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Abstract: In this paper we found minimum vertex colouring sum based on a minimum proper colouring of a given Splitting
graph S'(G) and we compute the statistical measures Mean, Variance, Median, Standard deviation, Skewness and Kurtosis.
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L. INTRODUCTION
The splitting graph of a graph S'(G) is obtained by adding to each vertex v a new vertex V' such that V' is adjacent to every

vertex that is adjacent to v in G. We extend the concepts of mean, median, variance, standard deviation, skewness and kurtosis are
some important statistical measures, to the theory of splitting graphs colouring and determine the values of these parameters for a
number of standard splitting graphs.

A. Preliminaries
1) Let C = {cy,Cy,....,Ck} be a particular type of proper k-colouring of a given splitting graph S’(G) and 6(c;) denotes the number

of times a particular color ¢; is assigned to the vertex of S’(G) . Then, the vertex colouring sum of a colouring C of a given

splitting graph S'(G) denoted by @ (S'(G)) is defined to be,

0 (8'(G)) =Yi0(c)

2) A Graph G is said to be Friendship Graph if a planar undirected graph with 2n + 1 vertices and 3n edges. The friendship graph
can be constructed by joining n copies of the cycle graph with a common vertex.

3) The Helm graph H ,is the graph obtained from an n-wheel graph by adjoining a pendant edge at each node of the cycle.

4) The n-sunlet graph is the graph on 2n vertices obtained by attaching n pendant edges to a cycle graph C,, .

5) The hairy cycle C,, is obtained by applying that construction to the cycle C,, and the graph K consisting of a single vertex.
Therefore C,, is the corona graph C,, o K.

6) A wheel graph is obtained from a cycle graph C, —1 by adding a new vertex adjacent to all the vertices of the cycle

B. Colouring Statistical Parameters of Splitting Graphs
We can identify the colouring of the vertices of a given splitting graph S’'(G) with a random experiment. Let C = {c1,c2,c3,...,ck}

be a proper k-colouring of S'(G) and let X be the random variable (r.v) which denotes the number of vertices in S'(G) having a
particular color. Since the sum of all weights of colors of S'(G) is the order of S'(G), the real valued function f(i) defined by,
0c)
f(i)=<V(S'(G)" is the probability mass function (p.m.f) of the r.v X. If the context is clear, we can also say that
0

f(i) is the p.m.f of the splitting graph S'(G) with respect to the given colouring C. Hence, analogous to the definitions of the
mean,median,variance,standard
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deviation,skewness and kurtosis of random variables, those statistical parameters of a splitting graph S'(G) , with respect to a

general colouring of S'(G) can be defined as follows.

1) Definition .1: Let C = {cy, Cy, Cs,...,Cx} be a certain type of proper k-colouring of a given splitting graph S'(G) and 6(c;)
denotes the number of times a particular color ¢; is assigned to vertices of S’(G) . Then, the colouring mean of a colouring C

Zk:IQ(C)

ZO(C )

i=1

of a given splitting graph G, denoted by 11, S'(G) is givenby, u.S'(G) =

2) Definition .2: The colouring median of a colouring C of a given splitting graph S'(G) , denoted by M CS '(G) and is defined

2.0(c)
to be MCS'(G):MT

3) Definition .3: The colouring variance of a colouring C of a given splitting graph S’(G) , denoted by o’cS '(G) is given by,
K K 2
Dio(c, ) Yio(e,)
i=1

c%cS'(G) ==

k

2.6(c) Z,@(Ci)

i=1

4) Definition .4: The colouring standard deviation of a colouring C of a given splitting graph S'(G), denoted by by O¢ S '(G)

2

is given by, 5 1(6) Ile 0(c;) ; i0(c,)
O ¢ = . -
Zé’(ci) Ze(ci)

5) Definition.5: The colouring skewness of a colouring C of a given splitting graph S'(G) , denoted by Ve S '(G) and is defined

Mean — Median
Standard Deviation

tobe ¥.S'(G) =3

6) Definition 6: For a positive integer r, the r-th moment of the colouring C is denoted by uC,S’(G) is given by,

zk: ir0(c,)

e 8'(G) = B
Z o(c,)
1% Moment: 2" Moment:
Zk:ie(ci) ilzé’(c) iié’(ci)
hS©) = T e
o) 2.0c) | 200
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3rd Moment
Zk:i%?(ci) Zk:ize(ci) Zk:ie(ci) Zk:iSH(ci)
1esS'(G) == -3= = +2] B—

