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I. INTRODUCTION  

The binary quadratic Diophantine equations of the form )0,,(,22  cbaNbyax  are rich in variety and have been analyzed 

by many mathematicians for their respective integer solutions for particular values of ba, and .N  In this context, one may refer [1-
18]. 
This communication concerns with the problem of obtaining non-zero distinct integer solutions to the binary quadratic equation 

given by, 1253 22  yx  representing hyperbola. A few interesting relations among its solutions are presented. Knowing an 
integral solution of the given hyperbola, integer solutions for other choices of hyperbolas and parabolas are presented. 

II.  METHOD OF ANALYSIS 
The Diophantine equation representing the binary quadratic equation to be solved for its non-zero distinct integral solution is 

                                                       1253 22  yx                             (1) 
Introduce the linear transformation 

                                                       TXyTXx 3,5                                                      (2) 
From (1) & (2) we have, 

                                                              615 22  TX                                                            (3) 
whose smallest positive integer solution is 

1,3 00  TX  

To obtain the other solutions of (3), consider the Pell equation 
                                                             115 22  TX                                                             (4) 

whose smallest positive integer solution is 

1~,4~
00  TX  

whose general solution is given by 

nnnn fXgT
2
1~,

152
1~   

where 

    11
154154




nn

nf  

    11
154154




nn

ng  

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other integer solutions of (1) are given by 

nnn gfx 1515415 1   

nnn gfy 1215315 1   
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The recurrence relations satisfied by x and y are given by 
08 123   nnn xxx  

08 123   nnn yyy  
Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

Table: 1 Numerical examples 
n  

1nx  1ny  

-1 8 6 
0 62 48 
1 488 378 
2 3842 2976 
3 30248 23430 
4 288142 184464 

From the above table, we observe some interesting relations among the solutions which are presented below: 

A. 1nx  & 1ny values are always even . 
B. Relations among the solutions   
1) 08 123   nnn xxx  

2) 045 121   nnn xxy  

3) 0129315 123   nnn xxy  

4) 0340 313   nnn xxy   

5) 045369 112   nnn yxx  

6) 04031 113   nnn yxx  

7) 03124 113   nnn yxy  

8) 010 213   nnn yxx  

9) 034 211   nnn yxy  

10) 03243 321   nnn xxx  

11) 04315 321   nnn xxy  

12) 045 322   nnn xxy  

13) 06 123   nnn yxy  

14) 054 221   nnn yxx  

15) 043 221   nnn yxy  

16) 05314 321   nnn yxx  

17) 034 322   nnn yxy  

18) 03134 231   nnn yxy  

19) 04031 331   nnn yxx  

20) 054 332   nnn yxx  
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21) 043 332   nnn yxy  

22) 03124 313   nnn yyx  

23) 08 312   nnn yyy  

24) 04313 321   nnn yyx  

C.  Each of the following expressions represents a nasty number 
1)  12648 3222   nn xx  

2)  966378
8
1

4222   nn xx  

3)  123024 2222   nn yx  

4)  14490558
12
1

3222   nn yx  

5)  372301464
31
1

4222   nn yx  

6)  361441134
3
1

4232   nn xx  

7)  12606 2232   nn yx  

8)  12240186 3232   nn yx  

9)  1260366 4232   nn yx  

10)  372189024
31
1

2242   nn yx  

11)  481890186
4
1

3242   nn yx  

12)  1218901464 4242   nn yx  

13)  3618624
3
1

2232   nn yy  

14)  723666
6
1

2242   nn yy  

15)  361464186
3
1

3242   nn yy  

D.  Each of the following expressions represents a cubical integer 
1)  214333 3248   nnnn xxxx  

2)  315333 318963
8
1

  nnnn xxxx  

3)  113333 151254   nnnn yxyx  

4)  214333 1593531
4
1

  nnnn yxyx  
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5)  315333 157325244
31
1

  nnnn yxyx  

6)  325343 24189863   nnnn xxxx  

7)  123343 30310   nnnn yxyx  

8)  224343 120934031   nnnn yxyx  

9)  325343 301831061   nnnn yxyx  

10)  133353 945123154
31
1

  nnnn yxyx  

11)  234353 9459331531
4
1

  nnnn yxyx  

12)  335353 945732315244   nnnn yxyx  

13)  123343 9312314
3
1

  nnnn yyyy  

14)  133353 183361
6
1

  nnnn yyyy  

15)  234353 7329324431
3
1

  nnnn yyyy  

E.  Each of the following expressions represents a bi-quadratic integer 
1)  64328 32225444   nnnn xxxx  

2)  48425263
8
1

42226444   nnnn xxxx  

3)  6201654 22224444   nnnn yxyx  

4)  2420124531
4
1

32225444   nnnn yxyx  

5)  186209765244
31
1

42226444   nnnn yxyx  

6)  632252863 42326454   nnnn xxxx  

7)  640410 22324454   nnnn yxyx  

8)  61601244031 32325454   nnnn yxyx  

9)  16402441061 42326454   nnnn yxyx  

10)  1861260163154
31
1

22424464   nnnn yxyx  

11)  24126012431531
4
1

32425464   nnnn yxyx  

12)  61260976315244 42426464   nnnn yxyx  

13)  1812416314
3
1

22324454   nnnn yyyy  
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14)  36244461
6
1

