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Abstract: The binary quadratic equation is considered and a few interesting properties among the solutions are presented. 
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I. INTRODUCTION 

The Binary quadratic equation of the form 122  Dxy , where D is a non-square positive integer has been studied by various 
Mathematicians for its non-trivial integral solutions when D takes different integral values [1-5]. In this context one may also refer 
[4,5]. These results have motivated us to search for the integral solutions of yet another binary quadratic equation representing a 
hyperbola. A few interesting properties among the solutions are presented.  

II. NOTATIONS 
1) nmt ,             :  Polygonal number of rank n  with size  m  

2) m
nP               :  Pyramidal number of rank  n   with size m  

3) nPr               :   Pronic number of rank n  

4) nS                 :  Star number of rank  n  

5) nmCt ,            :  Centered Pyramidal number of rank  n   with size  m  

6)  skGFn ,       :  Generalized Fibonacci sequence number of rank n  

7)  skGLn ,       :  Generalized Lucas sequence number of rank n  

III. METHOD OF ANALYSIS 
The binary non-homogeneous quadratic Diophantine equation represents a hyperbola to be solved for its non-zero integral solutions 
is  
              0,4105 22  txy t                                                                                                                                                         (1) 
The smallest positive integer solution  00 , yx  of (1) is  

               tx 240  ,  ty 2410                                                                                                                                                        (2) 
To obtain the other solutions of (1), consider the pellian equation 
              1105 22  xy                                                                                                                                                                    (3) 
Applying the Brahmagupta lemma between the solutions ),( 00 yx  and )~,~( nn yx , the other integer solutions of (1) are given by  
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A. A Few Numerical Examples Are Given In The Following Table 1 

Tabe1: Examples 
 
 
 
 

   
            
 
 
 
 
 
 
 
B. A Few Interesting Properties Are Given Below 
1) The recurrence relations satisfied by the values of 1nx  and 1ny  are respectively. 

021642 123   nnn xxx , .......1,0,1n  
021642 123   nnn yyy , .......1,0,1n   

A few interesting relations among the solutions are given below: 
a)  082 123   nnn xxx  
b)  0414 121   nnn xxy  
c)   0414 122   nnn xxy  

d)   04133614 123   nnn xxy  
e)   03361328 131   nnn xxy  

f)    08 132   nnn xxy  

g)    03361328 133   nnn xxy  
h)  042041 112   nnn xyy  
i)  0344403361 113   nnn xyy  
j) 0420336141 123   nnn xyy  
k) 03361414 231   nnn xxy  
l) 0414 232   nnn xxy  

m) 0414 233   nnn xxy  

n) 042041 212   nnn xyy  
o) 042041 223   nnn xyy  
p) 0420413361 312   nnn xyy  
q) 0344403361 313   nnn xyy  
r) 0840 213   nnn xyy  
s) 042041 323   nnn xyy  
t) 082 231   nnn yyy  

 

n  
1nx  1ny  

-1  t24   t241  

0  t2328   t23361  

1  t226892   t2275561  

2  t22204816   t222592641  
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2) Each Of The Following Is A Nasty Number 

a)     t
nnt xx 21210083123

2
1

2232    

b)     t
nnt xx 28201633

22
1

2242      

c)     t
nnt xy 2125040492

2
1

2222    

d)     t
nnt xy 2121008012

2
1

2232    

e)     t
nnt xy 24033233883920492

23361
1

2242    

f)     t
nnt xx 21282668310083

2
1

3242    

g)     t
nnt xy 2492504040332

241
1

3222    

h)     t
nnt xy 2126888040332

2
1

3232    

i)     t
nnt xy 24923388392040332

241
1

3242    

j)     t
nnt xy 24033250403306732

23361
1

4222    

k)     t
nnt xy 24924132803306732

241
1

4232    

l)     t
nnt xy 212338839203306732

2
1

4242    

m)     t
nnt yy 242042034440

235
1

3222    

n)     t
nnt yy 2492640338

241
1

4222    

o)     t
nnt yy 21216480676

2
1

4232    

3) Each Of The Following Is A Cubical Integer 

a)    123343 10083123336141
22
1

  nnnnt xxxx     

b)   133353 2016336721
24
1

  nnnnt xxxx  

c)   113333 252024684082
2
1

  nnnnt xyxy  

d)   122243 5040616802
2
1

  nnnnt xyxy  

e)   133353 16941960246564732082
23361

1
  nnnnt xyxy  
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f)   234353 826683100832755613361
22
1