Yoe) X oe) | Xoe) | | Yo

i=1

4™ Moment
Yitee)  Sitee)|Sioe)| | Yitee) | Yiee)| | Yioe)
u_.S'(G)= = _4 i=i = gl it = _3 i=k1

k k

Yoe)  Xoe) | o) | | Xoe) | Xoe) | | Yo

i=1

7) Definition .7: The colouring kurtosis of a colouring C of a given splitting graph S'(G) , denoted by f3,S'(G) and defined
lLlC4 S ’(G)
(1. S'(G))*

¥ - Chromatic Statistical Parameters of Splitting Graphs:

Colouring mean, median, variance, standard deviation, skewness and kurtosis corresponding to a particular type of minimal proper
colouring of the vertices of S'(G) are defined as follows.

by, B,S 'G) =

8) Definition .8: A colouring mean of a splitting graph S'(G) , with respect to a proper vertex colouring C is said to be a y -
chromatic mean of S'(G), if C is the minimum proper colouring of S'(G) and the colouring sum @.S'(G) is also
minimum. The y -chromatic mean of a splitting graph S'(G) is denoted by 1, S'(G) .

9) Definition .9: A colouring median of a graph S'(G) , with respect to a proper vertex colouring C is said to be a y - chromatic

median of S'(G) . The y -chromatic median of a splitting graph S'(G) is denoted by M S'(G).

10) Definition.10: The y chromatic variance of S'(G) , denoted by 6123'(G) , is a colouring variance of S'(G) with respect to
a minimal proper vertex colouring of S'(G) which yields the minimum colouring sum.

11) Definition .11: The 7 chromatic standard deviation of S'(G), denoted by o,S '(G), is a colouring standard deviation of
S'(G) with respect to a minimal proper vertex colouring of S’(G) which yields the minimum colouring sum.

12) Definition.12: The y chromatic skewness of S'(G) , denoted by y ,S'(G), is a colouring variance of S'(G) with respect to a
minimal proper vertex colouring of S'(G) which yields the minimum colouring sum.

13) Definition .13: The y chromatic kurtosis of S'(G) , denoted by 3, ,S'(G) , is a colouring kurtosis of S'(G) with respect to a
minimal proper vertex colouring of S’(G) which yields the minimum colouring sum. If S, = 3, then it is known as

MESOKURTIC Curve, if 8, < 3, then it is known as PLATYKURTIC Curve and if 8, > 3, then it is known as

LEPTOKURTIC Curve
Let us now determine the y - chromatic mean, median, variance, standard deviation, skewness and kurtosis of certain standard

splitting graph classes. The following result discusses on Friendship splitting graph S '(Fn ) .
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n(n +5)

. . . L , . on+1 o _
a) Proposition 1. The y -Chromatic mean of a friendship splitting graph S (Fn) is 2— , x-chromatic variance is W
n+

. o . - n(n +5) _ -4n° +n
x-chromatic median is 2n + 1, x- chromatic standard deviation , — X chromatic skewness 3] ———| and y -
(2n+1) Jn(n +5)

n* +42n®-6n% +17n

chromatic kurtosis Z 3 5
n* +10n° +25n

Proof. Consider a friendship splitting graph S’(F,,) has 4n+2 vertices. The vertices of S'(F,) can be coloured using C;,C,, Cy;

Exactly two vertices has colour C,; 2n vertices has C,and C;.Hence, the p.m.f of the corresponding r.v.X is

: 5n+1
S (F)=—"= 5 /=y Nn+d , . n(n+5)
Therefore, " * " sn+l o xS (R))=—""3 . M. (S (F)=2n+1 o,S(F))=.-"—5
(242 (S (F,)) S (F.)) (2n+2)°
. —4n% +n
¥« (S (F)) =3(—=)
Jn(n+5)
We can obtain kurtosis by various moments,
.+ 10n+2 . 26n+2 . 70n+2 . 194n+2
B2 M T a2 M T a2 M T a2
an(l-n n*+42n°-6n°+17n . n*+42n®*-6n? +17n
=0y, - A (8 (R = A on
(2n+1) (2n+1) n" +10n” +25n

