx  

2)  54793001
9
2

4232   nn xx  

3)  20523001
171

1
4222   nn xx  

4)  1820
3
2

2222   nn yx  

5)  342500
57
2

3222   nn yx  

6)  1297818980
2163

2
4222   nn yx  

7)  3427920
57
2

2232   nn yx  

8)  1879500
3
2

3232   nn yx  

9)  3427918980
57
2

4232   nn yx  

10)  12978300120
2163

2
2242   nn yx  

11)  3423001500
57
2

3242   nn yx  

12)  18300118980
3
2

4242   nn yx  

13)  10825
9
1

2232   nn yy  

14)  4104949
342
1

2242   nn yy  

15)  10894925
9
1

3242   nn yy  

D. Each Of The Following Expressions Represents A Cubical Integer 

1)  214333 323779
27
1

  nnnn xxxx  

2)  325343 2379003793001
27
1

  nnnn xxxx  

3)  315333 390033001
1026

1
  nnnn xxxx  

4)  113333 36020
9
1

  nnnn yxyx  

5)  214333 31500500
171

1
  nnnn yxyx  

6)  315333 35694018980
6489

1
  nnnn yxyx  
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7)  123343 237607920
171

1
  nnnn yxyx  

8)  224343 237150079500
9
1

  nnnn yxyx  

9)  325343 237569407918980
171

1
  nnnn yxyx  

10)  133353 900360300120
6489

1
  nnnn yxyx  

11)  234353 900315003001500
171

1
  nnnn yxyx  

12)  335353 900356940300118980
9
1

  nnnn yxyx  

13)  123343 75325
54
1

  nnnn yyyy  

14)  133353 28473949
2052

1
  nnnn yyyy  

15)  234353 28477594925
54
1

  nnnn yyyy  

E. Each Of The Following Expressions Represents A Bi-Quadratic Integer 

1)  162431679
27
1

32225444   nnnn xxxx  

2)  16231612004793001
27
1

42326454   nnnn xxxx  

3)  61564120043001
1026

1
42226444   nnnn xxxx  

4)  5448020
9
1

22224444   nnnn yxyx  

5)  102642000500
171

1
32225444   nnnn yxyx  

6)  3893447592018980
6489

1
42226444   nnnn yxyx  

7)  1026316807920
171

1
22324454   nnnn yxyx  

8)  54316200079500
9
1

225454   nnnn yxyx  

9)  1026316759207918980
171

1
42326454   nnnn yxyx  

10)  389341200480300120
6489

1
22424464   nnnn yxyx  

11)  10261200420003001500
171

1
32425464   nnnn yxyx  

12)  541200475920300118980
9
1

42426464   nnnn yxyx  
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13)  324100425
54
1

22324454   nnnn yyyy  

14)  1231237964949
2052

1
22424464   nnnn yyyy  

15)  324379610094925
54
1

32425464   nnnn yyyy  

F. Each Of The Following Expressions Represents A Quintic Integer 

1)  2143336555 10790539579
27
1

  nnnnnn xxxxxx  

2)  3253437565 7903001039515005793001
27
1

  nnnnnn xxxxxx  

3)  3153337555 10300105150053001
1026

1
  nnnnnn xxxxxx  

4)  1133335555 10200510020
9
1

  nnnnnn yxyxyx  

5)  2143336555 10500052500500
171

1
  nnnnnn yxyxyx  

6)  3153337555 1018980059490018980
6489

1
  nnnnnn yxyxyx  

7)  1233435565 7902003951007920
171

1
  nnnnnn yxyxyx  

8)  2243436565 7905000395250079500
9
1

  nnnnnn yxyxyx  

9)  3253437565 790189800395949007918980
171

1
  nnnnnn yxyxyx  

10)  1333535575 3001020015005100300120
6489

1
  nnnnnn yxyxyx  

11)  2343536575 3001050001500525003001500
171

1
  nnnnnn yxyxyx  

12)  3353537575 300101898001500594900300118980
9
1

  nnnnnn yxyxyx  

13)  1233435565 25010125525
54
1

  nnnnnn yyyyyy  

14)  1333535575 94901047455949
2052

1
  nnnnnn yyyyyy  

15)  2343536575 9490250474512594925
54
1

  nnnnnn yyyyyy  
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G. Remarkable Observations 
1) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the Table: 2 below: 

