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Abstract: The binary quadratic equation represented by the negative pellian 1415 22  xy   is analyzed for its distinct integer 
solutions. A few interesting relations among the solutions are also given. Further, employing the solutions of the above 
hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas.  
Keywords: Binary quadratic, hyperbola, parabola, pell equation, integral solutions. 

I. INTRODUCTION 
Diophantine equation of the form 122  Dxy , where 0D and square free, is known as negative pell equation. In general, the 

general form of negative pell equation is represented by 0,0,22  DNNDxy and square free. It is known that negative pell 

equations 47,13 2222  xyxy have no integer solutions whereas 165 22  xy , 1202 22  xy have integer solutions. It is 
observed that the negative pell equation do not always have integer solutions. For negative pell equations with integer solutions, one 
may refer [1-12].  
In this communication, yet another negative pell equation given by 147 22  xy is considered for its non-zero distinct integer 
solutions. A few interesting relations among the solutions are also given. Further, employing the solutions of the above hyperbola, 
we have obtained solutions of other choices of hyperbolas, parabolas. 

II. METHOD OF ANALYSIS 
The negative Pell equation representing hyperbola under consideration is 
   1415 22  xy                        (1)  
whose smallest positive integer solution is 
   11,3 00  yx        
To obtain the other solutions of (1), consider the Pell equation 
   115 22  xy  
whose general solution is given by 
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Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) are given by 
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The recurrence relations satisfied by x and y are given by 
 08 123   nnn xxx  
 08 123   nnn yyy  
Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

                                                                                                                Volume 7 Issue III, Mar 2019- Available at www.ijraset.com 
     

892 ©IJRASET: All Rights are Reserved 
 

Table: 1 Numerical examples 
n  

1nx  1ny  
-1 3 11 
0 23 89 
1 181 701 
2 1425 5519 
3 11219 43451 
4 88327 342089 

 
From the above table, we observe some interesting relations among the solutions which are presented below: 
1) 1nx  and 1ny  are always odd 
2) Relations among the solutions   
a) 04 121   nnn yxx  

b) 04 221   nnn yxx  

c) 0314 321   nnn yxx  

d) 0831 131   nnn yxx   
e) 0831 331   nnn yxx  
f) 0415 211   nnn yyx  

g) 031120 311   nnn yyx  

h) 043115 321   nnn yyx  
i) 0431 132   nnn yxx  

j) 04 232   nnn yxx  

k) 04 332   nnn yxx  
l) 0415 212   nnn yyx  

m) 030 132   nnn yyx  

n) 0415 322   nnn yyx  
o) 0415 321   nnn yyx  

p) 15 0314 213   nnn yyx  

q) 031120 313   nnn yyx  

r) 0415 323   nnn yyx  

s) 02 231   nnn yxx  
3) Each of the following expressions represents a nasty number 

a)  141189
7
6

3222   nn xx  

b)  11211701
28
3

4222   nn xx  

c)  141145
7
6

2222   nn yx  

d)  5611345
28
6

3222   nn yx  

e)  434112715
217

6
4222   nn yx  
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f)  1489701
7
6

4232   nn xx  

g)  568945
14
3

2232   nn yx  

h)  1489345
7
6

3232   nn yx  

i)  56892715
14
3

4232   nn yx  

j)  43470145
217

6
2242   nn yx  

k)  56701345
14
3

3242   nn yx  

l)  147012715
7
6

4242   nn yx  

m)  14233
7
6

2232   nn yy  

n)  1121813
28
3

2242   nn yy  

o)  1418123
7
6

3242   nn yy  

4) Each of the following expressions represents a cubical integer 

a)  433321 118933267
7
1

  nnnn xxxx  

b)  533331 11701332103
56
1

  nnnn xxxx  

c)  333311 114533135
7
1

  nnnn yxyx  

d)  433321 11345331035
28
1

  nnnn yxyx  

e)  533331 112715338145
217
1

  nnnn yxyx  

f)  534332 897012672103
7
1

  nnnn xxxx  

g)  334312 8945267135
28
1

  nnnn yxyx  

h)  434322 893452671035
7
1

  nnnn yxyx  

i)  534332 8927152678145
28
1

  nnnn yxyx  

j)  335313 701452103135
217
1

  nnnn yxyx  

k)  435323 70134521031035
28
1

  nnnn yxyx  

l)  535333 701271521038145
7
1

  nnnn yxyx  

m)  334312 233699
7
1

  nnnn yyyy  
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n)  335313 18135439
56
1