If B,,(S (F,)) <3, then it is known as PLATYKURTIC Curve.

b) Proposition 2: The Y —chromatic mean of a s (Cn ° Ki) is

3.
= even

:ux(S‘(Cn ° Kl):
3n+1;odd
2n

And the ¥ - chromatic variance of a S (Cn © Kl) is

1

7 even
,

o “x(S CHOK =
(s ( ) n?+4n-1

in ; odd

the y — chromatic median of S (Cn © Kl) =2n,

, l; even
the y — chromatic standard deviation of S (Cn © Ki) is o ) (5'((: oK)=

9 [
1/”*4;]#;0(;@
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the y — chromatic skewness of S (Cn o Ki) is
3(3-4n); even
s(C,oK,)=1{_ —4n?
7 (s (C, 1) 3( 4n +3n+1;odd
Vn?+4-1

1; even
The X - chromatic kurtosis ofis  #2X(8 (CnoKi)=4n*+40n°-46n°24n-3

:odd
n*+8n®+14n®>-8n+1

Proof:. Consider a splitting sunlet cycle S (Cn o K1) on 4n vertices. Then, we have

the following cases.
_ _ - n _ .
(1) If nis even and is 2-colourable then S (Cn o Ki) has exactly? vertices having colour c; and c2 each. Then, as explained in

the first part of previous theorem, we have

. : 3
the X, -chromatic mean of S (G, o K))is £4,(s (C, oK) :E,

I

the X chromatic variance of S (Cn o Kl)is GZX(SI (Cn ° Ki) =
the ¥ chromatic median of S' (Cn © Ki) is4—2n =2n,

. . 1
the ¥ -chromatic standard deviation of S (Cn © Ki) is Oy (S (Cn o K1) :E ,

the X chromatic skewness of S' (Cn °© Ki) is = 3(3—4n)

: : : : 1
we can obtain kurtosis by various moments £z1 zg,uz zg,us Zg,us 2137, =0, :1_6’ B, (S'(C, ok)=1

If B, (S'(C, ok;) <3then it is known as PLATYKURTIC Curve.

(2) Ifnisodd, then is SI (Cn o Ki) 3-colourable. Let C={C,, C, C, } be the minimal proper

colouring of S' (Cn o Ki) Then, the p:m:f of the corresponding r:v:X is given by

4n

2n -2 .
. =2
f(i)= 4n

4n

0; otherwise

. : 3n+1
the ¥ chromatic mean of S(C, oK) is 1, (s (C, oK) :T,

©IJRASET: All Rights are Reserved
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. . n?+4n-1
the ¥ -chromatic variance of S (Cn o Ki) is sz(S (Cn o K1) :T’

the X -chromatic median of S (Cn © Ki) is4—2n =2n,

the X -chromatic standard deviation of S (Cn ° K1) is, (5 (C, oK)= nZJ;;T_l
the X chromatic skewness of S (C,oK)i = 3(M ,
n*—4n-1
we can obtain kurtosis by various moments,
. 3+l . 5145 . n+19 . 1h+65 _5n°—6n+1  n‘+40n°-46n°+24n-3
I Fom e T 16n’ ’

n* +40n® —46n% +24n-3

If B, (S (F,)) < 3,then it is known as PLATYKURTIC Curve.
n*+8n°+14n? —8n+1 2 "

B (S (F,)) =

3.
—:even

c) Proposition 3:The ¥ —chromaticmean g, (S (C, o mK ;) = 3
nm

————:odd
nm + n

1
—, even

— chromatic variance of a s(C.om isoc2x(s (C.omK )=
Z (n K) ( ( n 1) _2n2m2+7mn2

; odd
(nm + n)?

the X - chromatic median of S (Cn Om|<1)=nm+n,

, i;even
the ¥ — chromatic standard deviation ofa S (C, OmK)isG (s'(C omK )= ,
X " ' —-2m?n2+7mn?
5 :odd
(nm +n)

the ¥ — chromatic skewness S (C, oMK))is

3(3—-2nm + 2n); even
s (C omK _  m2n2 _ 2  n2 ’
r,.(s (C, 1) 3 m“n 2mn ? +3mn —n ): odd
J=2m2n2 4+ 7mn?