Table: 2 Hyperbolas 
S. No 

Hyperbola  YX ,  

1 291610 22  YX   1221 25,79   nnnn xxxx  

2 291610 22  YX   2332 94925,793001   nnnn xxxx  

3 421070410 22  YX   1331 949,3001   nnnn xxxx  

4 32410 22  YX   1111 2,20   nnnn xyyx  

5 11696410 22  YX   1221 158,500   nnnn xyyx  

6 16842848410 22  YX   1331 6002,18980   nnnn xyyx  

7 11696410 22  YX   2112 225,7920   nnnn xyyx  

8 32410 22  YX   2222 15825,79500   nnnn xyyx  

9 11696410 22  YX   2332 600225,7918980   nnnn xyyx  

10 16842848410 22  YX   3113 2949,300120   nnnn xyyx  

11 11696410 22  YX   3223 158949,3001500   nnnn xyyx  

12 32410 22  YX   3333 6002949,300118980   nnnn xyyx  

13 11664010 22 YX   2112 79,25   nnnn yyyy  

14 16842816010 22 YX   3113 3001,949   nnnn yyyy  

15 11664010 22 YX   3223 793001,94925   nnnn yyyy  
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2) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 
which are presented in the Table: 3 below: 

 
Table: 3 Parabolas 

S. No Parabola  YX ,  

1 29161027 2  YX   123222 25,5479   nnnn xxxx  

2 29161027 2  YX   234232 94925,54793001   nnnn xxxx  

3 4210704101026 2  YX   134222 949,20523001   nnnn xxxx  

4 324109 2  YX   112222 2,1820   nnnn xyyx  

5 11696410171 2  YX   123222 158,342500   nnnn xyyx  

6 168428484106489 2  YX   134222 6002,1297818980   nnnn xyyx  

7 11696410171 2  YX   212232 225,3427920   nnnn xyyx  

8 324109 2  YX   223232 15825,1879500   nnnn xyyx  

9 11696410171 2  YX   234232 600225,3427918980   nnnn xyyx  

10 168428484106489 2  YX   312242 2949,12978300120   nnnn xyyx  

11 11696410171 2  YX   323242 158949,3423001500   nnnn xyyx  

12 324109 2  YX   334242 6002949,18300118980   nnnn xyyx  

13 116640540 2 YX   212232 79,10825   nnnn yyyy  

14 16842816020520 2 YX   312242 3001,4104949   nnnn yyyy  

15 116640540 2 YX   323242 793001,10894925   nnnn yyyy  

 
3) Relations between the solutions and special figurate numbers 

a)      2
1,3,3

2
1,3

52
,3

3 36409   yxyxxy tttptp  

b)      2
1,3,3

2
,3

32
1,3

5 36360   xyyxxy tttptp  

c)      2
22,3,3

2
22,3

52
,3

4
1 364036   yxyxxy tttptp  

d)      2
22,3,3

2
,3

4
1

2
22,3

5 361440   xyyxxy tttptp  

e)      2
22,31,3

2
22,3

32
1,3

4
1 10   yxyxxy tttptp  
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f)      2
22,31,3

2
1,3

4
1

2
22,3

3 4160   xyyxxy tttptp  

g) Let }{ 1sn and }{ 1sm be sequences of positive integers defined by 

 1
2
1}{ 11   ss xn ,       11 2

1}{   ss ym  

Note that, 
6480

1,3 
snt is a nasty number 

2160 1,6,3 11
  smn mtt

ss
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