22424464   nnnn yyyy  

15)  1897612424431
3
1

32425464   nnnn yyyy  

 
F.  Each of the following expressions represents a quintic integer 
1)  2143336555 10805408   nnnnnn xxxxxx  

2)  3153337555 10630531563
8
1

  nnnnnn xxxxxx  

3)  1133335555 5040252054   nnnnnn yxyxyx  

4)  2143336555 5031025155531
4
1

  nnnnnn yxyxyx  

5)  3153337555 5024402512205244
31
1

  nnnnnn yxyxyx  

6)  3253437565 8063040315863   nnnnnn xxxxxx  

7)  1233435565 1001050510   nnnnnn yxyxyx  

8)  2243436565 4003102001554031   nnnnnn yxyxyx  

9)  3253437565 100610503051061   nnnnnn yxyxyx  

10)  1333535575 3150401575203154
31
1

  nnnnnn yxyxyx  

11)  2343536575 3150310157515531531
4
1

  nnnnnn yxyxyx  

12)  3353537575 3150244015751220315244   nnnnnn yxyxyx  

13)  1233435565 3104015520314
3
1

  nnnnnn yyyyyy  

14)  1333535575 61010305561
6
1

  nnnnnn yyyyyy  

15)  2343536575 2440310122015524431
31
1

  nnnnnn yyyyyy  
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III. REMARKABLE OBSERVATIONS 
A. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of hyperbola 

which are presented in the Table: 2 below: 

Table: 2 Hyperbolas 
 

S. No Hyperbola  YX ,  

1 6015 22 YX   2121 431,8   nnnn xxxx  

2 38401615 22  YX   3131 61,63   nnnn xxxx  

3 1253 22  YX   1111 43,54   nnnn yxyx  

4 576240 22  YX   2121 6,1593   nnnn yxyx  

5 1153253 22  YX   3131 4189,5244   nnnn yxyx  

6 18035 22  YX   3232 31244,24189   nnnn xxxx  

7 192548 22  YX   1212 313,10   nnnn yxyx  

8 1253 22  YX   2222 3124,4031   nnnn yxyx  

9 192548 22  YX   3232 31189,1061   nnnn yxyx  

10 1153253 22  YX   1313 2443,3154   nnnn yxyx  

11 19253 22  YX   2323 24424,31531   nnnn yxyx  

12 1253 22  YX   3333 244189,315244   nnnn yxyx  

13 3615 22  YX   2112 8,314   nnnn yyyy  

14 23041516 22  YX   3113 63,61   nnnn yyyy  

15 3615 22  YX   3223 863,24431   nnnn yyyy  
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B. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of parabola 
which are presented in the Table: 3 below: 

Table: 3 Parabolas 
 
S. No Parabola  YX ,  

1 3015 2 YX   213222 431,8   nnnn xxxx  

2 240215 2  YX   314222 61,63   nnnn xxxx  

3 653 2  YX   112222 43,54   nnnn yxyx  

4 2420 2  YX   213222 6,1593   nnnn yxyx  

5 5766593 2  YX   314222 4189,5244   nnnn yxyx  

6 305 2 YX   324232 31244,24189   nnnn xxxx  

7 96548 2  YX   122232 313,10   nnnn yxyx  

8 653 2  YX   223232 3124,4031   nnnn yxyx  

9 96548 2  YX   324232 31189,1061   nnnn yxyx  

10 5766593 2  YX   132242 2443,3154   nnnn yxyx  

11 96512 2  YX   233242 24424,31531   nnnn yxyx  

12 653 2  YX   334242 244189,315244   nnnn yxyx  

13 65 2  YX   212232 8,314   nnnn yyyy  

14 384532 2  YX   312242 63,61   nnnn yyyy  

15 65 2  YX   323242 863,24431   nnnn yyyy  

IV. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the Diophantine equation, represented by hyperbola is given 

by 1253 22  yx . As the binary quadratic Diophantine equations are rich in variety, one may search for the other choices of 
equations and determine their integer solutions along with suitable properties. 
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