  nnnnt xxxx  

g)   214333 2520201668406722
241

1
  nnnnt xyxy  

h)   224343 20664020166688806722
22
1

  nnnnt xyxy  

i)   234353 16941960201666473206722
241

1
  nnnnt xyxy  

j)   315333 25201653366840551122
23361

1
  nnnnt xyxy  

k)   325343 206640165336668880551122
241

1
  nnnnt xyxy  

l)   335353 1694196016533665647320551122
2
1

  nnnnt xyxy  

m)   214333 126010332042034440
2210

1
  nnnnt yyyy  

n)   315333 3201696723
241

1
  nnnnt yyyy  

o)   325343 4924033816413446
2
1

  nnnnt yyxy  

4) Each of the following expression is a biquadratic integer 

a)     t
nnnnt xxxx 21213444164336141

22
1

42324454    

b)       t
nnnnt xxxx 2242688446721

24
1

22424464    

c)     t
nnnnt xyxy 26336032884082

2
1

22224444    

d)     t
nnnnt xyxy 266720816802

2
1

22324454    

e)     t
nnnnt xyxy 22016622589280328564732082

23361
1

22424464    

f)     t
nnnnt xxxx 2121102244134442755613361

22
1

32425464    

g)     t
nnnnt xyxy 22463360268888406722

241
1

32225444    

h)     t
nnnnt xyxy 2627552026888688806722

2
1

32325454    

i)     t
nnnnt xyxy 22462258928026888564732706722

241
1

32425464    

j)     t
nnnnt xyxy 220166336042204488840551122

23361
1

42226444    

k)     t
nnnnt xyxy 2246275520220448868880551122

241
1

42326454    
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l)     t
nnnnt xyxy 262258928022044885647320551122

2
1

42426464    

m)     t
nnnnt yyyy 21260168013776042034440

2210
1

32225444    

n)     t
nnnnt yyyy 22464268926723

241
1

42226444    

o)     t
nnnnt yyyy 266565378416413446

2
1

42326454    

5) Each of the following expression is a quintic integer 

a)    















121

233435565

1680520550415
61516805205336141

22
1

nnn

nnnnn
t xxx

xxxxx
 

b)   















131

333535575

336055100815
153360556721

24
1

nnn

nnnnn
t xxx

xxxxx
 

c)   















111

133335555

420041012600
1230420041084082

2
1

nnn

nnnnn
t xyx

yxyxy
 

d)   















121

222435565

84001025200
3084001016802

2
1

nnn

nnnnn
t xyx

yxyxy
 

e)   















131

333535575

2823660041084709800
123028236600410564732082

23361
1

nnn

nnnnn
t xyx

yxyxy
 

f)   















232

343536575

1377805168054133415
504151377805168052755613361

22
1

nnn

nnnnn
t xxx

xxxxx
 

g)   















212

143336555

32251935559675
580653225193556722

241
1

nnn

nnnnn
t xyx

yxyxy
 

h)   















222

243436565

34440033610100830
10083034440033610688806722

2
1

nnn

nnnnn
t xyy

yxyxy
 

i)   
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241
1

nnn

nnnnn
t xyx

yxyxy
 

j)   
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153337555

4200275561012600
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23361
1

nnn

nnnnn
t xyx

yxyxy
 

k)   
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1
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yxyxy
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1

nnn
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t xyx

yxyxy
 

m)   
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2210
1

nnn

nnnnn
t yyy

yyyyy
 

n)   
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53361515
1008455336156723

