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Abstract: In this paper we introduce a new technique for getting the approximate solution of “First order Simultaneous Fuzzy
differential equation by sixth order Runge-Kutta method” based on Seikkala derivative of fuzzy process [10] in order to increase
the order of the accuracy of the solutions. This proposed method is discussed in details followed by a complete error analysis.
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I INTRODUCTION
The concept of fuzzy derivatives was first introduced by S.L. Chang and L.A. Zadeh [6], it was followed up by D. Dubois and Prade
[7] who used the extension principle in their approach. Puri and D.A. Ralesec [15] and R. Goetschel and ~W. Voxman [9]
contributed towards the differential of fuzzy functions.
The fuzzy differential equation and initial value problems were extensively studied by O. Kaleva [10, 11] and by S. Seikkala [16].
Numerical solution of fuzzy differential equations has been introduced by M. Ma, M. Friedman, A. Kandel [13] through Euler
method and by  S. Abbasbandy and T. Allahviranloo [1] by Taylor method. Runge-Kutta methods have also been studied by
authors [2, 14].
In this paper organized as follows: In Section 2, some basic definitions and results on fuzzy numbers and fuzzy derivatives. Section
3 contains the definition of fuzzy Cauchy problem with initial conditions. Section 4, discussed about sixth order Runge-Kutta
method and defined to solve the first order simultaneous fuzzy differential equation with initial value problem. The proposed
method is illustrated and solved the numerical example in section 5, also the result is compared with Euler’s method and Runge-
Kutta fourth order method with the approximation solution by Runge-Kutta sixth order method.

Il. PRELIMINARIES
Consider the first order simultaneous differential equation

j_}'[/ =ft,y,2) & j—: =g(t,y,2),to<t<b, initial conditions y(to) = Yo, z(to) = Zo
@21

The basis of all Runge-Kutta methods is to express the difference between the value of y at t,+1 and t, as

m
You =Y = ZWiki ; where w; are constant i and
i—0

i-1
ki = hf(traih, yo+ Y CiK; )

j=1
Most efforts to increase the order of accuracy of the Runge-Kutta methods have been accomplished by increasing the number of
Taylor’s series terms used and thus the number of functional evaluations required [5]. The method proposed by Goeken. D and
Johnson. O [8] introduces new terms involving higher order derivatives of ‘f’ in the Runge-Kutta k; terms (i > 1) to obtain a
higher order of accuracy without a corresponding increase in evaluations of f, but with the addition of evaluations of f'.
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Consider

y(tn+1) = y(tn) + Wik + Waka + Waka + Waks + Wsks + weks + Wrkz

where

ka = h f(tn, y(tn))

k2 = h f(ta+cah, y(tn)+azika)

ks = h f(tatcsh, y(tn)+asikitasks)

ks = h f(tatcah, y(tn)+aarkitasskotassks)

Ks = h f(tatcsh, y(tn)+asikitasKotassks+assks)

Ke = h f(tatcsh, y(tn)+asikitasKotagsks+assKa+assks+assks)

ks = h f(tat+c7h, y(tn)+aziki+azko+arsks+azaks + arsks+azeks + ar7ky) .. (22)

Utilizing the Taylor’s series expansion techniques, Runge-Kutta method of order sixth is given by,

9k, + 64k, + 49k, + 49k, + 9k,
180

Yn+1 = Yo +

where
ki= h f(tn, y(tn))
ko = h f(ta+ vh, y(tn)+ vkz)

ke=  hf(te g  Y(t)+ (4v = 1)k + ka)/(8V))
ke=  hfiter % , Y(t)+((10V = 2)ky + 2k + 8vks)/(27V))

h
ks=  hf(ty+(7+4.582576) u y(to)+(-((77v-56)+(17v—8)4 582576)k,~8(7+4.582576)k,
+ 48(7+4.582576)vks — 3(21+4.582576)vks)/(392V)
h
ke=  hf(t+(7 - 4.582576) u y(t)+(-5((287V=56) - (59v—8)4.582576)k,—40(7-4.582576)ks