1;even

the X — chromatic kurtosis of S(CnO|‘<1)isﬁ2x(5'((:n omK,) =1 _32m*n* +93m%n* — 69m°n* + 49mn* odd

49m?n* —28m*n* + m*n*

Proof: Consider a splitting sunlet cycle S (Cn ° mK1) on (nm+n) vertices. Then, we have
the following cases.

©IJRASET: All Rights are Reserved
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. nm+n

i) If n is even and is 2-colourable then S (Cn ° mK1) has exactlym vertices having colour Cl and Czeach. Then,
as explained in the first part of previous theorem,we have

1. the X chromatic mean of SI (Cn © mK1) is

3

(5 (C, omK,) =

. - 1
2. the Y chromatic variance of S (Cn ° mK)is GZX(S (Cn ° mKl) :Z

the ¥ chromatic median of S (Cn ° mKl) isNM + N

4. the X chromatic standard deviation of S (Cn ° mKl) is

o (s (Cy o mK,) =2

5. the X chromatic skewness of S | (C . omK 1) is

mean — median
s tan drad deviation

J=3(3—2nm +2n)

(vi) we can obtain kurtosis by various moments,

M3 =0,y = —,
16
B (s'(C, omk;) =1
If 53,,(S'(C, omk,) <3then it is known as PLATYKURTIC Curve.
i) Ifnisodd, thenis SI(Cn o mK 1) 3-colourable.Let C={C,, C, C, }be the minimal

proper colouring of S' (Cn o mK1) Then, the p.m.f of the corresponding r.v.X

is given by
L,I :1’2’3
2(nm + n)
f(i)=
0; elsewere

©IJRASET: All Rights are Reserved 3511
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. : 3nm
: S(C,omK) is (S (C,omK)=
1. the X chromatic mean of ( n K1) is :ux n K nmM-n
. —2m’n® +7mrf
' 2
icvariance of S (C. oMK, )is & x(8 (G, omK) =
2. the X chromatic variance of ( n K1)|s n (nm+n)2
3 the ¥ chromatic median of S (Cn o mKi) is nm+1
4, the X chromatic standard deviation of SI(Cn © mKl) is
. —2m*n%® +7mn?
(o) X(S (CnOmKl)Z >
(nm + n)
5. the X chromatic skewness of S'(Cn ° mKl) is
( mean — median j _ 3 m’n? —2mn? — 3mn — n2)
s tan dareddevia tion V—2m’n2 + 7mn?

6. we can obtain kurtosis by various moments,

3nm : 7nm : 18 nm : 49 nm
H1=——p,=——— 3 =—— 4 =—,
nm 4+ n nm 4+ n nm 4+ n nm 4+ n
om®n® —27m?n® +18mn° —32m*n* +93m°n* —=69m?n* +49mn*
1y = My = ’
’ (nm+n)° * (hm+n)?

, —32m*n* +93m3n* - 69m?n* + 49mn*
ﬂZx(S (Cnomkl)): 2 4 3.4 4. 4
49m-n” —28m°n” +4m™n

If 53,,(S'(C, omk,) <3then itis known as PLATYKURTIC Curve.

d) Proposition 4: The X chromatic mean of a splitting wheel graph S (W”)
3n +8
2—; even
' n
py(s (W) =
3n + 35
———;o0dd
2N

And the x — chromatic variance of S (\Nn ) is

©IJRASET: All Rights are Reserved 3512
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n®>+32n-64
| an ; even
GZX(S (Wn):
n>+8n-9
> ; odd
4n

the x — chromatic median of (SI (\Nn))z n

the x — chromatic standard deviation of (S (\Nn))is

n®>+32n-64
| 4n2 , even
o (s W) =1
\/n +8r21—9;0dd
4n
the X — chromatic skewness of (SI (\Nn))is
( _ 2
3( 2n°+3n+8 ): even
. Vn?+32n-64
7. (s (W,) = 2
2n° —-3n+3 .
3( ); odd
Jn2 +8n-9

the x — chromatic kurtosis of (SI (\Nn))is

n* +704n° —4480n? +12288n +122888
, even
n* —64n% +1024
n* +1456n° —1026n° + 432n — 243
n* —n® +46n2 +144n + 81 ’

