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Abstract: The Bernoulli equation is an approximate relation between pressure, velocity and elevation. Bernoulli’s principle can 
be applied to various types of fluid flow, resulting in various forms of Bernoulli equation.  The simple form of Bernoulli’s 
equation is valid for incompressible flows. ”Bernoulli’s differential equation for linear and non-linear equation with fluid flow”, 
in this paper we discussed about how the fluid flow will be in case of both linear and non-linear equation.  For that, we are 
solving first order non-linear Bernoulli differential equation to the linear form, and also solving second order differential 
equation. From that we are concluded the fluid flow. 
Index Terms: Bernoulli’s differential equation, change of variable, integrating factor, steady flow, turbulence flow. 

I. INTRODUCTION 
Fluid dynamics is "the branch of applied science that is concerned with the movement of liquids and gases". Fluid dynamics is one 
of two branches of fluid mechanics, which is the study of fluids and how forces affect them. Bernoulli's principle can be derived 
from the principle of conservation of energy. This states that, in a steady flow, the sum of all forms of energy in a fluid along a 
streamline is the same at all points on that streamline. This requires that the sum of kinetic energy, potential energy and internal 
energy remains constant. Bernoulli's principle can also be derived directly from Isaac Newton's Second Law of Motion. If a small 
volume of fluid is flowing horizontally from a region of high pressure to a region of low pressure, then there is more pressure 
behind than in front. This gives a net force on the volume, accelerating it along the streamline. Hear we are using differential 
equation to solve Bernoulli’s linear and non-linear equation to determine the flow type. 

A. Bernoulli Differential Equation 
The Bernoulli differential equation is an equation of the form ݕᇱ + ݕ(ݔ)݌ = ఈݕ(ݔ)ݍ .    Where p(x) and q(x) are continuous 
functions on the interval and α is a real number. This is a first order non-linear differential equation .The Bernoulli equation was one 
of the first differential equations to be solved, and is still one of very few non-linear differential equations that can be solved 
explicitly. Most other such equations either have no solutions, or solutions that cannot be written in a closed form, but the Bernoulli 
equation is an exception 

B. Derivation Of First Order And Second Order Linear And Non-Linear Differential Equation 
A generalized form of the linear equation that can be solved, is the Bernoulli differential equation 

ᇱݕ                + ݕ(ݔ)݌ =  ఈݕ(ݔ)ݍ

1) When 0= ߙ, the Bernoulli equation becomes ݕᇱ + ݕ(ݔ)݌ =  .which is linear (ݔ)ݍ
2) When 1=ߙ, the Bernoulli equation becomes    ݕᇱ + ݕ(ݔ)݌ = ᇱݕ that is  ݕ(ݔ)ݍ + (ݔ)݌] − [ݕ(ݔ)ݍ = 0  , which is both separable 

and linear. 
3) When 0≠ ߙ and 1≠ ߙ, the Bernoulli equation is non-linear. 
a) Case:1 
The Bernoulli equation ݕᇱ + ݕ(ݔ)݌ =  ଵିఈݕ=ఈ can be solved by the change of variable vݕ(ݔ)ݍ
Proof 
When 0= ߙ and 1= ߙ, the given equation becomes linear and it is easy to solve. 
v=ݕଵିఈ  

ᇱݒ  = (1 −  ′ݕ ఈିݕ(ߙ
ݕ(ݔ)݌−]ఈିݕ( ߙ-1)=    +  [ఈݕ (ݔ)ݍ
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 (ଵିఈ +qݕp-)(ߙ-1)=  
 [p(x)v+q(x)-](ߙ-1)= 
The given equation turns to be   
ᇱݒ            + (1 − ݒ(ݔ)݌(ߙ = (1 −  -                                      (1)-------      (ݔ)ݍ(ߙ
Which is linear. 
Introducing integrating factor, 

(ݔ)ܫ = ݁(ଵିఈ)∫௣(௫)ௗ௫ 
Multiplying the given equation by the integrating factor I(x), we get 

ᇱݒ(ݔ)ܫ + −1)(ݔ)ܫ ݒ(ݔ)݌(ߙ = 1)(ݔ)ܫ −  (ݔ)ݍ(ߙ
We write, 

ᇱݒܫ + 1)ܫ − ݒ݌(ߙ = 1)ܫ −  ݍ(ߙ
ᇱݒܫ = 1)ܫ −  ݍ(ߙ

ݒܫ = (1 −  ݔ݀(ܫ)ݍන(ߙ

Since, 
      V=ଵିఈ

ூ
∫         ݔ݀(ܫ)ݍ

௣(௫)ௗ௫∫(ଵିఈ)ି݁(ߙ-1)=          dx(௣(௫)ௗ௫∫(ଵିఈ)݁ݍ)∫
Express it in terms of y by using v=ݕଵିఈ . 