+320(4.582576)vks + 3(21-121(4.582576))vks + 392(6-4.582576)vks) /(1960v)

kr=  hf(ta+h, y(t:) + (15((30v — 8) - 7v(4.582576))k;+120k, — 40(5 + 7(4.582576))vks
+63(2 + 3(4.582576))vks — 14(49 - 9(4.582576))vks + 70(7 + 4.582576)vks)/(180v)

... (2.3)
and
S 91, + 641, + 491, + 491, + 91,
180
where
b= hg(t, z(t))
I, = h g(ta+ vh, z(t)+ vly)
Iz = h g(t+ g , Z(t)+ ((4v = D)l + 15)/(8V))
2h

la= h g(ta+ ? Z(tn)+((10v — 2)I1 + 212 + 8vI3)/(27V))
Is = h g(tn+(7+4.582576)% , Z(ta)*+(-((77v-56)+(17v-8)4.582576)1,—8(7+4.582576),

+ 48(7+4.582576)vl; — 3(21+4.582576)vl4)/(392Vv)
ls = h g(t.+(7 - 4.582576) % 2(tn)+(-5((287v-56) - (59v-8)4.582576)1,—40(7-4.582576)I,
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+320(4.582576)vls + 3(21-121(4.582576))l, + 392(6-4 582576)vls) /(1960V)

hg(t.+ h, z(ts) + (15((30V — 8) - 7v(4.582576))l+1201, — 40(5 + 7(4.582576))vls
+63(2 + 3(4.582576))vls — 14(49 - 9(4.582576))vls + 70(7 + 4.582576)vls)/(180V)

|7:

.. (2.4)
A. Definition-2.1
A fuzzy number u as a fuzzy subset of R ie) u: R > [0, 1] satisfying the following conditions.
1) wuisnormal, ie 3 xoeR > u(xo) =1
2) uisaconvex fuzzy set
ie) u(tx + (1-t)y) > min{u(x), u(y)}, vVt e [0,1]and X,y € R
3) uis upper semi continuous on R

4) {X eR, u(x) > 0} is compact

The set E is the family of fuzzy numbers and arbitrary fuzzy number is represented by an ordered pair of functions (g(r ),
r <1 has satisfies the following requirements

g(l’) is a bounded left continuous non-decreasing function over [0, 1] with respect to any ‘r’

u(r) is a bounded right continuous non-increasing function over [0, 1] with respect to any ‘r’

u(r) <

[g(r )u (r)] and clearly [u]o = {x/u(x) > 0} is compact.
B. Definition-2.2
A triangular fuzzy number u is a fuzzy set in E that is characterised by an ordered triple (ui, uc, U)eR® with u; <uc <ur such that [u]o

a)
b)
<)

< u(r), 0< r <1, r-level cut is [u]r

= {Xu(x) > r},0<r<1as a closed & bounded interval denoted by [u], =

= [ur: uf] and [u]r = [uc]. The membership function of the triangular fuzzy number u is given by
, Uy S X< U
U, —u,
u(x)=41 X =U,
u —x
—, U, XU,
u, —u;
and we will have (249
i). u>0ifu>0
i), u>0ifu>0
iii). u<0ifuc<0

iv). u<0ifu.<0
Let I be areal interval. A mappingy: |- E as called a fuzzy process and its o. - level set is denoted by

[y()] L(tY)Y(tY)]te|o<a<|[Z [ZtZ (t Z)JteIO<(x<|

The Seikkala derivative y(t) of a fuzzy process is defined by [yl(t) o :b’l(t, Y), y (t, Y)J t e 1,0 < o< | provided the equation

defines fuzzy number as in [11]. Similarly, let | be a real interval. A mapping z: I=E is called a fuzzy process and its o - level set

is denoted by [Z —lz t Y, Z), (t, Y, Z)J tel,0<a<l ForuveEandie %R, theu+vand the product Au can be

defined by [u + V]a = [u]« + [V]« and [AU]a = A[u]e, where o € [0, 1] and [u]« +
[u]e means the product between a scalar and a subset of $R.