241
1

nnn

nnnnn
t yyy

yyyyy
 

o)   
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253437565

820672302460
2016908206723016413446

2
1

nnn

nnnnn
t yyy

yyyyy
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6) Remarkable Observations 
a) Employing linear combinations among the solutions of (1.1), one may generate integer solutions for other choices of hyperbola 

which  are presented in table  below. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

S.No Hyperbola  nn YX ,  
1  t

nn YX 416420 22   
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nn
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2  t
nn YX 410758416801681 22   
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nn
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xx
xx

 

3  t
nn YX 44105 22   
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nn

nn

yx
xy

 

4  t
nn YX 467241051681 22   
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12

86722
16802

nn
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yx
xy

 

5  t
nn YX 445185284105 22   
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13
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564732082

nn
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yx
xy

 

6  t
nn YX 416420 22   
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16413446
2755613361
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nn

xx
xx

 

7  t
nn YX 46724105 22   
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21

65682
8406722

nn

nn

yx
xy

 

8  t
nn YX 44105 22   
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nn

yx
xy

 

9  t
nn YX 46724105 22   
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nn
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xy

 

10  t
nn YX 445185284105 22   
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yx
xy

 

11  t
nn YX 46724105 22   
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yx
xy

 

12  t
nn YX 44105 22   
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13  t
nn YX 4176400105 22   
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nn
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yy

 

14  t
nn YX 42372227203530135280 22   

















13

31

6721
6723

nn

nn

yy
yy

 

15  t
nn YX 435280218820 22   
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b) Employing linear combinations among the solutions of (1.1), one may generate integer solutions for other choices of Parabola  
which  are presented in table  below. 

                                         
                                

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

S.No Parabola  nn YX ,  
1    t

nn
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t YX 4176402128820 2   















3242

4232

2755613361
16413446

nn

nn

yy
yy

 



International Journal for Research in Applied Science & Engineering Technology (IJRASET) 
                                                                                           ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887 

                                                                                                                Volume 7 Issue III, Mar 2019- Available at www.ijraset.com 
     

958 ©IJRASET: All Rights are Reserved 
 

c) Employing the linear combination among the solutions of (1), one may generate integer solutions for other choices of straight 
line which are presented in the table below: 

S.No. Straight line  XY ,  
1 
 

XY 2  13 6721   nn xxY  

12 336141   nn xxX  
2 XY   11 84082   nn xyY  

12 16802   nn xyX  
3 XY 41  21 8406722   nn xyY  

22 688806722   nn xyX  
4 XY 3361  13 168082   nn xyY  

33 5647320551122   nn xyX  
5 XY   12 336141   nn xxY  

23 2755613361   nn xxX  
6 XY 210  21 42034440   nn yyY  

11 84082   nn xyX  
7 XY 210  21 42034440   nn yyY  

32 16413446   nn yyX  
8  XY   23 56473206722   nn xyY  

316723   nn yyX  
9 XY 2  23 2755613361   nn xxY  

12 16802   nn xyX  
10 XY 2  21 2176   nn yyY  

23 2755613361   nn xxX  
11 XY 2  13 6721   nn xxY  

33 5647320551122   nn xyX  
12 XY   11 84082   nn xyY  

32 16413446   nn yyX  
13 XY 41  316723   nn yyY  

12 16802   nn xyX  
14 XY 3361  13 564732082   nn xyY  

32 16413446   nn yyX  
15 XY   32 68880551122   nn xyY  

316723   nn yyX  
 
d) The solutions in terms of special integer sequence namely, generalized  Fibonacci sequence  skGFn ,  and Lucas sequence 

 skGLn ,  are exhibited below. 

                   1,8221641,8222 111   n
t

n
t

n GFGLx  

                  1,82216801,822
2
41

111   n
t

n
t

n GFGLy  
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e) Employing the solutions )1( ,each of the following among the special polygonal, pyramidal, star numbers, pronic numbers is a 
congruent to under modulo 4 
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