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Abstract: In this paper, we present p-wavelet frames on positive half-line using Walsh-Fourier transform and also prove a
sufficient condition for the system {y;,:j € Z, k € Z*} to be a wavelet frame in LZ(R*).

L. INTRODUCTION

In recent years, wavelets have been generalized in many different settings, for example locally compact abelian group, abstract
Hilbert spaces, locally compact Cantor dyadic group, Vilenkin group, local fields and positive half-line. In this paper our interest is
in positive half-line. Farkov [12] has given general construction of compactly supported orthogonal p-wavelets in L2(R*). Farkov et
al. [13] gave an algorithm for biorthogonal wavelets related to Walsh functions on positive half line. Shah and Debnath [19],
constructed wavelet frame packets on the positive half-line R* using the splitting trick for frames. Abdullah [3] has given
characterization of nonuniform wavelet sets on positive half-line. The characterization of wavelets on positive half line by means of
two basic equations in the Fourier domain established in [1]. A constructive procedure for constructing tight wavelet frames on
positive half-line using extension principles was recently considered by Shah in [17], in which he has pointed out a method for
constructing affine frames in L2(R*). Moreover, the author has established sufficient conditions for a finite number of functions to
form a tight affine frames for L2(R*).

In this paper, we investigate wavelet frames on positive half-line R*. The main result presented in this paper is sufficient condition
for the system {;, (x):j € Z, k € Z*} to be a wavelet frame in L2(R*).

1. NOTATIONS AND PRELIMINARIES
Let p be a fixed natural number greater than 1. As usual, let R* =[0,00),N={1,2,..} and Z* ={0,1,... }. Denote by [x] the
integer part of x. For x € R* and for any positive integer j, we set

x; = [p/xl(modp),  x_; = [p*/x](mod p), (21)
where x;, x_; € {0,1,..,p—1}.
Consider the addition defined on R* as follows:
x@®y =Y EpIT+ ) gy 22)
j<o0 j>0
with
§j=x +y;(modp), j€Z\{0}, (2.3)

where §; €{0,1,..,p — 1} and x;, y; are calculated by (2.1). Moreover, we write z=x © y if z@® y = x, where © denotes

subtraction modulo p in R*.
For x € [0,1), let ry(x) be given by

1
1, X € [O,—)
‘ p
€ xelp ™ G+pD), j=12...p-1,
where €, = exp (?) The extension of the function r, to R* is defined by the equality r,(x + 1) = r;(x), x € R*. Then the

r(x) = (24)

generalized Walsh functions {w,, (x)},, cz+ are defined by

k
wy(x) =1, wp, (x) = 1_[ (ro(pfx))uj ,

j=0
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where m = Z}‘zou]- p’, u; €{0,1,2,...p — 1} # 0.
For x, w € R*, let

2mi e
x(x,w) =exp —Z(x]-a)_j +x_]-a)]-) , (2.5)
P &

where x; and w; are calculated by (2.1).
We observe that

m _ X — x n-1 +
X\ X pn1) X pn—l’m = ©m pn1 vx € [0,p"), mezr.
The Walsh-Fourier transform of a function f € L' (R*) is defined by

F@)= | reoxGrm i 26)

where y(x, w) is given by (2.5).
If f € L2(R*) and

Jof (@) = f f@OrE@ dx (a<0), @7)

then f is defined as limit of /£ in L?(R*) asa — oo.
The properties of Walsh-Fourier transform are quite similar to the classical Fourier transform. It is known that systems {y(a,.)}o-,
and {x(., a)}-, are orthonormal bases in L2(0,1). Let us denote by {w} the fractional part of w. For [ € Z*, we have y(I, w) =
x(LAw}).
If x,y,w € R* and x @ y is p-adic irrational, then
xx @y ) =xlxw) x(yw), xSy w)=yxkw)xlw), (28)
By a p-adic interval of range n in [0,1), we mean intervals of the form
I("n) =[k2" (k+1)27™"), keZ"

It is easy to verify that

2n-1

I§y Ny =8,  k#land Ity =1[01).

k=0

For each x € [0,1) and n € N, we denote the p-adic interval of length p~™ which contains x by I,,(x). Thus

In(x) = I(kn)(x)!
where 0 < k < p™ is uniquely determined by relationship x € I,(x).

1. MAIN RESULTS

Let
Y € P(RY), ¥ () =p?yp(@/xSk), jeLkel" (31)
By taking Walsh-Fourier transform, we obtain
Vi@ =p 72 x(k,p7E) P(p7&). (3.2)

Then, we call the function system {z,bjyk(x) :j €Z, k € Z*} a wavelet frame for L2(R*) if there are two constants A and B,
0 <A < B < o such that

AlFIE <) > [l < BIFIR (33)
JEL kezZ*
for all f € L2(R*). The largest A and the smallest B for which (3.3) holds are called frame bounds. A frame is a tight frame if A and
B are chosen so that A = B and is a normalized tight frame if A = B = 1.
Forj €Z, 1 € Z*, we have

p/(1+1) ‘ v ‘ ‘ v ‘
f w0 (pIE) dE = f w0 (pI (€ + pII)) dE = f w0 (pTE) dé.
p 0 0

J1

Let f € L2(R*) and ¢ € L2(R™"), then
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(fibjad = P‘”zf Z FEOP DY@ DD |w(p™§) ds.

