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Abstract: The binary quadratic equation represented by the positive Pellian 4132 22  xy  is analyzed for its distinct integer 
solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the above hyperbola, we 
have obtained solutions of other choices of hyperbola and parabola. 
Keywords: Binary quadratic, hyperbola, integral solutions, parabola, Pell equation. 2010 mathematics subject classification: 
11D09 

I. INTRODUCTION 

A binary quadratic equation of the form 122  Dxy where D is non-square positive integer has been studied by various 
mathematicians for its non-trivial integral solutions when D takes different integral values [1-2]. For an extensive review of various 

problems, one may refer [3-12]. In this communication, yet another interesting hyperbola given by 4132 22  xy is considered 
and infinitely many integer solutions are obtained. A few interesting properties among the solutions are obtained.  

A. Method of Analysis 
The positive Pell equation representing hyperbola under consideration is 

   4132 22  xy                    (1)  
whose smallest positive integer solution is 
   13,2 00  yx        

To obtain the other solutions of (1), consider the Pell equation 

   132 22  xy  
whose general solution is given by 

   nnnn fygx
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Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) are given by 

 nnn gfx
28

13
1   

 nnn gfy 28
2

13
1   

The recurrence relations satisfied by x and y are given by 
 034 123   nnn xxx  

 034 123   nnn yyy  

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 
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Table: 1 Numerical examples 
n  

1nx  1ny  

-1 2 13 
0 73 413 

1 2480 14029 

2 84247 476573 

3 2861918 16189453 

4 97220965 549964829 

From the above table, we observe some interesting relations among the solutions which are presented below: 
1) 1nx  is alternatively even and odd, 1ny is always odd. 

2) Relations among the solutions   
a) 0317 221   nnn yxx  

b) 0357717 321   nnn yxx  

c) 06 231   nnn yxx  

d) 0102577 331   nnn yxx   

e) 0317 121   nnn yxx  

f) 0102577 131   nnn yxx  

g) 01796 211   nnn yyx  

h) 05773264 311   nnn yyx  

i) 96 017577 321   nnn yyx  

j) 03171154 332   nnn yxx  

k) 0317 232   nnn yxx  

l) 0317 332   nnn yxx  

m) 01796 122   nnn yyx  

n) 0192 312   nnn yyx  

o) 01796 232   nnn yyx  

p) 192 0697 132   nnn yyx  

q) 01757796 123   nnn yyx  

r) 05773264 133   nnn yyx  

s) 01796 323   nnn yyx  

t) 0102 321   nnn yyy  
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3) Each of the following expressions represents a nasty number 

a)  12341313
41
4

2232   nn xx  

b)  41821402913
697

2
2242   nn xx  

c)  12319239
41
4

2222   nn xy  

d)  1394467226
697

6
2232   nn xy  

e)  7097123808039
23657

4
2242   nn xy  

f)  12314029413
41
4

3242   nn xx  

g)  20911921239
697

4
3222   nn xy  

h)  12370081239
41
4

3232   nn xy  

i)  20912380801239
697

4
3242   nn xy  

j)  7097119242087
23657

4
4222   nn xy  

k)  2091700842087
697

4
4232   nn xy  

l)  12323808042087
41
4

4242   nn xy  

m)  123273
41
4

3222   nn yy  

n)  20911240
697

4
4222   nn yy  

o)  123732480
41
4

4232   nn yy  

4) Each of the following expressions represents a cubical integer 

a)  334312 82626247878
123

1
  nnnn xxxx  

b)  335313 14029134208739
2091

1
  nnnn xxxx  

c)  333311 1282638478
41
1

  nnnn xyxy  

d)  334312 4672261401678
697

1
  nnnn xyxy  
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e)  335313 1587202647616078
23657

1
  nnnn xyxy  

f)  435323 28058826841742478
123

1
  nnnn xxxx  

g)  433321 1288263842478
697

1
  nnnn xyxy  

h)  434322 4672826140162478
41
1

  nnnn xyxy  

i)  435323 1587208264761602478
697

1
  nnnn xyxy  

j)  533331 1282805838484174
23657

1
  nnnn xyxy  

k)  534332 4672280581401684174
697

1
  nnnn xyxy  

l)  535333 1587202805847616084174
41
1

  nnnn xyxy  

m)  433321 414612438
123

1
  nnnn yyyy  

n)  533331 2248067440
2091

1
  nnnn yyyy  

o)  534332 146496043814880
123

1
  nnnn yyyy  

5) Each of the following expressions represents a bi-quadratic integer 

a)  738826263304104
123

1
44542232   nnnn xxxx  

b)  1254614029135611652
2091

1
44642242   nnnn xxxx  

c)  24612826512104
41
1

44442222   nnnn xyxy  

d)  418246722618688104
697

1
44542232   nnnn xyxy  

e)  14194215872026634880104
23657

1
44642242   nnnn xyxy  

f)  738280588261122323304
123

1
54643242   nnnn xxxx  

g)  41821288265123304
697

1
54443222   nnnn xyxy  

h)  2464672826186883304
41
1

54543232   nnnn xyxy  
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i)  41821587208266348803304
697

