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Abstract: The binary quadratic Diophantine equation represented by the positive pellian 421 22  xy   is analyzed for its non-
zero distinct solutions. A few interesting relations among the solutions are given. Further, employing the solutions we have 
obtained the solutions of other choices of hyperbolas and parabolas. 
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I. INTRODUCTION 

The binary quadratic  equations of the form 122 Dxy   where D is non-square positive integer has been selected by various 
mathematicians for its non-trivial integer solutions when D takes different integral values[1-4].For an extensive review of various 

problems, one may refer[5-10]. In this communication, yet another interesting equation given by 421 22  xy is considered and 
infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented. 
 

II. NOTATIONS 
  







 


2
2m1n1nt n,m polygonal number of rank n with size m 

 m5n)2m()1n(n
6
1pm   Pyramidal number of rank n with size m  

III. METHOD OF ANALYSIS 
The positive Pell equation representing hyperbola under consideration is,  

            421 22  xy                                             (1) 
The smallest positive integer solutions of (1) are,     

                           
10 x , 50 y

  21D  
 consider the pellian equation is  

                           121 22  xy                                                                      (2) 
The initial solution of pellian equation is 

                           12~
0 x , 55~

0 y , 

The general solution  nn yx ~,~  of (2) is given by,      

                           
nn gx

212
1~  , nn fy

2
1~ 

 
 

Where,  

                          
11 )211255()211255(   nn

nf  

                          
11 )211255()211255(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer solution of (1) are given by, 
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nnn gfx

212
5

2
1

1 

 

                         
nnn gfy

2
21

2
5

1 

 
The recurrence relation satisfied by the solution x  and y  are given by, 

            0110 123   nnn xxx   

            0110 123   nnn yyy  

Some numerical examples of nx  and ny   satisfying (1) are given in the Table 1 below, 

Table 1: Examples 
n 

nx  ny  

0 1 5 

1 115 527 

2 12649 57965 

3 1391275 6375623 

4 153027601 701260565 

 
From the above table, we observe some interesting relations among the solutions which are presented below,                      

Both nx  and ny   values are odd. 

A. Each Of The Following Expression Is A Nasty Number 

1)  485275
4
1

2232   nn xx  

2)  2112231862
176

1
2242   nn xx  

3)  2412630
2
1

2222   nn xy  

4)  13229493
11
1

2232   nn xy  

5)  7258879688715
6049

1
2242   nn xy  

6)  4857965527
4
1

3242   nn xx  

7)  660631581
55
1

3222   nn xy  

8)  12144903162
2
1

3232   nn xy  

9)  6607968871581
55
1

3242   nn xy  
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10)  7258863173895
6049

1
4222   nn xy  

11)  6607245173895
55
1

4232   nn xy  

12)  241593774347790
2
1

4242   nn xy  

13)  2886690
24
1

3222   nn yy  

14)  15840337947
1320

1
4222   nn yy  

15)  4811512649
12
1

4232   nn yy  

 
B. Each Of The Following Expressions Is A Cubical Integer 

1)  123343 316230105410
48
1

  nnnn xxxx  

2)  133353 34779311593
528

1
  nnnn xxxx  

3)  113333 6315215
2
1

  nnnn xyxy  

4)  123343 14493483
22
1

  nnnn xyxy  

5)  133353 796887152656295
12098

1
  nnnn xyxy  

6)  234353 173895158157965527
24
1

  nnnn xxxx  

7)  214333 63158121527
110

1
  nnnn xyxy  

8)  224343 724515812415527
2
1

  nnnn xyxy  

9)  234353 7968871581265629527
110

1
  nnnn xyxy  

10)  315333 631738952157965
12098

1
  nnnn xyxy  

11)  325343 7245173895241557965
110

1
  nnnn xyxy  

12)  335353 79688717389526562957965
2
1

  nnnn xyxy  

13)  214333 3345115
24
1

  nnnn yyyy  
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14)  315333 33794712649
2640

1
  nnnn yyyy  

15)  325343 3453794711512649
24
1

  nnnn yyyy  

 
C. Each Of The Following Expressions Is A Bi-Quadratic Integer 

1)  288421640105410
48
1

22324454   nnnn xxxx  

2)  316846372411593
528

1
22424464   nnnn xxxx  

3)  128420215
2
1

22224444   nnnn xyxy  

4)  13219324483
22
1

22324454   nnnn xyxy  

5)  725881062516202656295
12098

1
22424464   nnnn xyxy  

6)  144231860210857965527
24
1

32425464   nnnn xxxx  

7)  66084210821527
110

1
32225444   nnnn xyxy  

8)  12966021082415527
2
1

32325454   nnnn xyxy  

9)  66010625162108265629527
110

1
32425464   nnnn xyxy  

10)  72588842318602157965
12098

1
42226444   nnnn xyxy  

11)  6609660231860241557965
110

1
42326454   nnnn xyxy  

12)  12231860106251657965265629
2
1

42426464   nnnn yxyx  

13)  1444460115
24
1

32225444   nnnn yyyy  

14)  1584045059612649
2640

1
42226444   nnnn yyyy  

15)  1444605059611512649
24
1

42326454   nnnn yyyy  

 
D. Each Of The Following Expressions Is A Quintic Integer 

1)  5565334312 10541052705010540100
48
1

  nnnnnn xxxxxx  
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2)  5575335313 1159357965511593010
528