  nnnn yyyy  

o)  435323 1812354369
7
1

  nnnn yyyy  

5) Each of the following expressions represents a bi-quadratic integer 

a)  42443561189
7
1

32225444   nnnn xxxx  

b)  33644280411701
56
1

42226444   nnnn xxxx  

c)  42441801145
7
1

22224444   nnnn yxyx  

d)  16844138011345
28
1

32225444   nnnn yxyx  

e)  13024410860112715
217
1

42226444   nnnn yxyx  

f)  42356280489701
7
1

42326454   nnnn xxxx  

g)  1683561808945
28
1

22324454   nnnn yxyx  

h)  42356138089345
7
1

32325454   nnnn yxyx  

i)  16835610860892715
28
1

42326454   nnnn yxyx  

j)  1302280418070145
217
1

22424464   nnnn yxyx  

k)  16828041380701345
28
1

32425464   nnnn yxyx  

l)  422804108607012715
7
1

336464   nnnn yxyx  

m)  429212233
7
1

22324454   nnnn yyyy  

n)  336724121813
56
1

22424464   nnnn yyyy  

o)  427249218123
7
1

32425464   nnnn yyyy  

6) Each of the following expressions represents a quintic integer 

a)  6555433321 118955445110890
7
1

  nnnnnn xxxxxx  

b)  7555533331 117015535051107010
56
1

  nnnnnn xxxxxx  

c)  5555333311 114555225110450
7
1

  nnnnnn yxyxyx  

d)  6555433321 113455517251103450
28
1

  nnnnnn yxyxyx  

e)  7555533331 112715551357511027150
217
1

  nnnnnn yxyxyx  
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f)  7565534332 8970144535058907010
7
1

  nnnnnn xxxxxx  

g)  5565334312 8945445225890450
28
1

  nnnnnn yxyxyx  

h)  6565434322 8934544517258903450
7
1

  nnnnnn yxyxyx  

i)  7565534332 8927154451357589027150
28
1

  nnnnnn yxyxyx  

j)  5575335313 7014535052257010450
217
1

  nnnnnn yxyxyx  

k)  6575435323 7013453505172570103450
28
1

  nnnnnn yxyxyx  

l)  7575535333 7012715350513575701027150
7
1

  nnnnnn yxyxyx  

m)  5565334312 2331151523030
7
1

  nnnnnn yyyyyy  

n)  5575335313 181390515181030
56
1

  nnnnnn yyyyyy  

o)  6575435323 181239051151810230
7
1

  nnnnnn yyyyyy  

 

III. REMARKABLE OBSERVATIONS 
1) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the Table: 2 below: 
Table: 2 Hyperbolas 

S. No Hyperbola  YX ,  

1 19615 22  YX   1221 233,1189   nnnn xxxx  

2 1254415 22  YX   1331 1813,11701   nnnn xxxx  

3 19615 22  YX   1111 113,1145   nnnn xyyx  

4 313615 22  YX   1221 893,11345   nnnn xyyx  

5 18835615 22  YX  ( 1331 7013,112715   nnnn xyyx ) 

6 19615 22  YX   2332 18123,89701   nnnn xxxx  

7 313615 22  YX   2112 1123,8945   nnnn xyyx  

8 19615 22  YX   2222 8923,89345   nnnn xyyx  

9 313615 22  YX   2332 70123,892715   nnnn xyyx  

10 18835615 22  YX   3113 11181,70145   nnnn xyyx  
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11 313615 22  YX   3223 89181,701345   nnnn xyyx  

12 19615 22  YX   3333 701181,7012715   nnnn xyyx  

13 14406049735 22  YX   2112 1189,233   nnnn yyyy  

14 5990069760313647040 22  YX   3113 11701,1813   nnnn yyyy  

15 14406049735 22  YX   3223 89701,18123   nnnn yyyy  

2) Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 
which are presented in the Table: 3 below: 

Table: 3 Parabolas 
S. No Parabola  YX ,  

1 98157 2  YX   123222 233,1189   nnnn xxxx  

2 62721556 2  YX   134222 1813,11701   nnnn xxxx  

3 98157 2  YX   112222 113,1145   nnnn xyyx  

4 15681528 2  YX   123222 893,11345   nnnn xyyx  

5 9417815217 2  YX   134222 7013,112715   nnnn xyyx  

6 98157 2  YX   234232 18123,89701   nnnn xxxx  

7 15681528 2  YX   212232 1123,8945   nnnn xyyx  

8 98157 2  YX   223232 8923,89345   nnnn xyyx  

9 15681528 2  YX   234232 70123,892715   nnnn xyyx   

10 9417815217 2  YX   312242 11181,70145   nnnn xyyx  

11 15681528 2  YX   323242 89181,701345   nnnn xyyx  

12 98157 2  YX   334242 701181,7012715   nnnn xyyx  

13 102907735 2  YX   212232 1189,233   nnnn yyyy  

14 52684805647040 2  YX   312242 11701,1813   nnnn yyyy  

15 
102907735 2  YX   323242 89701,18123   nnnn yyyy  
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IV. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative pell equation 

1415 22  xy . As the binary quadratic Diophantine equation are rich in variety, one may search for the other choices of negative 
pell equations and determine their integer solutions along with suitable properties. Employing the solutions of the above hyperbola, 
we have obtained solutions of other choices of hyperbolas, parabolas. 
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