[V]« means the addition of two intervals of R and

u(r)) andv = (\_/(r),

Arithmetic operation of arbitrary fuzzy numbers u = (g(r ), v(r )) and A € R can be defined as
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i). u=vif u(r)=v(r)and u(r)=v(r)
v(r)

=
c
+
<
|
<
—
-
—
+
=
-
< |
—
—
+
<
—
-
S~
S~

. A FUZZY CAUCHY PROBLEM
Consider the first order simultaneous differential equation

@ _ f(tyz) & j—: =g(t,y,2), to<t<b, initial conditions y(to) = yo, z(to) = zo

dt
Let the function f be a continuous mapping from R x R = R and yo € E with r-level sets [yo]r = [ (0 r) y(O: r)] r e [0, 1] and

the function g be a continuous mapping from R xR = R and zo € E with r-level sets [zo]; = [Z O:r ,Z(OZ r)] r e [0, 1].
The extension principle of Zadeh [4] leads to the definition of f(t, y, z) and g(t, y, 2), y = ¥(t), z = z(t) are the fuzzy numbers.

[f(ty,2)], =|F(t,y,2:7), Ft,y,2:7)], refo, 1, tfollows that
Hty.zer)=minff )| ue] y(r)yO))velzr) 2]
flty,z:r)= max{f (t,u,v)‘ Ue [X(r),y(r)lv € [;(r),i(r)]}

(3.1
glt,y, z:r)=minlg(t,u,v)| u e[ y(r) y(O)}v e fz(r) 2(r)]
glt,y,z:r)= max{g(t, u,v)‘ Ue [X(I’)S/(I’)],V e [;(r),E(r)]} 6
L(.et fsaiios:‘ilni f(t,v)— f(t,\_/] < g(t,‘v—\_/‘), t>0andv, veR, ... (33)

where g : R+ x R+ & Ry is a continuous mapping such that r = g(t, r) is non-decreasing an initial value problem u(t) = g(t, u(t)),
u(0) = up ... (3.3) has a solution on R: or up > 0 and that u(t) = 0 is the only solution of (3.3) for uy = 0 then the fuzzy initial value
problem has a unique fuzzy solution.

Proof : See [16].
v. FUZZY SIXTH ORDER RUNGE-KUTTA METHOD

Let the exact solution of the given equation [Y(t)]: = [X(t . I‘),V(t . I’)] is approximated by some solution [y(t)]: =
h(t : I’), y(t : I’)] and the exact solution of the given equation [Z(t)];= [Z(t : r), Z(t : r)] is approximated by some solution

[Z(O] = [;(t r) _(t : r)] also we define

— 7 —
y(tn+l Z y )=yt ir)= ZWi K; where wi’s are constant

- i=1

[k, (&, y(t, r))] [k (t, y(t,r)), K (t,y(t,r))],i:1,2,3,4,5,6and7;where
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ty(t:r)=hf(t,, v, :r) K (t y(t:r)=hf(t,, y(t, 1))

K, (t, y(t:r))= hf(tn +g, y(t, : r)+vﬁ} K, (t,y(t:r))= hf(tn +g,§/(tn ; r)+vk_1J

)
t, + 2 o)+ ((4v ~1)k, + k_z)/8vJ
(e, 1)+ (L0V = 2)k, + 2K, +8vk, )/ 27v}

Yt 1)+ ((1ov = 2)k, + 2k, + 8k, )/ 27vj

—((77v-56)+ (17v —8)4.582576 )k,
K (t, y(t:r))=hf|t, +(7+4.582576 )% JY(t, r)+| —8(7+4.582576 )k, +48(7 + 4.582576 vk, |/392v
—-3(21+4.582576 vk,
—((77v—-56)+ (17v - 8)4.582576 )k,
kg (t,y(t:r))=hf|t +(7+4.582576 )%, y(t, :r)+| —8(7 + 4.582576 )k, + 48(7 + 4.582576 Wk, |/392v
—3(21 + 4.582576 Wk,
—5((287v -56)—(59v —8)4.582576)k,
ul  Y(t, 1r)+| —40(7 - 4582576, +320(4.582576k, /1960v
+3(21-121(4.582576))vk, +392(6 —(4.582576))vk,

ks (t, y(t: 1)) =hf| t, +(7—4.582576)14

—5((287v—56)—(59v —8)4.582576)k,
kq(t, y(t:r))=hflt, +(7- 4.582576)1h4  y(t, :r)+| —40(7 - 4.582576)k, +320(4.582576)k, /1960v
+3(21-121(4.582576)\vk,, +392(6—(4.582576))vk,