(ie)  ݕଵିఈ=(1-ߙ ) ݁ି(ଵିఈ)∫௣(௫)ௗ௫  ௣(௫)ௗ௫dx)∫( ଵିఈ)݁ݍ∫
y={(1-ߙ ) ݁ି(ଵିఈ)∫௣(௫)ௗ௫  ଵ\ଵିఈ{ݔ݀( ௣(௫)ௗ௫)∫( ଵିఈ)݁ݍ)∫
From the solution of the linear equation is approximately have a same interval value in each substitution. Hence, from this the 
velocity is constant at any point in the tube or channel. Since the fluid is steady. One result of laminar flow is that the velocity of the 
fluid is constant at any point in the fluid. so, the flow is laminar also. In this case, the fluid is essentially incompressible and that the 
flow is steady. 
b) Case:2 
When 0≠ ߙ  and 1≠ ߙ, the Bernoulli equation is non-linear. 
Proof: 
ᇱݕ  + ݕ(ݔ)݌ = ߙ ݁ݎℎ݁ݓ  ଶݕ(ݔ)ݍ = 2 
Differentiate with respect to x, 
ᇱᇱݕ        + ᇱݕ݌ + ᇱ݌ݕ = ᇱݕ(ݕ2)ݍ +  ′ݍଶݕ
ᇱᇱݕ  + ᇱݕ݌ + ᇱ݌ݕ − ᇱݕݕݍ2 − ଶݕݕᇱݍ = 0 
ᇱᇱݕ  + ݌) − ᇱݕ(ݕݍ2 + ᇱ݌) − ݕ(ݕᇱݍ = 0 
ଶܦ  + ݌) − ܦ(ݕݍ2 + ᇱ݌) − ݕ(ݕᇱݍ = 0 
Introduce ݁ଶି௫ as a constant term of the above equation 
 
Hence the equation becomes, 
ଶܦ           + ݌) − ܦ(ݕݍ2 + ᇱ݌) − ݕ(ݕᇱݍ = ݁ଶି௫ 
 ܽ = 1;           ܾ = ݌ − ;ݕݍ2      ܿ = ᇱ݌) −  ݕ(ݕᇱݍ

ݕ              = (ି௕)±ඥ(௕మିସ௔௖)
ଶ௔

 

ݕ  = ݌)− − (ݕݍ2 ± ඥ(௣ିଶ௤௬) మ ିସ(௣ᇲି௤ᇲ௬)௬
ଶ

 
Squaring on both sides, 

ଶݕ  = (௣ିଶ௤௬)మ±(௣ିଶ௤௬)మିସ൫௣ᇲି௤ᇲ௬൯௬
ସ

 

ଶݕ =
ଶ݌) + ଶݕଶݍ4 − (ݕݍ݌4 ± ଶ݌) + ଶݕଶݍ4 − −(ݕݍ݌4 ᇱ݌ݕ4 + ଶݕ′ݍ4

4  

For the plus term we have, 

ଶݕ =
ଶ݌) + ଶݕଶݍ2√ ݕݍ݌2√− − ᇱ݌ݕ2 + (′ݍଶݕ2

2  
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ݕ = ±
ට݌ଶ + ݕݍ)ݕݍ2√ − −(݌ ᇱ݌)ݕ2 + (ᇱݍݕ

2  

For negative term we have, 

ଶݕ =
ᇱ݌ݕ4−) + (ᇱݍଶݕ4

4  

ଶݕ = ᇱ௬మݍ −  ′݌ݕ
ݕ                                                               = ±ඥݍ)ݕᇱݕ −   (ᇱ݌
(For an easiest simplification take negative term value) 
The roots are real and distinct, 
 C.F=݁ܣඥ௬(௤ᇲ௬ି௣ᇲ) x +݁ܤඥ௬(௤ᇲ௬ି௣ᇲ ) x 

   ܲ. ܫ = ଵ
஽మା(௣ିଶ௤௬)஽ା(௣ᇲି௤ᇲ௬)௬

݁ଶି௫ 

Substitute ܦଶ = −ܽଶand differentiate with respect to x 

=
1

−(2− + ଶ(ݔ ᇱ݌) − ᇱݕݍ2 − ᇱݍݕ2 + ݕᇱ݌ − ݁(ଶݕ′ݍ
ଶି௫ 

=
݁ଶି௫

ᇱ(1݌ + −(ݕ ᇱ(2ݍ + −(ݕ − ଶݔ) ݔ4 + ᇱݕݍ2 + 4) 

 ,ݐ݁݃ ݁ݓ ݊݋݅ݐܽݑݍ݁ ℎ݁ݐ ݕ݂݈݅݌݉݅ݏ    

=
݁ଶି௫

(1 + ᇱ݌)(ݕ + −(ᇱݍ ݔ) − 2)ଶ –ݍᇱ +  ′ݕݍ2

 ℎ݁݊ܿ݁ ݐℎ݁ ݏ݅ ݊݋݅ݐݑ݈݋ݏ, 
ݕ                                     = ܨ.ܥ + ܲ.  ܫ

ඥ௬(௤ᇲ௬ି௣ᇲ݁ܤ+ ඥ௬(௤ᇲ௬ି௣ᇲ) x݁ܣ=ݕ  ) x+ ௘మషೣ

(ଵା௬)(௣ᇲା௤ᇲ)ି(௫ିଶ)మ –௤ᇲାଶ௤௬ᇱ
 

From the solution of the non-linear equation is approximately have a different interval value in each substitution. Hence, the 
velocity is different for the fluid. From this fluid flow is turbulent.  If velocity vectors components of fluid elements are not the 
functions of the time, the flow is called non-linear. Above a certain speed, the flow becomes turbulent.   

II. CONCLUSION 
Thus in this paper we have discussed about the Bernoulli differential equation for the fluid flow in case of both linear and non-linear 
differential equation and we conclude that the flow is steady and  laminar for linear and the flow is turbulent for non-linear. 
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