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Abstract: The binary quadratic Diophantine equation 817 22  xy   is analyzed for its non-zero distinct integral  solutions. A 
few interesting relations among the solutions are given. Further, employing the solutions have obtained solutions of other 
choices of hyperbolas and parabolas. 
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I. INTRODUCTION 

 The binary quadratic  equations of the form 122  Dxy   where D is non-square positive integer has been selected by various 
mathematicians for its non-trivial integer solutions when D takes different integral values[1-4] .For an extensive review of various 

problems, one may refer[5-10]. In this communication, yet another interesting equation given by 817 22  xy is considered and 
infinitely many integer solutions are obtained. A few interesting properties among the solutions are presented 

II. METHOD OF ANALYSIS 
 The positive Pell equation representing hyperbola under consideration is,  

   817 22  xy        (1) 
The smallest positive integer solutions of (1) are,     

                                           10 x , 50 y   17D  
 consider the pellian equation is  

                                           117 22  xy                                                                                         (2) 
The initial solution of pellian equation is 

                                           8~
0 x , 33~

0 y , 

The general solution  nn yx ~,~  of (2) is given by,      

                                           
nn gx

172
1~  , nn fy

2
1~ 

 
 

Where,  

                                          
11 )17833()17833(   nn

nf  

                                          
11 )17833()17833(   nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~  the other integer  solution of (1) are given by, 

                                            
nnn gfx

172
5

2
1

1 

  

              
nnn gfy

172
17

2
5

1   

The recurrence relation satisfied by the solution x  and y  are given by, 

                            066 123   nnn xxx   

                            066 123   nnn yyy  
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Where n=0,1,2,3.......... 

Some numerical examples of nx  and ny   satisfying (1) are given in the Table 1 below, 

Table 1: Examples 
    n 

     nx      ny  

    0      1     5 
    1      73     301 
    2     4817     19861 
    3     317849     1310525 
    4    20973217     86474789 

 
From the above table, we observe some interesting relations among the solutions which are presented below. 

A. Both nx  and ny   values are odd . 

B. Each Of The Following Expression Is A Nasty Number 

1)  2222 1758
2
3

  nn xy  

2)  2232 301564
16
3

  nn xx  

3)  2242 1986154224
352

1
  nn xx  

4)  2232 12415264
22
1

  nn xy  

5)  2242 81889517416
4354

3
  nn xy  

6)  3222 17301264
22
1

  nn xy  

7)  4222 171986117416
4354

3
  nn xy  

8)  3222 1712411088
272

3
  nn yy  

9)  4222 178188971808
5984

1
  nn yy  

10)  3232 12413018
2
3

  nn xy  

11)  3242 1986130164
16
3

  nn xx  

12)  3242 81889301264
22
1

  nn xy  

13)  4232 124119861264
22
1

  nn xy  

14)  4242 81889198618
2
3

  nn xy  
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15)  4232 1241818891088
272

3
  nn yy  

 
C. Each Of The Following Expressions Is A Cubical Integer 

1)  113333 5115175
4
1

  nnnn xyxy  

2)  123343 903153015
32
1

  nnnn xxxx  

3)  133353 5958315198615
2112

1
  nnnn xxxx  

4)  123343 37231512415
132

1
  nnnn xyxy  

5)  133353 24566715818895
8708

1
  nnnn xyxy  

6)  214333 5190317301
132

1
  nnnn xyxy  

7)  315333 51595831719861
8708

1
  nnnn xyxy  

8)  214333 513723171241
544

1
  nnnn yyyy  

9)  315333 512456671781889
35904

1
  nnnn yyyy  

10)  234353 5958390319861301
32
1

  nnnn xxxx  

11)  224343 37239031241301
4
1

  nnnn xyxy  

12)  234353 24566790381889301
132

1
  nnnn xyxy  

13)  3253\43 372359583124119861
132

1
  nnnn xyxy  

14)  3353\53 245667595838188919861
4
1

  nnnn xyxy  

15)  3253\43 3723245667124181889
544

1
  nnnn yyyy  

 
D. Each Of The Following Expressions Is A Biquadratic Integer 

1)  246820175
4
1

22224444   nnnn xyxy  

2)  1921204203015
32
1

22324454   nnnn xxxx  
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3)  126727944420198615
2112

1
22424464   nnnn xxxx  

4)  79249642012415
132

1
22324454   nnnn xyxy  

5)  5224832755620818895
8708

1
22424464   nnnn xyxy  

6)  79268120417301
132

1
32225444   nnnn xyxy  

7)  5224868794441719861
8708

1
42226444   nnnn xyxy  

8)  3264684964171241
544

1
32225444   nnnn yyyy  

9)  215424683275561781889
35904

1
42226444   nnnn yyyy  

10)  19279444120419861301
32
1

32425464   nnnn xxxx  

11)  24496412041241301
4
1

32325454   nnnn xyxy  

12)  792327556120481889301
132

1
32425464   nnnn xyxy  

13)  792496479444124119861
132

1
42326454   nnnn xyxy  

14)  24327556794448188919861
4
1

42426464   nnnn xyxy  

15)  32644964327556124181889
544

1
42326454   nnnn yyyy  

 
E. Each Of The Following Expression Is A Quintic Integer 

1)  1133335555 170508525175
4
1

  nnnnnn xyxyxy  

2)  1233435565 3010501505253015
32
1

  nnnnnn xxxxxx  

3)  1333535575 198610509930525198615
2112

1
  nnnnnn xxxxxx  

4)  1233435565 124105062052512415
132

1
  nnnnnn xyxyxy  

5)  1333535575 8188905040944525818895
8708

1
  nnnnnn xyxyxy  

6)  2143336555 170301085150517301
132

1
  nnnnnn xyxyxy  
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7)  2143336555 17012410856205171241
544