15((30v — 8)7v(4.582576 )k, + 120k, — 40(5 + 7(4.582576 )k,
(8, y(E: ) = hf{ €, + 0, y(t, : )+ | +63(2+ 3(4.582576 )k, —14(49 — 9(4.582576 vk, ~ |/180v
B +70(7 + (4.582576 ) vk, B

15((30v —8)— 7v(4.582576 )k, + 120k, — 40(5 + 7(4.582576 )k,
k,(t,y(t:r))=hf|t +h, y(t, :r)+| +63(2+3(4.582576 )k, —14(49 — 9(4.582576 )k, /180v
+70(7 + (4.582576 )\vk,

.. (4.2)
also define

7 _ _ 7 —
Z(tn+1 ) r)—;(tn ) r): ZWi|_i Z(tn+1 : r)— Z(tn : r)= ZWi l; where I7s are constant
i=L

i=1

[t 2(t. )], =[1; @t 2, V)1 (6 26, 1))].i=1,2.3,4,5,6ana 7

©IJRASET: All Rights are Reserved 2610



International Journal for Research in Applied Science & Engineering Technology (IJRASET)
ISSN: 2321-9653; IC Value: 45.98; SJ Impact Factor: 6.887
Volume 7 Issue 111, Mar 2019- Available at www.ijraset.com

1(t 2(t: 1)) =hg(t, 2(t, : 7)) Lt z(t:r)=hglt, z(t, : 7))
I(t,z(t:r))=hg| t, +g,;(tn :r)+v|_1J 1, z(t:r))zhg(tn +2,E(tn : r)+vEJ

Iy(t,z(t:r))=hg t, +2,;(tn :r)+((4v—1)l +I_2)/8vj

I,(t,z(t:r))=hg| t, +2 2t r)+ ((4v ~1)I, + E)/Svj

1t 2(t:1)= hg[tn n 2_: 2ty 1)+ (10v-2)1, + 21, +8v1, ) zvvj

_ . 2h -, _ _

I, z(t.r))zh[tn #2341+ (a0v -2 + 21, + 941 zvvj

~((77v—56)+(17v—8)4.582576),

I(t, z(t ;1)) =hg tn+(7+4.5825761£4 ,2(t, :7)+| —8(7+4.582576I, + 48(7+4.582576vl, |/ 39
~3(21+4.582576vl,
—((77v—56)+(17v—8)4.582576,

I,(t, z(t :r)) = hgl t, +(7+4.58257e)lﬂ4 2(t, :r)+| —8(7+4.582576l, + 487 +4.582576Vl, |/ 39
—3(21+4582576vl,

—5((287v—56)— (5% —8)4.582576),
Is(t, z(t:r))=hg t, +(7—4.5825761h4 2(t, :r)+| —40(7-4.582576l, +320(4.582576vl, 11960/
+3(21-1214.58257G)vl, +3926—(4.58257G)vl,
—5((287—56)—(59v—8)4.582576l,
1,(t,z(t:r))=hg t, +(7—4.5825761h4 2(t, :r)+| —40(7-4.582576l, +3204.582576vl, 11960/
+3(21-1214.58257@)Vl, +3926—(4.58257Q)vl,

15((30v—8)7v(4.582576))l, +1201, —40(5+7(4.582576))vl,
I;(t z(t:r))=hg| t, +h,z(t, :r)+| +63(2+3(4.582576)Vl, —14(49-9(4.582576)vl; /180v
+70(7+(4.582576)vl