Proof: Consider a splitting wheel S ' (\Nn ) on 4-colourable, when n is even

Box(s (W,)
odd

and 3-colourable when n is odd. Then, we have the following cases.First assume that n is an even integer. Then, the outer cycle

Cn_1 of S (\Nn))is an odd cycle. Hence, 2N — 2 \ertices of Cn_1 have colour ClCZ , two verticesof Cn_1 have colour C3.';1nd
2

the central vertex of Wn has colour C4. Hence thecorresponding p:m:f of the corresponding Wn is given by

©IJRASET: All Rights are Reserved
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2n — 4
4n
) 2 .
f(l)=¢—:1=3,4

(i) T
0: elsewhere

1=1,2

. : 3n+8
i) the )X chromatic mean of S (\Nn)is ,LtX(S (\Nn) = n
. 2 sy T H3N—64
iM) the X chromatic variance of S (\Nn ) is X(S (\Nn) - 4n2
i) the ¥ chromatic median of S (\Nn ) is n
2
. : n° +3+64
iv)  the X chromatic standard deviation of S (\Nn ) is Oy (S (\N) = 4n2
SW), 3 mean — median \/—2n2+3n+8)
th h tic sk f i A =
V) the £ chromalic skewness o "/ " standareddeviaion n?+32n-64
vi)  we can obtain kurtosis by various moments,
. 3n+8 . on + 40 9n+164 . 17n+ 640
Hi1=——H,=—F— H3s=—FT—",3=—""FT—",
2n i 2n 2n 2N
n*+ 704 n® — 4480 n?* + 12288 n + 12288
Hy=0,pu, = 2 )
(2n)
By (8 (W,) =1
If S3,, (S'(W,) < 3then itis known as PLATYKURTIC Curve.
Next assume that n is an odd integer. Then, the outer cycle Cn_l of S (\Nn)is an even cycle. Hence, 2N~ 2 \ertices of the
2
outer cycle C, ; have colour c1, 20 = 2 yertices of C,,_; have colour c2 and the central vertex of C,_, has colourcs. Hence, the
2
Cm S i i
p: m: f for (\Nn)lsglvenbyf(i): 2 = 3,

2n
0 ; elsewhere

©IJRASET: All Rights are Reserved 3514
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3N+3

1. the X chromatic mean of SI (\Nn ) is ,LtX(S (\Nn) :?

n?+8n—9

' 2 '
2. the )Y chromatic variance of S (\Nn)is o X(S (\Nn) = 4n2

the ¥ chromatic median of S (\Nn ) is n

4. the X chromatic standard deviation of S (\Nn ) is O-x (S (\N) =

5. the X chromatic skewness of S (\Nn ) is

4 Mean—median ) _ J—2n2+3n+3)
s tan dareddeviaion n®+8n
6. we can obtain kurtosis by various moments,
~3n+3 . 5n+13 . 9n +18 .17 n +155
' 2n 7 on 77 on M 2n ’
B, (S'(W.) = n* +145 n® —1026 n?® + 432 n + 243
2 x n - ’

n, +16n° + 46 n% -144 n + 81
If 53,, (S'(W, ) < 3then itis known as PLATYKURTIC Curve.

e) Proposition 5: The ¥ - chromatic mean of a splitting helm graph S’(Hn) is
3n + 2
2n -1

2n -1

; even
my(s (H ) =

The X - chromatic variance of
n?+15n - 20
(2n - 1)?
n®>+3n-4
(2n - 1)?

5]

splitting helm graph S’(Hn) is

; even
o’y (s (H,)=;

:odd

©IJRASET: All Rights are Reserved 3515
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The X - chromatic median of a splitting helm graph S’(Hn) is 2n-1
The X - chromatic standard deviation of a splitting helm graph S’(Hn) is

n? +15n - 20 _
Zn ~1)° ; even

oc,(s (H,)=

n?> +3n - 4

odd
(2n - 1)?

