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Abstract: The binary quadratic Diophantine equation represented by the positive Pellian 1015 22  xy is analyzed for its non-
zero distinct integer solutions. A few interesting relations among the solutions are given. Employing the solutions of the above 
hyperbola, we have obtained solutions of other choices of hyperbolas and parabolas.   
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I. INTRODUCTION 
The binary quadratic equation of the form 122  Dxy  where D is non-square positive integer, has been selected by various 
mathematicians for its non-trivial integer solutions when D takes different integral values [1-4].  For an extensive review of various 
problems, one may refer [5-16]. In this communication, yet another an interesting equation given by 1015 22  xy  is considered 
and infinitely many integer solutions are obtained.  A few interesting properties among the solutions are presented. 

II.  METHOD OF ANALYSIS 
The Positive Pell equation  representing hyperbola under consideration is  
                                           1015 22  xy                                                                 (1) 
The smallest positive integer solutions of (1) are     

                                          10 x , 50 y     
 To  obtain the other solutions of  (1) , consider the pellian equation   

                                         115 22  xy                                                                                                         (2) 
whose initial solution is given by 

                                        1~
0 x , 4~

0 y  

The general solution  nn yx ~,~  of (2) is given by      

                                       
nn gx

152
1~  , nn fy

2
1~ 

 
 

where  

                                      
11 )154()154(   nn

nf  

                                     ,...1,0,1,)154()154( 11   ng nn
n  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  , the other integer  solution of (1) are given by 

                                   
nnn gfx

152
5

2
1

1 
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2
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2
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The recurrence relations satisfied by the solutions x and y are given by  

                                   08 123   nnn xxx   
                    08 123   nnn yyy  
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Some numerical examples of nx  and ny  satisfying (1) are given in the Table 1 below, 

Table 1: Numerical Examples 
n  

nx  ny  

0 9 35 
1 71 275 
2 559 2165 
3 4401 17045 
4 34649 134195 

From the above  table, we observe some interesting relations among the solutions which are presented below: 
Both nx  and ny   values are odd. 
 
A. Relations Among The Solutions Are Given Below 
1) 08 123   nnn xxx  
2) 0431 123   nnn xxy  
3) 0318 311   nnn xxy  
4) 0318 133   nnn xxy  
5) 04 112   nnn yxx  
6) 0154 112   nnn xyy  
7) 012031 113   nnn xyy  
8) 04 212   nnn yxx  
9) 02 213   nnn yxx  
10) 015314 123   nnn xyy  
11) 0431 321   nnn xxy  
12) 04 322   nnn xxy  
13) 04 323   nnn xxy  
14) 0154 212   nnn xyy  
15) 030 313   nnn xyy  
16) 0154 223   nnn xyy  
17) 0314 213   nnn xxy  
18) 04 323   nnn yxx  
19) 015431 312   nnn xyy  
20) 012031 313   nnn xyy  
21) 0154 323   nnn xyy  

22) 08 123   nnn yyy  
23) 031307976445 123   nnn yyy  
24) 09527531354314640 133   nnn yyx  
25) 0120787171714640 132   nnn yyx  
26) 01574323314640 131   nnn yyx  
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B. Each Of The Following Expressions Represents A Nasty Number 
1)  2232 42612   nn xx  

2)  2242 330696
8
1

  nn xx  

3)  2222 18612   nn xy  

4)  2232 162648
4
1

  nn xy  

5)  2242 12786372
31
1

  nn xy  

6)  3242 3304212   nn xx  

7)  3222 184248
4
1

  nn xy  

8)  3232 1624212   nn xy  

9)  3242 12784248
4
1

  nn xy  

10)  4222 18330372
31
1

  nn xy  

11)  4232 16233048
4
1

  nn xy  

12)  4242 127833012   nn xy  

13)  3222 65460
5
1

  nn yy  

14)  4222 6426480
40
1

  nn yy  

15)  4232 5442660
5
1

  nn yy  

III.  EACH OF THE FOLLOWING EXPRESSIONS REPRESENTS A CUBICAL INTEGER 
1)  123343 2137   nnnn xxxx  

2)  133353 165355
8
1

  nnnn xxxx  

3)  113333 393   nnnn yxxy  

4)  213343 38127
4
1

  nnnn yxxy  

5)  133353 6393213
31
1

  nnnn xyxy  

6)  234353 16521557   nnnn xxxx  

7)  214333 92137
4
1

  nnnn xyxy  

8)  224343 2181277   nnnn yxxy  

9)  324353 216392137
4
1

  nnnn yxyy  

10)  135333 1659355
31
1

  nnnn yxxy  

11)  235343 165812755
4
1

  nnnn yxxy  

12)  335353 16563921355   nnnn yxxy  
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13)  214333 3279
5
1