15(30v—8)—7v(4.582576)l, +1201, —40(5+7(4.582576\l,

I(t,z(t:r))=hgl t, +h,z(t, :r)+| +632+3(4.582576)vI, —14(49-9(4.582578)vl, /180v
+70(7+(4.582576)Vl,
.. (42)
9k1(t, y(t : r)) + 64k3(t, y(t : r)) + 49k5(t, y(t : r)) + 49k6(t, y(t : r)) + 9k7(t, y(t : r))
F(t, y(t : r)) == = ~ 180 = =

©IJRASET: All Rights are Reserved 2611
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9k1(t, y(t : r)) + 64g(t, y(t : r)) + 49k75(t, y(t : r))+ 49k76(t, y(t : r)) + QE(t, y(t : r))
180

and

P(t' Z(t : r)) i i(t z(t : r))+ 64§(t, z(t : r))+ 49‘5(2;(; : r))+4QL6

Q(t, z(t : r)) _ QE(t, z(t ; r))+ Gmg(t, z(t ; r))+ 49|5(t1;()t : r))+ 49E(t, z(t ; r))+ QE(t, z(t : r))

The exact and the approximate solution of the differential equation at t,, 0 < n <N are denoted by
= (Y, Y )] o= [y, 0y 0] e
[Z(t)]s = [; (t,:r)Z(,: r)] [2(t)]: = [;(tn 1), z(t, : r)] respectively.

Therefore we have

(t, z(t : r))+9ll(t, z(t : r))

Y@ o)=Yt 1)+ Flt Y (t )] Y(t,.,:r)=Y(t, 1)+ G, Y(t, : 1)
Z(t. . :r)=2(t :r)+ PR, Z(, :1)] Z(t,,:r)=Z(t, : 1)+ Qlt,. Z(t, :1)]
Ylt,s 1r)= ylt, 1)+ Flt, i, )] y(t,.. :1)=y(t, :1)+Glt,. y(t, : 1)
z2(t,., :r)=z(t, :r)+P[t,, z(t, : r)] z2(t,,, i r)=z(t, r)+Q[tn z2(t, :r)

To show the convergence of these approximation of y is
ie) lim y(t:r)=Y(t:r) and

Linﬁ(t r)=Y(t:r)
Similarly, To show the convergence of these approximation of y is
ie) Lirrg;(t :r)=2Z(t:r)and

Ihirroﬁ(t r)=Z(t:r)
A. Lemma

N .
Let a sequence of numbers {\N }n=0 satisfy

|\Nn+1| < A[\Nn| +B, 0 <n< N-1orsome given positive constants A and B then

W, | <ar [\NO|+BAX_11,0snsN—1

Proof : See [13]

B. Lemma

Let a sequence of numbers {\N }r’:‘=0 and {V }r’:‘=0 satisfy the condition

|Wn+1| < [\Nn| + A max {[\Nn|,[\/n|}+ B and

[\/n+1| < |Vn| + A max {[\Nn|, [\/n |}+ B for some given positive constants A & B and denote
Un=|Wa| + V|, 0<n<Nwhere A=1+2Aand B=2B

©IJRASET: All Rights are Reserved 2612
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value r, 0 < r <1 are approximate solutions converge to the exact solutions of !(tn . I’) and V(tn : r) uniformly in t.
Proof : See [13]

V.

Consider the first order simultaneous differential equation

dé[/ =-3y +4zand

dz

= —2Y + 3z Fuzzy initial conditions are

y(0) = (3.8 + 0.2r, 4.25-0.25r) and z(0) = (2.75 + 0.25r, 3.2-0.2r); 0 <r< 1.
Solution:

The exact solution of yis Y(t:r) = 2y1(t : r)e“ +Y, (t : r)e‘ and the exact solution of z is

NUMERICAL EXAMPLE

Z(t:r) =ﬁ(t : I’)e_t +é(t : l’)et when t = 1 then the exact solution is given by,

Y(L:r) =2(0.85+0.15r)e* + (1.8+0.2r)e  Y(L:r) =2(1.2-0.2r)e™ + (2.25-0.25r)e
Z(1:1)=(0.75+0.25re " + (1.85+0.15r)e Z(L:r)=(1.25-0.25nNe™ + (2.3-0.3r)e