The X - chromatic skewness of a splitting helm graph S’(Hn) is

—4n® +7n+1
3( il il ); even

Jn2 +15n — 20
—4n? +7n-1

Jn? +3n-4

(s (H,) =,

3( ); odd

The X - chromatic skewness of a splitting helm graph S’(Hn) is

n* +350n° —1420n2 +2387n -1568
“even
n* +30n%+185n2 —600n + 400
n*+38n°-126n° +151n-64
4 3 2 ;odd
n*“+6n°+n°-24n+16

B, (s (H,)

Proof: Consider a splitting helm graph S'(H ) ) on 4-colourable, when n is even

and 3-colourable when n is odd. Then, we have the following cases.First assume that n is an even integer. Then, the outer cycle

Cn_1 of S (Hn))is an odd cycle. Hence, 2N — 2 \ertices of Cn_1 have colour Cl, Hence, 2N — 4 \ertices of Cn_1 have
4n -2 4n -2

colour CQ , two vertices of Cn_1 have colour Cgand C4. Hence the corresponding p:m:f of the corresponding Hn is given by

2n-2._4
4n - 2
- 2n — 4 .
0= 4n - 2
L;i =3,4
2n -1
| - 3Nn+2
the ¥ chromatic mean of S (Hn)is ,UX(S (Hn) = 1
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| . N’ +15m—-20
i)  the X chromatic variance of S (Hn ) is GZX(S (Hn) = (2n _1)2

the ¥ chromatic median of S (Hn ) is 2n-1

. (- [T F1E-20
iv)  the X chromatic standard deviation of S (Hn ) is Oy (S ( n) o (2n _1)2
S(H ). 3 mean—median ) \/—4n2 +7n +1)
v)  the X chromatic skewness of AR standareddeviaion n2 +15n—20
vi)  we can obtain kurtosis by various moments,
. 3n+2 . on+16 . On+74 . 17n + 304
:ul: ' 2:—’“3:—’“3:—’
2n -1 2n -1 2n -1 2n -1
u. = 65 n* — 233 n + 186 "y, = n®+350 n®—-1420 n? + 2387 n — 1568
: (2n - 1)° e (2n-1)" ’
, n* +350n% —1420n? + 2387 n — 1568
IBZX(S (H n) = 4 3 2
n® +30n° +185n° — 600n + 400
If S,,(S'(H,) <3then itis known as PLATYKURTIC Curve.
(2) Next assume that n is an odd integer. Then, the outer cycle Cn_l of S (Hn ) is an even cycle. Hence, 2N — 2 \ertices of the
4n - 2

outer cycleC, ; have colour c;and c,, and the central vertex of C_, has colour c;. Hence, the p:m:f for S (Hn)is given by

M;i:Lz
4n - 2
) 2 )
f(l) =3 ——:1 =3,
(1) <4n—2
0: elsewhere

. : 3N
i s(H )is t(8(H)=-—
. the X chromatic mean of ( n) S :ux( ( ) on—1

n®+3n-4

2. the X chromatic variance of SI(Hn ) is GZX(SI(Hn) = (2n _1)2

the ¥ chromatic median of S (Hn ) is 2n-1
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(H), oS (H)= T4
4. the X chromatic standard deviation of ( n)Is X n (2n _1)2
- mean — median —4n*+7n+1
i S(H )is 3 — | =3
5. the X chromatic skewness of ( n)ls standareddeviation ( n2+3n_4 )
6. we can obtain kurtosis by various moments,
. 3n . sn+4 . 9n+18 . 17n+64
1:—’ 2:—1 3:—1 3:—1
H 2n-1 H 2n -1 H 2n -1 H 2n-1
p ~9n? - 27n +18 p - n®+38n°-126 n? + 151 n — 64
3 (2n-1)° ¢ (2n - 1) ’
n* +38n° -126n° +151n — 64
s'(H,) =
Par(s'(Ho) n* +6n°+n?—-24n+16
If S,,(S'(H,) <3then itis known as PLATYKURTIC Curve.
1. CONCLUSION

In this paper, we extend the concept of mean,variance, standard deviation, median, skewness and kurtosis,some important statistical
parameters to various Splitting graphs based on vertex coloring sum. Based on the vertex coloring sum of splitting graphs, we
have investigated thesestatistical inferences for vertex colourable graphs such as Friendship splitting graphs Sunlet cycle splitting
graphs, Hairy cycle splitting graphs, Wheel splitting graphs and Helm splitting graphs. This concept can be extended to several
other operations on graphs such a

cartesian product, total colouring graphs, Johan colouring , lexicographic product, corona product, sum and product of graphs etc.,
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