  nnnn yyyy  

14)  315333 321371
40
1

  nnnn yyyy  

15)  325343 27213971
5
1

  nnnn yyyy  

IV. EACH OF THE FOLLOWING EXPRESSIONS REPRESENTS A BIQUADRATIC INTEGER 
1)  64287 32224454   nnnn xxxx  

2)  48422055
8
1

42224464   nnnn xxxx  

3)  64123 22224444   nnnn yxxy  

4)  24108427
4
1

22324454   nnnn xyxy  

5)  1868524213
31
1

22424464   nnnn xyxy  

6)  628552207 42543264   nnnn xxxx  

7)  24281237
4
1

22325444   nnnn yxxy  

8)  610827287 32543254   nnnn xxyy  

9)  24852213287
4
1

32544264   nnnn xxyy  

10)  18622012355
31
1

22426444   nnnn yxxy  

11)  241082755220
4
1

42625432   nnnn xxyy  

12)  685221322055 42644264   nnnn xxyy  

13)  304369
5
1

32225444   nnnn yyyy  

14)  240428471
40
1

42226444   nnnn yyyy  

15)  3036284971
5
1

42326454   nnnn yyxy  

V.   EACH OF THE FOLLOWING EXPRESSIONS REPRESENTS A QUINTIC INTEGER 
16)   2133535565 10703557   nnnnnn xxxxxx  

17)  3133535575 10550275555
8
1

  nnnnnn xxxxxx  

18)  1133335555 10301553   nnnnnn yxxyxy  

19)  2133435565 10270135527
4
1

  nnnnnn yxxxxy  

20)  3153535575 10213051065213
31
1

  nnnnnn yxyxxy  

21)  3243536575 7055027535557   nnnnnn xxxxxy  

22)  1243436555 7030351537
4
1

  nnnnnn yxxxxy  

23)  2243436565 7027035135277   nnnnnn yxyxxy  
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24)  3253436575 7021303510652137
4
1

  nnnnnn yxyxxy  

25)  2133435565 10270135527
4
1

  nnnnnn yxxxxy  

26)  1333537555 5503027515355
31
1

  nnnnnn yxyxxy  

27)  2343537565 5502702751352755
4
1

  nnnnnn yxyxxy  

28)  3353537575 5502130275106521355   nnnnnn yxyxxy  

29)  2133436555 10904559
5
1

  nnnnnn yyyyyy  

30)  3153337555 10710535571
40
1

  nnnnnn yyyyyy  

31)  3253437565 9071045355971
5
1

  nnnnnn yyyyyy  

VI.   REMARKABLE OBSERVATIONS 
1) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 

which are presented in Table 2 below: 

Table 2: Hyperbolas 
S.NO Hyperbola                              (X,Y) 
1 2035 22  YX   2112 9,7   nnnn xxxx  
2 128035 22  YX   3113 71,55   nnnn xxxx  
3 2035 22  YX   1111 5,3   nnnn yxxy  
4 32035 22  YX   2112 35,27   nnnn yxxy  
5 1922035 22  YX   3113 275,213   nnnn yxxy  
6 2035 22  YX   3223 971,557   nnnn xxxx  
7 32035 22  YX   1221 95,37   nnnn yxxy  
8 2035 22  YX   2222 935,277   nnnn yxxy  

9 32035 22  YX   3223 9275,2137   nnnn yxxy  
10 1922035 22  YX   1331 715,355   nnnn yxxy  
11 32035 22  YX   2332 7135,2755   nnnn yxxy  
12 2035 22  YX   3333 71275,21355   nnnn yxxy  
13 714432002011163 22  YX   3131 55,71   nnnn yyyy  

14 30053 22  YX   1221 7,9   nnnn yyyy  

15 30053 22  YX   2332 557,971   nnnn yyyy  
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2) Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in Table 3 below 

Table 3: Parabolas 
S.NO  Parabola                (X,Y)          

1 1053 2  XY   312232 9,7   nnnn xxxx  
2 640403 2  XY   312242 71,55   nnnn xxxx  
3 1053 2  XY   112222 5,3   nnnn yxxy  
4 160203 2  XY   212232 35,27   nnnn yxxy  
5 96101553 2  XY   312242 275,213   nnnn yxxy  
6 1053 2  XY   323242 971,557   nnnn xxxx  

7 160203 2  XY   123222 95,37   nnnn yxxy  
8 1053 2  XY   223232 935,277   nnnn yxxy  

9 160203 2  XY   323242 9275,2137   nnnn yxxy  
10 96101553 2  XY   134222 715,355   nnnn yxxy  
11 160203 2  XY   234232 7135,2755   nnnn yxxy  
12 1053 2  XY   334242 71275,21355   nnnn yxxy  
13 1053 2  XY   123222 7,9   nnnn yyyy  

14 1786080223262  XY   314222 55,71   nnnn yyyy  
15 3032  XY   234232 557,971   nnnn yyyy  

VII. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the positive Pell equation  1015 22  xy  . As the binary 
quadratic Diophantine equations are rich in variety, one may search for the other choices of Pell equations and determine their 
integer solutions along with suitable properties. 
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