The exact and approximate solutions for the first order simultaneous fuzzy differential equation obtained by the Runge-Kutta sixth

order method for taking h=0.1

Table — 5.1 Comparison between Exact and SFDRK6 Solution

and

Exact Solution with h = 0.1

Approximate Solution by SFDRK6 with h=0.1

Y-Lower

Y -Upper

Z-Lower

Z-Upper

y-Lower

y-Upper

z-Lower

z-Upper

0.0

5.518302341

6.999044773

5.304730964

6.711897507

5.3936266899

6.6168532372

5.0073537827

6.2305793762

0.1

5.583704361

6.916372549

5.354702177

6.621152066

5.4714970589

6.5724005699

5.0870628357

6.1879668236

0.2

5.649106381

6.833700326

5.404673390

6.530406625

5.5493655205

6.5279479027

5.1667709351

6.1453542709

03

5.714508401

6.751028103

5.454644604

6.439661184

5.6272358894

6.4834933281

5.2464814186

6.1027379036

04

5.779910420

6.668355879

5.504615817

6.348915743

5.7051038742

6.4390401840

5.3261880875

6.0601248741

05

5.845312440

6.585683656

5.554587031

6.258170303

5.7829737663

6.3945870399

5.4058976173

6.0175104141

0.6

5.910714460

6503011433

5.604558244

6.167424862

5.8608441353

6.3501329422

5.4856071472

5.9748954773

0.7

5.976116480

6.420339209

5.654529458

6.076679421

5.9387121201

6.3056821823

5.5653147697

5.9322843552

08

6.041518500

6.337666986

5.704500671

5.985933980

6.0165834427

6.2612280846

5.6450252533

5.8896698952

0.9

6.106920519

6.254994763

5.754471885

5.895188539

6.0944519043

6.2167749405

5.7247323990

5.8470563889

1.0

6.172322539

6.172322539

5.804443098

5.804443098

6.1723237038

6.1723237038

5.8044452667

5.8044452667

Figure — 5.1 Solution Fuzzy Number y(t) and z(t)
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0.9+