1
  nnnnnn yyyyyy  

8)  3153337555 10481705240854817
2112

1
  nnnnnn yyyyyy  

9)  2343536575 198610301099305150519861301
32
1

  nnnnnn xxxxxx  

10)  2243436565 124103010620515051241301
4
1

  nnnnnn xyxyxy  

11)  2343536575 8188903010409445150581889301
132

1
  nnnnnn xyxyxy  

12)  3253437565 12410198610620599305124119861
132

1
  nnnnnn xyxyxy  

13)  3353537575 818890198610409445993058188919861
4
1

  nnnnnn xyxyxy  

14)  3253437565 124108188906205409445124181889
544

1
  nnnnnn yyyyyy  

 
F. Relations Among The Solutions Are Given Below 
1) 112 338   nnn xyx  

2) 113 2177528   nnn xyx  

3) 112 13633   nnn xyy  

4) 113 89762177   nnn xyy  

5) 123 66   nnn xxx  

6) 122 338   nnn xxy  

7) 123 3321778   nnn xxy  

8) 13216   nnn xxy  

9) 133 2177528   nnn xxy  

10) 123 136217733   nnn xyy  

11) 213 2177833   nnn xyx  

12) 212 13633   nnn xyy  

13) 213 272   nnn xyy  

14) 312 136332177   nnn xyy  

15) 313 89762177   nnn xyy  

16) 123 66   nnn yyy  

17) 232 338   nnn xxy  

18) 233 338   nnn xxy  
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19) 223 13633   nnn xyy  

20) 323 13633   nnn xyy  
III. REMARKABLE OBSERVATIONS 

A. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbolas 
which are presented in table 2 below: 

Table 2: Hyperbola 
S.NO Hyperbola                              (X,Y) 
1 6417 22  XY   1111 175,5   nnnn xyyx  

2 409617 22  XY   1221 3015,73   nnnn xxxx  

3 1784217617 22  XY   1331 198615,4817   nnnn xxxx  

4 6969617 22  XY   1221 12415,301   nnnn xyyx  

5 30331705617 22  XY   1331 818895,19861   nnnn xyyx  

6 6969617 22  XY   2112 17301,735   nnnn xyyx  

7 30331705617 22  XY   3113 1719861,48175   nnnn xyyx  

8 118374417 22  XY   2112 171241,3015   nnnn yyyy  

9 515638886417 22  XY   3113 1781889,198615   nnnn yyyy  

10 409617 22  XY   2332 19861301,734817   nnnn xxxx  

11 6417 22  XY   2222 1241301,73301   nnnn xyyx  

12 6969617 22  XY   2332 81889301,7319861   nnnn xyyx  

13 6969617 22  XY   3223 124119861,4817301   nnnn xyyx  

14 6417 22  XY   3333 8188919861,481719861   nnnn xyyx  

15 118374417 22  XY   3223 124181889,19861301   nnnn yyyy  
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B. Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of parabolas 
which are presented in table 3 below: 

Table 3: Parabola 
S.NO  Parabola                (X,Y)          

1 64174 2  XY   8175,5 222211   nnnn xyyx  

2 40961732 2  XY   643015,73 223221   nnnn xxxx  

3 17842176172112 2  XY   4224198615,4817 224231   nnnn xxxx  

4 6969617132 2  XY   26412415,301 223221   nnnn xyyx  

5 303317056178708 2  XY   17416818895,19861 224231   nnnn xyyx  

6 6969617132 2  XY   26417301,735 322212   nnnn xyyx  

7 303317056178708 2  XY   174161719861,48175 422213   nnnn xyyx  

8 118374417544 2  XY   1088171241,3015 322212   nnnn yyyy  

9 51563888641735904 2  XY   718081781889,198615 422213   nnnn yyyy  

10 40961732 2  XY   6419861301,734817 324232   nnnn xxxx  

11 64174 2  XY   81241301,73301 323222   nnnn xyyx  

12 6969617132 2  XY   26481889301,7319861 324232   nnnn xyyx  

13 6969617132 2  XY   264124119861,4817301 423223   nnnn xyyx  

14 64174 2  XY   88188919861,481719861 424233   nnnn xyyx  

15 118374417544 2  XY   1088124181889,19861301 423223   nnnn yyyy  

G. Some Special Cases Of The Solutions Are Given Below 

1)        21,3
2

,3
2

,3
62

1,3
10 8153   xyyxxy tttPtP  

2)        21,3
2

,3
2

1,3
102

,3
6 8179   yxyxxy tttPtP  

3)          222,3
2

,3
2

,3
24

1
2

22,3
10 8617   xyyxxy tttPtP  

4)        222,3
2

,3
2

22,3
102

,3
8

1 81736   yxyxxy tttPtP  

5)         21,3
2

22,3
2

1,3
8

1
2

22,3
6 836179   yxyxxy tttPtP  

6)            222,3
2

1,3
2

22,3
232

1,3
24

1 83176   yxyxxy tttPtP  

III. CONCLUSIONS 

In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations 817 22  xy  As the binary 
quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell Equations and determine their 
integer solutions along with suitable properties. 
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