1
  nnnnnn xxxxxx  

3)  5555333311 2151052521050
2
1

  nnnnnn xyxyxy  

4)  5565334312 48324155483010
22
1

  nnnnnn xyxyxy  

5)  5575335313 2656295132814525265629050
12098

1
  nnnnnn xyxyxy  

6)  6575435323 5796552728982526355796505270
24
1

  nnnnnn xxxxxx  

7)  6555433321 2152710526352105270
110

1
  nnnnnn xyxyxy  

8)  6565434322 2415527120752635241505270
2
1

  nnnnnn xyxyxy  

9)  6575435323 2656295271328145263536562905270
110

1
  nnnnnn xyxyxy  

10)  7555533331 2157965105289825210579650
12098

1
  nnnnnn xyxyxy  

11)  7565534332 2415579651207528982524150579650
110

1
  nnnnnn xyxyxy  

12)  7575535333 2656295796513281452898252656290579650
2
1

  nnnnnn xyxyxy  

13)  6555433321 1155575101150
24
1

  nnnnnn yyyyyy  

14)  7555533331 1264956324510126490
2640

1
  nnnnnn yyyyyy  

15)  7565534332 11512649575632451150126490
24
1

  nnnnnn yyyyyy  

 
E. Relations Among The Solutions Are Given Below 
1) 0482204 312   nnn xxx  

2) 048528048 321   nnn xxx  

3) 0482204 221   nnn yxx  

4) 014824196220 321   nnn yxx  

5) 05280424196 131   nnn yxx  

6) 04822024196 132   nnn yxx  

7) 05280220220 231   nnn yxx  

8) 0484220 232   nnn yxx  

9) 05280241964 331   nnn yxx  
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10) 0482204 332   nnn yxx  

11) 042201008 211   nnn yyx  

12) 022041008 212   nnn yyx  

13) 0241962201008 213   nnn yyx  

14) 0424196110880 311   nnn yyx  

15) 0220220110880 312   nnn yyx  

16) 0241964110880 313   nnn yyx  

17) 0220241961008 321   nnn yyx  

18) 042201008 322   nnn yyx  

19) 022041008 323   nnn yyx  

20) 048528048 321   nnn yyy  
IV. REMARKABLE OBSERVATIONS 

A. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 
which are presented in table 2 below: 

Table 2: Hyperbola 
S.NO Hyperbola (X,Y) 

1 921684 22  YX   2112 115,105410   nnnn xxxx  

2 278784002125 22  YX   3113 12649,11593   nnnn xxxx  

3 1621 22  YX   1111 5,215   nnnn yxxy  

4 484002125 22  YX   2112 527,483   nnnn yxxy  

5 58544641621 22  YX   3113 57965,2656295   nnnn yxxy  

6 230421 22  YX   3223 115312649,57965527   nnnn xxxx  

7 48400525 22  YX   1221 23,21527   nnnn yxxy  

8 1621 22  YX   2222 115527,2415527   nnnn yxxy  

9 4840021 22  YX   3223 11557965,265629527   nnnn yxxy  

10 58544641621 22  YX   1331 126495,2157965   nnnn yxxy  

11 4840021 22  YX   2332 12649527,241557965   nnnn yxxy  

12 1621 22  YX  
 333 1264957965,26562957965   nnnn yxxy

 
13 4838421 22 YX   1221 5275,115   nnnn yyyy  

14 58544640021 22 YX   1331 579655,12649   nnnn yyyy  

15 4838421 22 YX   2331 57965527,11512649   nnnn yyyy  
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B. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in table 3 below: 

Table:3 Parabola 
S.N
o 

Parabola (X,Y) 

1 11522112 2  YX   212232 115,105410   nnnn xxxx  

2 464640074400 2  YX   312242 12649,11593   nnnn xxxx  

3 8212 2  YX   112222 5,215   nnnn yxxy  

4 2420021550 2  YX   212232 527,483   nnnn yxxy  

5 2927232082112098 2  YX
 

 312242 57965,2626295   nnnn yxxy  

6 11522124 2  YX   323242 11512649,57965527   nnnn xxxx  

7 1064802310484 2  YX   123222 23,21527   nnnn yxxy  

8 8212 2  YX   223232 115527,2415527   nnnn yxxy  

9 2420021110 2  YX   323242 11557965,265629527   nnnn yxxy  

10 2927232082112098 2  YX
 

 134222 126495,2157965   nnnn yxxy  

11 2420021110 2  YX   234232 12649527,241557965   nnnn yxxy  

12 8212 2  YX   334242 1264957965,26562957965   nnnn yxxy
 

13 24192504 2 YX   213222 5527,115   nnnn yyyy  

14 29272320055440 2 YX
 

 314222 557965,12649   nnnn yyyy  

15 24192504 2 YX   324232 52757965,11512649   nnnn yyyy  

1) Some special cases of the solutions are given below 

a)        21,3
2

,3
2

,3
62

1,3
10 4189   xyyxxy tttPtP  

b)        21,3
2

,3
2

1,3
102

,3
6 4219   yxyxxy tttPtP  

c)          222,3
2

,3
2

,3
24

1
2

22,3
10 4621   xyyxxy tttPtP  

d)        222,3
2

,3
2

22,3
102

,3
8

1 42136   yxyxxy tttPtP  

e)         21,3
2

22,3
2

1,3
8

1
2

22,3
6 436219   yxyxxy tttPtP  

f)            222,3
2

1,3
2

22,3
232

1,3
24

1 83216   yxyxxy tttPtP  

 
V. CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations 421 22  xy As the binary 
quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and determine their 
integer solutions along with suitable properties. 
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