0.8

0.6

0.4+

0.3+

0.2+

0.1+

5 5.2

5.4 5.6

Table — 5.2 Solution of SFDE by SFDRK4 and Euler’s Method

-

Approximate Solution by SFDRK4

Approximate Solution by Euler Method

Y-Lower

Y-Upper

Z-Lower

Z-Upper

Y-Lower

Y-Upper

Z-Lower

Z-Upper

5.393623828
9

6.616848945
6

5.007349491
1

6.230575561
5

5.141587257
4

6.308770656
6

4775474548
3

5.942657947
5

5.471492767
3

6.572395801
5

5.087059021
0

6.187961578
4

5.215912818
9

6.266378402
7

4.851544380
2

5.902009964
0

5.549361705
8

6.527943611
1

5.166767120
4

6.145349502
6

5.290237903
6

6.223985195
2

4927612304
7

5.861359596
3

5.627233028
4

6.483489036
6

5.246477603
9

6.102733135
2

5.364563465
1

6.181593895
0

5.003681182
9

5.820712089
5

5.705101013
2

6.439036846
2

5.326184749
6

6.060120582
6

5.438889026
6

6.139198303
2

5.079750061
0

5.780059337
6

5.782971382
1

6.394585132
6

5.405895233
2

6.017508983
6

5513214111
3

6.096806049
3

5.155818462
4

5.739410877
2

5.860841274
3

6.350131034
9

5.485603809
4

5.974893093
1

5.587539672
9

6.054413318
6

5.231887817
4

5.698761940
0

5.938710212
7

6.305676937
1

5.565312862
4

5932279110
0

5.661864280
7

6.012020587
9

5.307955265
0

5.658112049
1

6.016580104
8

6.261223793
0

5.645020961
8

5.889664650
0

5.736190795
9

5.969628334
0

5.384025573
7

5.617463588
7

6.094448566
4

6.216771602
6

5.724729538
0

5.847052097
3

5.810515403
7

5.927234649
7

5.460093975
1

5.576813697
8

o FPlowPloP~NPolClulnrCw@rNnOrPocc

6.172318458
6

6.172318458
6

5.804438591
0

5.804438591
0

5.884841442
1

5.884841442
1

5.536163330
1

5.536163330
1

Table — 5.3 Complete Error Analysis
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Error in SFDRK6 Method Error in Euler Method Error in SFDRK4 Method
rly- Y- y- Z- y- y- z- z- y- y- z- z-
Lower | Upper Lower | Upper Lower | Upper Lower | Upper Lower | Upper Lower | Upper
0.1246 | 0.3821 | 0.2973 | 0.4813 | 0.3767 | 0.6902 | 0.5292 | 0.7692 | 0.1246 | 0.3821 | 0.2973 | 0.4813

0.
0 76 92 77 18 15 74 56 40 79 96 81 22
0.| 01122 | 0.3439 | 0.2676 | 0.4331| 03677 | 06499 | 05031 | 0.7191 | 0.1122 | 0.3439 | 0.2676 | 0.4331
1 07 72 39 85 92 94 58 42 12 77 43 90
0.| 0.0997 | 0.3057 | 0.2379 | 0.3850 | 0.3588 | 0.6097 | 0.4770 | 0.6690 | 0.0997 | 0.3057 | 0.2379 | 0.3850
2 41 52 02 52 68 15 61 47 45 57 06 57
0.| 0.0872 | 0.2675 | 0.2081 | 0.3369 | 0.3499 | 0.5694 | 0.4509 | 0.6189 | 0.0872 | 0.2675| 0.2081 | 0.3369
3 73 35 63 23 45 34 63 49 75 39 67 28
0.| 0.0748 | 0.2293 | 0.1784 | 0.2887 | 0.3410 | 05291 | 0.4248 | 0.5688 | 0.0748 | 0.2293 | 0.1784 | 0.2887
4 07 16 28 91 21 58 66 56 09 19 31 95
0.| 0.0623 | 0.1910 | 0.1486 | 0.2406 | 0.3320 | 04888 | 0.3987 | 0.5187 | 0.0623 | 0.1910 | 0.1486 | 0.2406
5 39 97 89 60 98 78 69 59 41 99 92 61
0.| 0.0498 | 0.1528 | 0.1189 | 0.1925 | 0.3231 | 04485 | 0.3726 | 0.4686 | 0.0498 | 0.1528 | 0.1189 | 0.1925
6 70 78 51 29 75 98 70 63 73 80 54 32
0.| 0.0374 | 0.1146 | 0.0892 | 0.1443 | 0.3142 | 04083 | 0.3465 | 0.4185 | 0.0374 | 0.1146 | 0.0892 | 0.1444
7 04 57 15 95 52 19 74 67 06 62 17 00
0.| 0.0249 | 0.0764 | 0.0594 | 0.0962 | 0.3053 | 0.3680 | 0.3204 | 0.3684 | 0.0249 | 0.0764 | 0.0594 | 0.0962
8 35 39 75 64 28 39 75 70 38 43 80 69
0.| 0.0124 | 0.0382 | 0.0297 | 0.0481 | 0.2964 | 03277 | 0.2943 | 0.3183 | 0.0124 | 0.0382 | 0.0297 | 0.0481
9 69 20 39 32 05 60 78 75 72 23 42 36
1.| 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.2874 | 0.2874 | 0.2682 | 0.2682 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0 01 01 02 02 81 81 80 80 04 04 05 05

VI. CONCLUSION
In this work, we have used the proposed fuzzy sixth order Runge-Kutta method to find the numerical solution of simultaneous fuzzy
differential equations. Taking into account the convergence order of the Euler method is O(h), a higher order of convergence O(h®)
is obtained by the proposed method and by the method proposed in [14]. Comparison of the solutions of example 5 shows that the
proposed method gives a better solution than the Euler method and by the Runge-Kutta fourth order method.
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