1
54643242   nnnn xyxy  

j)  14194212828058512112232
23657

1
64444222   nnnn xyxy  

k)  418246722805818688112232
697

1
64544232   nnnn xyxy  

l)  24615872028058634880112232
41
1

64644242   nnnn xyxy  

m)  738414616584
123

1
54443222   nnnn yyyy  

n)  125462248089920
2091

1
64444222   nnnn yyyy  

o)  738146496058419840
123
1

64544232   nnnn yyyy  

6) Each of the following expressions represents a quintic integer 

a)  5565334312 8262641301308260260
123

1
  nnnnnn xxxxxx  

b)  5575335313 14029137014565140290130
2091

1
  nnnnnn xxxxxx  

c)  5555333311 128266401301280260
41
1

  nnnnnn xyxyxy  

d)  5565334312 4672262336013046720260
697

1
  nnnnnn xyxyxy  

e)  5575335313 158720267936001301587200260
23657

1
  nnnnnn xyxyxy  

f)  6575435323 2805882614029041302805808260
123

1
  nnnnnn xxxxxx  

g)  556521 826128192012390
697

1
  nnnn yxxy  

h)  6565434322 4672826233604130467208260
41
1

  nnnnnn xyxyxy  

i)  6575435323 158720826793600413015872008260
697

1
  nnnnnn xyxyxy  

j)  7555533331 128280586401402901280280580
23657

1
  nnnnnn xyxyxy  

k)  7565435332 4672280581402902336046720280580
697

1
  nnnnnn xyyxxy  

l)  7575535333 158720280587936001402901587200280580
41
1

  nnnnnn xyxyxy  
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m)  6555433321 414620730401460
123

1
  nnnnnn yyyyyy  

n)  7555533331 2248010124002024800
2091

1
  nnnnnn yyyyyy  

o)  7565534332 146496073024800146049600
123

1
  nnnnnn yyyyyy  

 
B. Remarkable Observations 
1) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the Table: 2 below: 

Table: 2 Hyperbolas 
S. 
No Hyperbolas  YX ,  

1 6051632 22  YX   2112 4146,82626   nnnn xxxx  

2 6995649632 22  YX   3113 44960,2805826   nnnn xxxx  

3 672432 22  YX   1111 426,12826   nnnn yxxy  

4 194323632 22  YX   1112 4826,467226   nnnn yxxy  

5 223861459632 22  YX  ( 3113 428058,15872026   nnnn yxxy ) 

6 6051632 22  YX   3223 1464960,28058826   nnnn xxxx  

7 194323632 22  YX   1121 14626,128826   nnnn yxxy  

8 672432 22  YX   2222 146826,4672826   nnnn yxxy  

9 194323632 22  YX   3223 14628058,158720826   nnnn yxxy  

10 223861459632 22  YX   1331 496026,12828058   nnnn yxxy  

11 
194323632 22  YX  

 2332 4960826,467228058   nnnn yxxy  

12 672432 22  YX   3333 496028058,15872028058   nnnn yxxy  

13 193651232 22 YX   1221 82626,4146   nnnn yyyy  

14 223860787232 22 YX   1331 2805826,44960   nnnn yyyy  

15 193651232 22 YX   2332 28058826,1464960   nnnn yyyy  
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2) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 
which are presented in the Table: 3 below: 

Table: 3 Parabolas 
S. No 

Parabolas  YX ,  

1 3025832123 2  YX   212232 4146,82626   nnnn xxxx  

2 34978248324182 2  YX   312242 44960,2805826   nnnn xxxx  

3 33623241 2  YX   112222 426,12826   nnnn yxxy  

4 97161832697 2  YX   212232 4826,467226   nnnn yxxy  

5 11193072983223657 2  YX   312242 428058,15872026   nnnn yxxy  

6 3025832123 2  YX   323242 1464960,28058826   nnnn xxxx  

7 97161832697 2  YX   123222 14626,128826   nnnn yxxy  

8 33623241 2  YX   223232 146826,4672826   nnnn yxxy  

9 97161832697 2  YX   323242 14628058,158720826   nnnn yxxy   

10 11193072983223657 2  YX   134222 496026,12828058   nnnn yxxy  

11 97161832697 2  YX   234232 4960826,467228058   nnnn yxxy
 

12 33623241 2  YX   334242 496028058,15872028058   nnnn yxxy  

13 9682563936 2 YX   123222 82626,4146   nnnn yyyy  

14 1119303936133824 2 YX   134222 2805826,44960   nnnn yyyy  

15 9682563936 2 YX   234232 28058826,1464960   nnnn yyyy  
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