0 |iez+

Applying Parseval’s formula and the fact that {w,, : n = 0} forms an orthonormal basis for L2[0,1), we obtain

D lrwl = ]Tw(p-fe){z fEOP DY E® z)} dg.  (34)
kez+ R* lezt
Now, we first prove a lemma, which will be used in the proofs of the main results.

1) Lemma3.1. Let D = {f € L2(R*):supp f  R*\{0}} and let f € D and Y € L2(R*). If eSS SUPgcp+ Zjez|l,l7(p‘f€)|2 < +oo,
then

> Dl = [ 1FOF Y0 as+ ry(). (39)
JEL ker* R* ez
where

RN =Y Y [ OO FE@PDIETEBD . (36)
AT
Furthermore, the iterated series in (3.6) is absolutely convergent.

Proof. From (3.4), we have

> Y Il =Y [ {7 Bool + @ dee
JEL kez* ez " R*
x Y FEDD T z)} s
lezt
=3 [ OGOl dg +Ry(p.
o1 UR*

Since ess SUPgeg+ Zjez|zﬁ(p—f§)|2 < +o0, and therefore, by the Levi lemma, we obtain

> 2’ = [ F@F VG0l a5+ Ry

JEL keZ* JEL
Now we claim that the iterated series in (3.6) is absolutely convergent. To do this, let

= ZZLV(O Y@ FEDP DY IEDI) |dE

jez teN "R

=2 20 [ 00 6@ /e @ )i @ Ja:.
jEZ lEN
Note that :

- - 1/ . .2 ~ 2
@ d¢ o] <5 (WOl + e @nl’)
Therefore, it suffices to prove that
Do 1w 1wl @ p 6@ ds < oo @37)

JEZ lEN
Sincel + 0 (I € N) and f € D, there exists J > 0 such that for all |j| > J,
f®§) fe's@p’h=0.
On the other hand, for each fixed |j] < J and ¢ € R*, there exists a constant L such that for all [ > L,
f's@p'n=0.
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Thus, it follows that only a finite number of terms of the iterated series in (3.7) are non-zero. Consequently, there exists a constant C
such thsat

A2 ~112
1< C £l kbl
This shows that the iterated series in (3.6) is absolutely convergent.
The following necessary condition for the system {1; ,:j € Z, k € Z*} to be a frame was proved by Abdullah [2].

2) Theorem3.2. If {y;,(x) : j € Z, k € Z*} is a wavelet frame for L2(R*) with bounds 4 and B, then

A sz [b@ O <B, ae &eR*.

JEL
Now, in the following theorem we establish a sufficient condition of the system (3.1) to be a frame in L2(R*)

3) Theorem 3.3. Lety € L2(R*) such that

A(p) = ess inf{lefJ(p‘ff)l2 —ZZ bGP @ l)|2 € ]R{’f} >0,

JEL JEZ TeN

B@) =ess sup{z > e 96 7z @ 0| ¢ e R+} <+

JEL kezZ*
Then {;,(x):j € Z,k € Z*} is a wavelet frame for L2(R*) with frame bounds A() and B(¥).
Proof. We can estimate R, (f) by rearranging the series in (3.6),

RuDl =D | F@GG70 7 @pD BG 7t @D i
7€Z 1eN
< ZZ{ [ ror e vereen| df}E
Te7 1en VRY
[ Ire@pnl 670700 |
< Z{Z [ ror e vereen| ds‘}z
AR
{Z [ Ircownllseo e e ds‘}z
Jen RT .
- Z{Z [ rorpeoieree| ds‘}z
AR
{Zf F@)|* [pr w6 DBGpw)| dt )
Jen ~RY
Therefore

Ryl <YY" [ 1RO |56 3G @) as.
7e7 Ten T RY
By Levi Lemma, we have
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Ry ()] < fwlf(olz > oo dezen)|pd.
JEZ leN

Applying (3.5), we have

| JFF 21660l =33 e 0 ie @b a <y Y lrvul. @8

JEZ JEZ leN JEZ kezt
and
> Dl = [ FOFY. Y [ie0 96 s @D| | ac. (39)
JEL kezt R* JE€L TeN

Taking infimum in (3.8) and supremum in (3.9), respectively, we obtain

AWDIFIE= Y > |fl” < B@)IfIE

JEL kezZ*
which holds for all f € D. This completes the proof of the theorem.
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